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Let M be a compact n-dimensional Riemannian
manifold and f : M — R be a smooth function.

€1

Define a critical point of f to be a point x € M
such that V£(x) = 0.

The function f is said to be Morse if the Hessian
of f at every critical point x is non-degenerate. T}

The degree |x| of a critical point x is the number
of positive eigenvalues of its Hessian.

2
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Under some technical assumptions, there exists at most a finite number
of trajectories between two critical points x and y of consecutive degrees
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A trajectory of the vector field —Vf will be called a Morse trajectory.
It converges at —oo and +oo to critical points of the function f.

Under some technical assumptions, there exists at most a finite number
of trajectories between two critical points x and y of consecutive degrees
lyl = Ix|+1.
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A trajectory of the vector field —Vf will be called a Morse trajectory.
It converges at —oo and +oo to critical points of the function f.

Under some technical assumptions, there exists at most a finite number
of trajectories between two critical points x and y of consecutive degrees
lyl = Ix|+1.

We denote this algebraic count #M(y; x).

For 0 < k < n, we introduce the freely generated group

Ck(f) == b zx.

x€eCrit(f), |x|=k
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Morse theory

A trajectory of the vector field —Vf will be called a Morse trajectory.
It converges at —oo and +oo to critical points of the function f.

Under some technical assumptions, there exists at most a finite number
of trajectories between two critical points x and y of consecutive degrees
lyl = Ix|+1.

We denote this algebraic count #M(y; x).

For 0 < k < n, we introduce the freely generated group

Ck(f) == b zx.

x€eCrit(f), |x|=k

One can then define maps 9% : CK(f) — C*1(f) by the formula

HK(x):= > #Myix)-y.

lyl=k+1
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Morse theory

These maps satisfy the equation 91 0 9% = 0.
In other words, they define a cochain complex, called the Morse cochains

co— CFHF) — C(F) — CFTI(F) — - .
ak—2 ak—l ak 8k+1

The cohomology groups H*(f) := Ker(9¥)/Im(9*~1) are called the
Morse cohomology groups.
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Theorem ([Flo89]*

The Morse cohomology groups are isomorphic to the singular cohomology
groups HX (M) ~ H*(f).

sing

1A. Floer, Witten’s complex and infinite-dimensional Morse theory, 1989
2K. Fukaya, Morse homotopy, A~-category and Floer homologies, 1993
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The Morse cohomology groups are isomorphic to the singular cohomology
groups HX (M) ~ H*(f).

sing

We can recover the homotopy type of M from the Morse function f, by a
series of cell attachments as prescribed by the critical points and the
Morse gradient flow of f.
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Morse theory

Theorem ([Flo89]*

The Morse cohomology groups are isomorphic to the singular cohomology
groups HX (M) ~ H*(f).

sing

We can recover the homotopy type of M from the Morse function f, by a
series of cell attachments as prescribed by the critical points and the
Morse gradient flow of f.

If we interpret symplectic topology as a quantification of differential
topology, pseudo-holomorphic curves theory can be interpreted as the
quantification of Morse theory. See for instance [Fuk93]?.

1A. Floer, Witten’s complex and infinite-dimensional Morse theory, 1989
2K. Fukaya, Morse homotopy, A~-category and Floer homologies, 1993
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Homotopy transfer theorem

The Morse cochains C*(f) form in fact a deformation retract of the
singular cochains CZ, (M) as shown by Hutchings in [Hut08]5.

sing

p
hC (Cs*;'ng765""g) % (C*(f)7aMorse) ;

where id — ip = Osingh + hOsing.

3M. Hutchings. Floer homology of families. I, 2008.
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Homotopy transfer theorem

The Morse cochains C*(f) form in fact a deformation retract of the
singular cochains CZ, (M) as shown by Hutchings in [Hut08]5.

sing

p
hC (Cs*;'ng765""g) % (C*(f)7aMorse) ;

where id — ip = Osingh + hOsing.

