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Augsburg, 24th March 2010

This talk is an introduction to the topic of isogenies between
abelian varieties. We deal with the point of view of complex tori,
line bundles and periods in the first part, and with the algebraic
point of view (especially the case of positive characteristic) in
the second part.

1. ISOGENIES OF COMPLEX TORI AND PERIODS (30")
1.1. Definition and lattice-theoretic interpretation (7). See [BL04, 1.2]

Definition. If X and Y are complex tori, an isogeny X — Y is a surjective homo-
morphism with finite kernel.

Recall that a homomorphism of complex tori is a holomorphic map mapping
zero to zero: it is easy to see that a map is an isogeny iff it is étale. If X =
C"/L, Y = C"/M, the isogenies X — Y are given by elements of GL,(C)
mapping L into M. Hence any isogeny has the form C"/L — C"/M, where L
is a sublattice of finite index in M.

Any torus has self-isogenies given by [n] :  — nz.

Definition. The degree of an isogeny f is the order of the finite group ker f. The
exponent of f is the least common multiple of order of elements of ker f.

Proposition 1. If f : X — X' is an isogeny with exponent e, there exists an isogeny
g such that fg = eldxs and gf = eldx.

A complex torus is said to have complex multiplication whenever there is some
other element f € GL,(C) mapping L into itself.

Elliptic curves with complex multiplication have the form C/Ox where K
is some number field. Examples: {y? =2° — 1} (K = Q(j)), {y? =2° — =}
(K = Q).

The set of isogenies X — X forms a ring: it can be embedded in Hom(L, M),
hence it is free as a Z-module.

Proposition 2. The localisation of End(X) = Hom(X, X) with respect to isogenies
is Endg(X) = End(X) ®z Q.

1.2. Line bundles and isogenies X — X (10’). Recall that line bundles on a
complex torus X = V/L correspond bijectively to canonical factors of auto-
morphy

amy(Az) = x(A) exp(rH(A, 2) +7/2- H(A, A))
Then the translated automorphy factor by a point v is

(0 7+ v) = X(\) exp(mH(A, v)) exp(nH(\, 2) + /2 H(A,\))

We want to identify x,(\) = x(\) exp(mH (A, v)) with a unit semi-character
L — S!. For this consider the semi-character

Xo(A) exp(—mH (v, A)) = x(A) exp(2imIm H (A, v))

Proposition 3 (see [BL04, 2.4]). Let L be a holomorphic line bundle on X, H an
automorphy factor for L, such that the real symplectic form E = ImH is integral and
nondegenerate (E can be identified with the harmonic 2-form c1(L)).

Then ¢, : « + 7,*L @ L~" defines a degree det E isogeny X — X,

Proof. For the moment by X we mean Hom(L, S'). The morphism ¢y, is given
by v — exp(2inIlm H(e,v)): the kernel consists of v such that E(L,v) C Z,
which has det E' elements. O

1.3. Elliptic curves, arithmetic-geometric mean (8’). A historical example of
isogeny between elliptic curves is given by the work of Gaufs on the arithmetic-
geometric mean [Cox84, Gra89].

Proposition 4. Let a and b be positive real numbers, and « and ~y denote their arith-
metic and geometric mean. Then

/°° dx B /‘X’ dx
0o 2Vz(x+a)(@+b2) Jo 2z(z++2)(r +a?)

The value of this integral is exactly w/ AGM (a, b) where AGM denotes the arithm-
etic-geometric mean.

Let

A:(“;Lb)2 G = ab

Consider the following elliptic curves:
Er={y* =z(z+a*)(z + )} By={Y?=X(X+A)(X+G)}
and the morphism f : E; — E; given in projective coordinates by
(XYl [z:y: 2] =[Y?: V(X2 +24X + AG) : (X + A)F]




Rewrite F as {y* = z((z — G)? + 4Az)} and note that

r-Gz=Y?>-GX+A)?=X+A)X(X+G)-GX +A4))
= (X 4 A)(X? - AG)
Then check that
r((x — G2)? + 4Axz)
Y2(X + A)?
= (X? — AG)? + 4AY?
= (X2 - AG)? +4AX (X + A)(X + G)
= (X2 4+ AG)? —4AGX? + 4AX (X? + AG + (A+ G)X)

2
(v2 2 2 2y2 _ y=
= (X*+ AG)" +4AX (X* + AG) +4A°X = VIx 1 AP

Let w be the canonical 1-form w = ‘;gﬁg Then

dr xzdz
w=-—- —
2y  2yz
RS S X2+ 2AX + AG
X X+G X+A Y2
2YdY 2}’2()(——A4)d)(

T2YV(X2 - 24X + AG)  2Y(X — A)2(X2 —2AX + AG)

Y v dx
X2 24X +AG\Y X-A4
B Y 1<dX dX dX

dX
T X? 24X + AG " 2 X+X+G_X+A) B

2

Proposition 5. The morphism defined above is an isogeny of degree 2.