The cup product endows the singular cochains Cj, (M) with a (dg)
associative algebra structure. Can it be transferred to an associative
algebra structure on the Morse cochains C*(f) 7

The answer is yes, if we allow the product on C*(f) to be associative
only up to homotopy.

3M. Hutchings. Floer homology of families. I, 2008.
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Homotopy transfer theorem

Theorem (Homotopy transfer theorem, [Kad80]*

Let (A,0a) and (H,dy) be two cochain complexes. Suppose that H is a
deformation retract of A, that is that they fit into a diagram

n (" (A0a) T (H.00)

where ida — ip = dah + hda. Then if A is endowed with an associative
algebra structure, it can be transferred to an A..-algebra structure on H.

4T. V. Kadeisvili. On the theory of homology of fiber spaces, 1980.
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Homotopy transfer theorem

Theorem (Homotopy transfer theorem, [Kad80]*

Let (A,0a) and (H,dy) be two cochain complexes. Suppose that H is a
deformation retract of A, that is that they fit into a diagram

n (" (A0a) T (H.00)

where ida — ip = dah + hda. Then if A is endowed with an associative
algebra structure, it can be transferred to an A..-algebra structure on H.

An A..-algebra on a cochain complex is an explicit model for an algebra
whose product is associative only up to homotopy. We will define it later.

4T. V. Kadeisvili. On the theory of homology of fiber spaces, 1980.
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Homotopy transfer theorem

The differential on the Morse cochains is defined by a count of Morse
trajectories. Is it then possible to define a product on the Morse cochains
C*(f) by counting some geometric objects defined using the Morse
function f 7

5M. Betz and R. L. Cohen, Graph moduli spaces and cohomology operations, 1994
6M. Abouzaid. A topological model for the Fukaya categories of plumbings; 2011z
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Following an idea by Fukaya [Fuk93] and Betz and Cohen [BC94]°,
Abouzaid defines in [Abo11]® the product on C*(f) as follows:
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Homotopy transfer theorem

The differential on the Morse cochains is defined by a count of Morse
trajectories. Is it then possible to define a product on the Morse cochains
C*(f) by counting some geometric objects defined using the Morse
function f 7

Following an idea by Fukaya [Fuk93] and Betz and Cohen [BC94]°,
Abouzaid defines in [Abo11]® the product on C*(f) as follows:

X1 X2 X1 X2

Perturbing the gradient vec-
x tor field around the vertex

The intuition behind this construction is the intersection product.

5M. Betz and R. L. Cohen, Graph moduli spaces and cohomology operations, 1994
6M. Abouzaid. A topological model for the Fukaya categories of plumbings; 2011z
Thibaut Mazuir IMJ-PRG - Sorbonne Un
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Homotopy transfer theorem

Under a mild technical assumption on the vector field X, for three critical
points y, x; and xa such that |xi| + |x2| = |y/|, there exists at most a
finite number of configurations of Morse trajectories of this form.
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Under a mild technical assumption on the vector field X, for three critical
points y, x; and xa such that |xi| + |x2| = |y/|, there exists at most a
finite number of configurations of Morse trajectories of this form.

We denote this algebraic count #M(y; x1, x2).
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Homotopy transfer theorem

Under a mild technical assumption on the vector field X, for three critical
points y, x; and xa such that |xi| + |x2| = |y/|, there exists at most a
finite number of configurations of Morse trajectories of this form.

We denote this algebraic count #M(y; x1, x2).

The geometric product on the Morse cochains C*(f) is defined as

w(xy, x2) == Z HM(y;x1, %)y .

ly|=lxa]+[x2]
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Abouzaid proves that this product is homotopy associative and is part of
a geometric Ay.-algebra structure on the Morse cochains.
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Main result and plan of the talk

Abouzaid proves that this product is homotopy associative and is part of
a geometric Ay.-algebra structure on the Morse cochains.

This geometric A.-algebra structure is quasi-isomorphic to the algebraic
Ao-algebra structure obtained from the homotopy transfer theorem.