Proof. The morphism is clearly étale since it pulls back a non-vanishing 1-form
to a non-vanishing 1-form. O

The very fast convergence of the computations can be interpreted as the
rapid growth of j(7) when 7 = i - 2F7 (write j(it) = 3, jx exp(—2kmnt)).

2. ISOGENIES BETWEEN ABELIAN VARIETIES (20")
2.1. Definitions, algebraic version (9'). Reference: [vdGM, ch. V].

Proposition 6. Let X and Y be abelian varieties, and f : X — Y be a morphism of
group schemes. The following conditions are equivalent:
(1) f issurjective and dim X = dimY’;
(2) ker f is finite, and dim X = dimY;
(3) f is finite, flat, and surjective.
A morphism satisfying these conditions is called an isogeny.

Proof. To prove that 1 == 2, we use the theorem of generic flatness: if Y is
irreducible and reduced, and f : X — Y is a morphism of finite type, then f
is flat over some open subset U C Y. If f is a surjective morphism of abelian
varieties, any fibre is isomorphic to ker f, which is then finite (by the dimension
formula for flat morphisms).

To prove that 3 == 1, since f is already known to be surjective, it only
remains to show that dim X = dim Y, which follows from the dimension for-
mula.

For2 == 3, note that f is proper with finite fibers, hence f is finite, and since
X and Y are regular, f is flat. Surjectivity follows from the fact that dim X =
dimY. O

Definition. The degree of an isogeny f : X — Y is the degree [K(X) : K(Y)].

Proposition 7. An isogeny is separable iff it is étale, or if ker f is an étale group
scheme.

Proposition 8. Any isogeny of degree prime to the characteristic of the base field is
separable.

2.2. Positive characteristic and Frobenius morphism.

Proposition 9. An isogeny is purely inseparable (i.e. injective and gives residue
fields the structure of inseparable extensions) iff k(X) is purely inseparable over k(Y),
or iff ker f is a connected group scheme.

Recall that the absolute Frobenius F'is given on coordinate rings by the p-th
power morphism: if X is a S-scheme, where S is a characteristic p scheme, the
absolute Frobenius X — X is not a S-morphism, since it can be written

(s,z € Xs) — (sP,2P € Xgp).



The relative Frobenius morphism is thus defined as the fiber product (7
X® =8 x r.s,x X, which could be written

) X —

(s,z € X,) = (5,27 € XP) = X # X,).

It is no longer an endomorphism of X.
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Let R be a k-algebra, where k is a ring of characteristic p, and R® .= k® FrR,
where F' : k — k is the absolute Frobenius map. The k-algebra structure of
k ®@Fr Ris given by

A(a®z)= ()@
(Na)®@x =a® (A\x)

The relative Frobenius morphism F : R®) — Ris givenby A @ z — \a?,
which is a morphism of k-algebras.

Proposition 10. If X = Spec R, then X?) = Spec R"") and Fspecy; is induced by
the morphism Fj,.

Proposition 11. The Frobenius homomorphism X — XP) = X xp Speck is a
purely inseparable isogeny of degree p9.

2.3. The Verschiebung homomorphism (11’). The Verschiebung operator on
Witt vectors

W(z/pZ) = {(ap,a1,...),a; € Z/pZ}
is defined by
V:(ag,a1,...) = (0,a9,a1,...)
and under the isomorphism W (Z/pZ) ~ Z, given by

(CLi) — Z dipi

(here a; is the unique root of unity whichis = a; (mod p), the Teichmiiller repre-
sentative), it is easily seen that V' (x) = p-z. But the universal formulae defining
Witt p-vectors involve non-linear parts which give the formula

p-x=V(Fz)=F(\Vz)
where F' is the Frobenius automorphism.
The Verschiebung operator can actually be defined for any commutative flat
group scheme (see [vdGM] for an exposition). Since the construction is local

on the base, we suppose the base has the form S = Speck, where k is a com-
mutative Z/pZ-algebra.