The main result of this thesis is to explain in which sense these geometric
Ao-algebra structures on the Morse cochains are unique up to homotopy:

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Main result and plan of the talk

Consider two Morse functions f and g on the manifold M:

7T. Mazuir. Higher algebra of Ao and QBAs-algebras in Morse theory I, 2021.
8T. Mazuir, Higher algebra of Ae and QQBAs-algebras in-Morse theory Il, 2021.
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Main result and plan of the talk

Consider two Morse functions f and g on the manifold M:

Theorem ([Maz21a]?, [Maz21b]®

The collection of geometric higher morphisms between C*(f) and C*(g)
fit into a simplicial set which is a Kan complex and is moreover
contractible.

7T. Mazuir. Higher algebra of Ao, and QBAs-algebras in Morse theory I, 2021.
8T. Mazuir, Higher algebra of Ao and QQBAs-algebras in-Morse theory Il, 2021.
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Main result and plan of the talk

Consider two Morse functions f and g on the manifold M:

Theorem ([Maz21a]?, [Maz21b]®

The collection of geometric higher morphisms between C*(f) and C*(g)
fit into a simplicial set which is a Kan complex and is moreover
contractible.

The theorem gives a higher categorical meaning to the fact that
continuation morphisms in Morse theory are unique up to homotopy at
the chain level.

7T. Mazuir. Higher algebra of Ao, and QBAs-algebras in Morse theory I, 2021.
8T. Mazuir, Higher algebra of Ao and QQBAs-algebras in-Morse theory Il, 2021.
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Main result and plan of the talk

Introduction

The A..-algebra structure on the Morse cochains
Continuation morphisms

Higher morphisms between A..-algebras

Higher morphisms in Morse theory
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The A..-algebra structure on the Morse cochains
m A..-algebras
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Aco-algebras

Definition

Let A be a cochain complex with differential m;. An A..-algebra
structure on A is the data of a collection of maps of degree 2 — n

m, A" — A, n>1,
extending m; and which satisfy

[my, m,] = Z +mj 1144, (1d®" @ m;, ®1d®?).

in+ix+iz=n
2<i<n—1

These equations are called the A.-equations.
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[e]e]

Aco-algebras

Definition

Let A be a cochain complex with differential m;. An A..-algebra
structure on A is the data of a collection of maps of degree 2 — n

m, A" — A, n>1,
extending m; and which satisfy

1R s 1R
[my, m,] = E £mj 41455 (1d®"* @ m;, ®1d®"?).
in+ix+iz=n
2<ia<n—1

These equations are called the A.-equations.

Here [my, m,] = mmy, — (~1)" 372 my(id® @ my @id "),

hibaut Mazuir IMJ-PRG - Sorbonne Université
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Aco-algebras

Representing m, as ¢ a corolla of arity n, these equations can be

written as
2
—_—
[ml,\(]: Z + ;1\(’_3 )
iy+iz+iz=n \¢/
2<ih<n—1

[ml, m,,] = Z :I:m,-1+1+,-3 (id®i1 ®mp ® id®i3).

i1 +iz+iz=n
2<i<n—1
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Aco-algebras

In particular,

[m17 m2] =0 5

[ml, m3] = m2(1d X mo — mo ®1d) s

implying that my descends to an associative product on H*(A).
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oooe

Aco-algebras

In particular,

[m17 m2] =0 5

[ml, m3] = m2(1d X mo — mo ®1d) s
implying that my descends to an associative product on H*(A).

The operations m, can be interpreted as the higher coherent homotopies
keeping track of the fact that the product is associative up to homotopy.

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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The A..-algebra structure on the Morse cochains

m The associahedra
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The associahedra

There exists a collection of polytopes, called the associahedra and
denoted K, which encode the A,.-equations between A, -algebras.
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Geometric Aqo-algebra

(o] le]

The associahedra

There exists a collection of polytopes, called the associahedra and
denoted K, which encode the A,.-equations between A, -algebras.
Their boundary reads as

oK, = U K,'1+1+,'3 X K,'2 .

ir+iz+iz=n
I<in<n—1

Recall that the A,.-equations read as

2

—_—
f1\(f3
[ml,\(]: D=
i1+ia+i3=n \¢/
2<ih<n—1
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The associahedra

Y
G
Y
Y Y
v Y
Y Y
Y " S vy
Y Y
v Y
Yoy A
Y
Y
Figure: The associahedra Kz, K3 and Ki, with cells labeled by the operations
they define
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The A..-algebra structure on the Morse cochains

m Moduli spaces of metric trees
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Moduli spaces of metric trees

A ribbon tree

aut Mazi
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Moduli spaces of metric trees

A stable metric
A ribbon tree A metric ribbon tree ribbon tree

Figure: Terminology

Definition
We denote T, the moduli space of stable metric ribbon trees with n
incoming edges.
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Moduli spaces of metric trees

Allowing lengths of internal edges to go to +o0, this moduli space can be
compactified into a (n — 2)-dimensional CW-complex T ,.

9J). M. Boardman and R. M. Vogt. Homotopy invariant algebraic structures on
topological spaces, 1973.
hibaut Mazuir IMJ-PRG - Sorbonne Université
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Moduli spaces of metric trees

Allowing lengths of internal edges to go to +o0, this moduli space can be
compactified into a (n — 2)-dimensional CW-complex T ,.

Theorem ([BV73]°

The compactified moduli space T, is isomorphic as a CW-complex to the
associahedron K,.

9J). M. Boardman and R. M. Vogt. Homotopy invariant algebraic structures on
topological spaces, 1973.
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[o]e] lele}

Moduli spaces of metric trees

Allowing lengths of internal edges to go to +o0, this moduli space can be
compactified into a (n — 2)-dimensional CW-complex T ,.

Theorem ([BV73]°

The compactified moduli space T, is isomorphic as a CW-complex to the
associahedron K,.

The compactified moduli spaces of stable metric ribbon trees 7, encode
the notion of A,.-algebra.

9J). M. Boardman and R. M. Vogt. Homotopy invariant algebraic structures on
topological spaces, 1973.
Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Moduli spaces of metric trees

e 7aavald
i

Figure: The compactified moduli space T3
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Geometric Aqo-algebra Continuation morphisms

[o]e]e]e] ]

Moduli spaces of metric trees

Figure: The compactified moduli space T4
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Perturbed Morse trees and Ao -structures in Morse theory

The A..-algebra structure on the Morse cochains

m Perturbed Morse trees and A..-structures in Morse theory
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Perturbed Morse trees and Ao -structures in Morse theory

These moduli spaces of metric trees can be realized in Morse theory, as
moduli spaces of perturbed Morse gradient trees.
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Perturbed Morse trees and Ao -structures in Morse theory

These moduli spaces of metric trees can be realized in Morse theory, as
moduli spaces of perturbed Morse gradient trees.

X1 X2 X3 X1 X2 X3
M X X M x X

Perturbing the gradi-
ent vector field around
y each vertex of the tree y
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(o] Je]

Perturbed Morse trees and Ao -structures in Morse theory

These moduli spaces of metric trees can be realized in Morse theory, as
moduli spaces of perturbed Morse gradient trees.

X1 X2 X3 X1 X2 X3
M X X M x X

Perturbing the gradi-
ent vector field around
y each vertex of the tree y

The vector field X will be called a perturbation of the negative gradient
—Vf.

baut Mazuir IMJ-PRG - Sorbonne Unive
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Perturbed Morse trees and Ao -structures in Morse theory

Theorem ([Abol1],[Mes18]'?, [Maz21a

Under an admissible choice of perturbation data X on the moduli spaces
T, the moduli spaces of perturbed Morse trees define an A.-algebra
structure on the Morse cochains C*(f).

105 Mescher. Perturbed gradient flow trees and As-algebra structures in Morse
cohomology, 2018.
114, Abbaspour and F. Laudenbach, Morse complexes and multiplicative structures,
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Geometric Aqo-algebra

ooe

Perturbed Morse trees and Ao -structures in Morse theory

Theorem ([Abol1],[Mes18]'?, [Maz21a

Under an admissible choice of perturbation data X on the moduli spaces
T, the moduli spaces of perturbed Morse trees define an A.-algebra
structure on the Morse cochains C*(f).