Theorem 12. Let G be a flat commutative group scheme over a base S, and F : G —
G») = G xp S the relative Frobenius homomorphism.
Then the morphism g — p-g = g+ - - - + g can be factored as

¢Laowha

where V' is called the Verschiebung operator, such that VF = FV = p - Idc.
If G is an abelian variety, V' is a degree p9 isogeny.

The basic idea is the following: write the p-th power as the composition

¢ sym’ G = G
Here Sym” G is the p-th symmetric power of G: when G = Spec R, Sym” G is
Spec((R®P)®r). The morphism Y is induced by the p-fold coproduct R — R®P
is &, invariant, and A is the embedding of the diagonal.
The key ingredient is proving that A factors through the relative Frobenius
morphism. Note that A is expressed in terms of coordinate ring by the mor-
phism § : R®? — R given by

Q- Qap—ar---ap

Lemma 13. Let N denote the map x — degp x?. Then the image of N is an ideal
in (R®P)S», There is a well-defined natural morphism v : R®) — (R®P)S» /[ImN
such that &~y coincides with the k-linear Frobenius map R®) — R.

Proof. We first check that § factors through (R®P)®r /ImN: it follows from the
fact that 6(x?) = é(x) for any o € G,,.
Let v be the map

Nz)—= ANz®- - ®x)



then v is semi-linear with respect to z, that is
(A azx +by) = aPy(A x) + 0Py (A y)

and linear with respect to \. It thus correctly definesamap vy : R?) — (R®P)S»,
Of course §y(\, x) = AzP = Fi(A ® x). O

Proposition 14. If X is flat over S, the canonical closed subscheme XVl = A(X) C
Sym? X is naturally isomorphic to X P), and ~ induces an isomorphism between R(P)
and (R®P)®r /ImN, where R = O(X).

Proof. If X is flat over S, then R is a direct limit of finitely generated flat (hence
free) k-modules. Note that for any k-module M,

v (A,m) = A(m® - ®@m)

still defines a morphism k ®p M — (M®P)®r: if ~); is an isomorphism for any
free module M, then 7 is also an isomorphism.

But if M has basis (e;);c;, we know a basis of (M®P)®r, by looking at the
various coefficients, and observe that N(e;) = ), e,() gives a basis element
of (M®P)®» except when J = (i,i,...,1), in which case the stabilizer has order
divisible by p. The isomorphism v, is then explicit. d

About Cartier duality: if G is a finite locally free group scheme, then the
group ring of GG is a Hopf k-algebra H which is a free module of finite rank
over k (up to a localisation).

Then H* is also a Hopf algebra, by interchanging product and coproduct.
Remember the diagram

HZ (H®)s, 25 H

where ¥* is given by the p-fold Hopf coproduct, and A* is the contraction of
tensors. Then the dual maps are the dual of the product of H, which is the co-
product of H*, and the traditional product on H*, hence by duality, the Frobe-
nius and Verschiebung operators of G become the Verschibenug and Frobenius
operators on GP.

2.4. The Verschiebung for elliptic curves. Let k be a field of characteristic 2,
and F a k-ellptic curve with affine equation

v +y=2a>+prtgq

Then E? is the curve over k with equation
v 4y=2+p’r+ ¢ = (x+p)>+p2? +p°+ &

Let P = (a,b) be a point of E and let us compute —2P = (z,y). The tangent
line at P has equation

2

y—b=(a’>+p)(x—a)=a’z—a®+plx—a)

which gives the equations
(y* +y) = (¥ +b) =2® —a’ + p(z — a)
y2 . bQ — .’B($2 o CL2)
but (y — b)? = (a® + p)?(z — a)?, hence
z=(@+p’=a'+p° y=@@+p’+d’+patb=(a’+p)]’+b+gq
Then 2P is given by corodinates:
= (a®+p)?=at+p?
y=(a*+pP+ad+patb=(a®+pP+02+q+1
This proves that 2P = V(a?,b?), where V is defined by
(A,B) = (X =A*+p>Y = (A+p)’ + B+q+1)
If (A, B) € E®), then
V24V =(A+p)°+(A+pP+B*+B+¢*+q
= X2+ (A 0"+ %) + (¢ + )
= X7+ p(A* +1°) +4q
=X+ pX +¢q
2.5. Consequences for p-torsion points. Let X be an abelian variety over a
field k of characteristic p. Then the group of p-torsion points X [p| corresponds
bijectively to the kernel of the Verschiebung morphism X ) — X, which is a

p-torsion group of rank f < g.
(WhenlAp =1, X[I] ~ (Z/I1Z)%.)
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