This means that the operations of arity n of the A.-algebra structure on
C*(f) is defined by counting perturbed Morse trees of arity n.

105 Mescher. Perturbed gradient flow trees and As-algebra structures in Morse
cohomology, 2018.

114, Abbaspour and F. Laudenbach, Morse complexes and multiplicative structures,
2022.
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Geometric Aqo-algebra

ooe

Perturbed Morse trees and Ao -structures in Morse theory

Theorem ([Abol1],[Mes18]'?, [Maz21a

Under an admissible choice of perturbation data X on the moduli spaces
T, the moduli spaces of perturbed Morse trees define an A.-algebra
structure on the Morse cochains C*(f).

This means that the operations of arity n of the A.-algebra structure on
C*(f) is defined by counting perturbed Morse trees of arity n.

In [Maz21a], we prove that this A, -algebra structure stems in fact from
an QQBAs-algebra structure.

105 Mescher. Perturbed gradient flow trees and As-algebra structures in Morse
cohomology, 2018.

114, Abbaspour and F. Laudenbach, Morse complexes and multiplicative structures,
2022.
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Geometric Aqo-algebra

ooe

Perturbed Morse trees and Ao -structures in Morse theory

Theorem ([Abol1],[Mes18]'?, [Maz21a

Under an admissible choice of perturbation data X on the moduli spaces
T, the moduli spaces of perturbed Morse trees define an A.-algebra
structure on the Morse cochains C*(f).

This means that the operations of arity n of the A.-algebra structure on
C*(f) is defined by counting perturbed Morse trees of arity n.

In [Maz21a], we prove that this A, -algebra structure stems in fact from
an QQBAs-algebra structure.

Abbaspour and Laudenbach provide an alternative construction of this
A.o-algebra structure in [AL22]1.

105 Mescher. Perturbed gradient flow trees and As-algebra structures in Morse
cohomology, 2018.

114, Abbaspour and F. Laudenbach, Morse complexes and multiplicative structures,
2022.
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Continuation morphisms
°

Continuation morphisms
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Continuation morphisms

[ Jelele]

—— —

Continuation morphisms
m A.-morphisms
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Continuation morphisms norphisms ...

[o]e]

—— —

An Ao.-morphism A ~~ B between two A..-algebras A and B is a family
of maps f, : A®" — B of arity n > 1 and of degree 1 — n satisfying

[ml, fn] = Z if;'1+1+,'3 (id®i1 X mé ® id®i3)

i1+i2+i3=n
i2>2

+ > E=mf(f,®---®f).

i1t+--+is=n
5>2

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Continuation morphisms

[ele] le]

—— —

Representing the operations f, as ==, the operations m/ in blue and the

operations m” in red, these equations read as

i2 i1

[ml,%/‘]: Z iﬁﬁg+ Z i*f Y ,
iytiatiz=n % iyt +is=n V
=2 522

[ml’ f"] = Z ifi1+1+i3 (id@i1 ® mj ® id@is)

l'1+l:2+l'3:"
222

+ Y Em(f®-©f).

i1+ +is=n
522
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Continuation morphisms

[elele] ]

—— —

We check that

[mlaﬂ] :Oa

[my, b] = fim} — mJ (A ® f) .
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Continuation morphisms

[elele] ]

—— —

We check that

[mlaﬂ] :Oa

[my, b] = fim} — mJ (A ® f) .

An A,.-morphism between A..-algebras induces a morphism of
associative algebras H*(A) — H*(B).
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Continuation morphisms

[elele] ]

—— —

We check that

[mlaﬂ] :Oa

(my, Bl = fimf — mB (R @ )
An A,.-morphism between A..-algebras induces a morphism of
associative algebras H*(A) — H*(B).

A quasi-isomorphism is an A,,-morphism inducing an isomorphism in
cohomology.
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Continuation morphisms

[elele] ]

—— —

We check that

[mlaﬂ] :Oa

[my, b] = fim} — mJ (A ® f) .

An A,.-morphism between A..-algebras induces a morphism of
associative algebras H*(A) — H*(B).

A quasi-isomorphism is an A,,-morphism inducing an isomorphism in
cohomology.
We will write A ~ B if there exists a quasi-isomorphism A ~ B.

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Continuation morphisms

@00

The multiplihedra

Continuation morphisms

m The multiplihedra
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Continuation morphisms

(o] o}

The multiplihedra

There exists a collection of polytopes, called the multiplihedra and
denoted J,, which encode the A,.-equations for A,,-morphisms.
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Continuation morphisms

(o] o}

The multiplihedra

There exists a collection of polytopes, called the multiplihedra and
denoted J,, which encode the A,.-equations for A,,-morphisms.
Their boundary reads as

oJ, = U J,'1+1+,'3 X K,'2 U U K, x J,'1 X 00 X st .

iy+ia+iz=n ip+-+is=n
=22 s>2

Recall that the A,.-equations for A,,-morphisms are

2 [

[m 7 ] _ iMﬁL’ﬁ_k i% %
1 ¥ i1+;3_n x% i1+§5_n V
2> >

hibaut Mazuir IMJ-PRG - Sorbonne Université
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Continuation morphisms

ooe

The multiplihedra

Figure: The multiplihedra J1, J> and J5 with cells labeled by the operations
they define
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Continuation morphisms

00000

Moduli spaces of 2-colored metric trees

Continuation morphisms

m Moduli spaces of 2-colored metric trees
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Continuation morphisms

[e] Jolele}

Moduli spaces of 2-colored metric trees

Definition

A stable 2-colored metric ribbon tree is defined to be a stable metric
ribbon tree together with a length A € R, which is to be thought of as a
dividing line drawn over the metric tree, at distance A from its root.

Thibaut Mazuir IMJ-PRG - Sorbonne Univ:

Soutenance de thése



Continuation morphisms

[e]e] lele}

Moduli spaces of 2-colored metric trees

Defi

For n > 1, we denote CT , the moduli space of stable 2-colored metric
ribbon trees.

125 Ma'u and C. Woodward. Geometric realizations of the multiplihedra, 2010.
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Continuation morphisms

[e]e] lele}

Moduli spaces of 2-colored metric trees

Definition
For n > 1, we denote CT , the moduli space of stable 2-colored metric
ribbon trees.

Allowing again internal edges of metric trees to go to +oo, this moduli
space can be compactified into a (n — 1)-dimensional CW-complex CT ..

125 Ma'u and C. Woodward. Geometric realizations of the multiplihedra, 2010.
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Continuation morphisms

[e]e] lele}

Moduli spaces of 2-colored metric trees

Definition
For n > 1, we denote CT , the moduli space of stable 2-colored metric
ribbon trees.

Allowing again internal edges of metric trees to go to +oo, this moduli
space can be compactified into a (n — 1)-dimensional CW-complex CT ..

Theorem ([MW10]12

The compactified moduli space CT , is isomorphic as a CW-complex to
the multiplihedron J,,.

125 Ma'u and C. Woodward. Geometric realizations of the multiplihedra, 2010.
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Continuation morphisms

[e]e] lele}

Moduli spaces of 2-colored metric trees

Definition
For n > 1, we denote CT , the moduli space of stable 2-colored metric
ribbon trees.

Allowing again internal edges of metric trees to go to +oo, this moduli
space can be compactified into a (n — 1)-dimensional CW-complex CT ..

Theorem ([MW10]'?
The compactified moduli space CT , is isomorphic as a CW-complex to
the multiplihedron J,,.

The compactified moduli spaces of stable 2-colored metric ribbon trees
CT , encode the notion of A,.-morphism.

125 Ma'u and C. Woodward. Geometric realizations of the multiplihedra, 2010.
Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Continuation morphisms

[e]e]e] e}

Moduli spaces of 2-colored metric trees

Tt Y
Y

T

Figure: The compactified moduli space C7» with its cell decomposition by
2-colored tree type
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Moduli spaces of 2-colored metric trees

Figure: The compactified moduli space CT 3 with its cell decomposition by
2-colored tree type
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Continuation morphisms

[ Jele}

Continuation morphisms between Morse cochain complexes

Continuation morphisms

m Continuation morphisms between Morse cochain complexes
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Continuation morphisms

oe0o

Continuation morphisms between Morse cochain complexes

Figure: Perturbed 2-colored Morse tree

aut Mazi RG - Sorbonne Unive
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Continuation morphisms

ooe

Continuation morphisms between Morse cochain complexes

Theorem ([Maz21a

Under an admissible choice of perturbation data Y on the moduli spaces
CT ,, the moduli spaces of perturbed 2-colored Morse trees define an
Aoo-morphism between the Morse cochains C*(f) and C*(g).
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Continuation morphisms

ooe

Continuation morphisms between Morse cochain complexes

Theorem ([Maz21a

Under an admissible choice of perturbation data Y on the moduli spaces
CT ,, the moduli spaces of perturbed 2-colored Morse trees define an
Aoo-morphism between the Morse cochains C*(f) and C*(g).

This means that the operation of arity n of the A,,-morphism
C*(f) ~ C*(g) is defined by counting perturbed 2-colored Morse trees
of arity n.

Thibaut Mazuir IMJ-PRG - Sorbonne Université

Soutenance de thése



Continuation morphisms

ooe

Continuation morphisms between Morse cochain complexes

Theorem ([Maz21a

Under an admissible choice of perturbation data Y on the moduli spaces
CT ,, the moduli spaces of perturbed 2-colored Morse trees define an
Aoo-morphism between the Morse cochains C*(f) and C*(g).

This means that the operation of arity n of the A,,-morphism

C*(f) ~ C*(g) is defined by counting perturbed 2-colored Morse trees
of arity n.

We prove in fact that these continuation morphisms stem from
QBAs-morphisms between the QBAs-algebras C*(f) and C*(g).

Thibaut Mazuir IMJ-PRG - Sorbonne Université

Soutenance de thése



Continuation morphisms

ooe

Continuation morphisms between Morse cochain complexes

Theorem ([Maz21a

Under an admissible choice of perturbation data Y on the moduli spaces
CT ,, the moduli spaces of perturbed 2-colored Morse trees define an
Aoo-morphism between the Morse cochains C*(f) and C*(g).

This means that the operation of arity n of the A,,-morphism

C*(f) ~ C*(g) is defined by counting perturbed 2-colored Morse trees
of arity n.

We prove in fact that these continuation morphisms stem from
QBAs-morphisms between the QBAs-algebras C*(f) and C*(g).

These A,,-morphisms C*(f) ~~ C*(g) will be called continuation
morphisms.
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Continuation morphisms

ooe

Continuation morphisms between Morse cochain complexes

Theorem ([Maz21a

Under an admissible choice of perturbation data Y on the moduli spaces
CT », the moduli spaces of perturbed 2-colored Morse trees define an
Aoo-morphism between the Morse cochains C*(f) and C*(g).

This means that the operation of arity n of the A,,-morphism

C*(f) ~» C*(g) is defined by counting perturbed 2-colored Morse trees
of arity n.

We prove in fact that these continuation morphisms stem from
QBAs-morphisms between the QBAs-algebras C*(f) and C*(g).

These A,,-morphisms C*(f) ~~ C*(g) will be called continuation
morphisms.

Proposition ([Maz21a

Continuation morphisms are quasi-isomorphisms.

Thibaut Mazuir IMJ-PRG - Sorbonne Université

Soutenance de thése



Higher morphisms ...

o0

Higher morphisms between A..-algebras
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Higher morphisms ...
[o] )

Given two continuation morphisms p, ' : C*(f) ~ C*(g), we would now
like to know whether they are always homotopic or not.
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Higher morphisms ...
[o] )

Given two continuation morphisms p, ' : C*(f) ~ C*(g), we would now
like to know whether they are always homotopic or not.

This would in particular imply that they always induce the same
morphism in cohomology.
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Higher morphisms ...

oe

Given two continuation morphisms p, ' : C*(f) ~ C*(g), we would now
like to know whether they are always homotopic or not.

This would in particular imply that they always induce the same
morphism in cohomology.

We first have to determine a notion giving a satisfactory meaning to the
sentence "u and i/ are homotopic".

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

@00

Aoc-homotopies

Higher morphisms between A..-algebras
m A..-homotopies
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uation morphisms Higher morphisms ..

Aoc-homotopies

Definition ([LHO03]'3

Given two Ao,-morphisms (f,)s>1 and (gn)n>1, represented respectively
by the 2-colored corollae o Y and al Y, an As-homotopy between

them corresponds to:

13K. Lefévre-Hasegawa, Sur les Aoo-catégories, Ph.D. thesis, 2003.
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uation morphisms Higher morphisms ..

Aoc-homotopies

Definition ([LHO03]'3

Given two Ao,-morphisms (f,)s>1 and (gn)n>1, represented respectively
by the 2-colored corollae o Y and al Y, an As-homotopy between

them corresponds to:
e a collection of maps

hy i A®" 5 B

of arity n > 1 and degree —n.

13K. Lefévre-Hasegawa, Sur les Aoo-catégories, Ph.D. thesis, 2003.
Thibaut Mazuir IMJ-PRG - Sorbonne Université
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e e Higher morphisms ...

Aoc-homotopies

Definition ([LHO03]'3

Given two Ao,-morphisms (f,)s>1 and (gn)n>1, represented respectively
by the 2-colored corollae o Y and al Y, an As-homotopy between

them corresponds to:
e a collection of maps

hy i A®" 5 B

of arity n > 1 and degree —n.
We represent them with 2-colored corollae o0 < I]Y :

13K. Lefévre-Hasegawa, Sur les Aoo-catégories, Ph.D. thesis, 2003.
Thibaut Mazuir IMJ-PRG - Sorbonne Université
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ontinuation morphisms Higher morphisms ...

Aoc-homotopies

Definition ([LHO03

e satisfying the equations

[ml, h,,] =8n — fo+ Z :|:h,'1+1+,'3 (id(g)i1 ® m;, ® id®i3)
i+i+iz=m

ir>2

+ Z tme14(f, ®---9f,h®g, Q- ®g,)

R A
+jat-etje=n
s+14+t>2

e e h
[, o <?\f(4] o (o) " Z - o %%
[0] 5
+Zi[ﬁé [ﬁi<ﬁé[ﬁé [ﬁé.
\/
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Higher morphisms ...

®000000

Higher morphisms between Aog-algebras

Higher morphisms between A..-algebras

m Higher morphisms between A..-algebras

baut Mazuir IMJ-PRG - Sorbonne Unive
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Higher morphisms ...

0®00000

Higher morphisms between Aog-algebras

We label the faces of the standard n-simplex A" by all increasing
sequences of integers iy < --- < iy between 0 and n.
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Higher morphisms ...

0®00000

Higher morphisms between Aog-algebras

We label the faces of the standard n-simplex A" by all increasing
sequences of integers iy < --- < iy between 0 and n.

[0<2]
[1<2]

o<1 o<1

Al A?

hibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

00@0000

Higher morphisms between Aog-algebras

Definition ([MS03]*

Let / be a face of A”. An overlapping s-partition of | is a sequence of
subfaces (/))1<s<s of I such that

(i) the union of this sequence of faces is /, i.e. Uicicsh =1 ;
(i) for all 1 < ¢ <'s, max(lp) = min(/lp41).

14) E. McClure and J. H. Smith. Multivariable cochain operations and little
n-cubes, 2003.

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

00@0000

Higher morphisms between Aog-algebras

Definition ([MS03]*

Let / be a face of A”. An overlapping s-partition of | is a sequence of
subfaces (/))1<s<s of I such that

(i) the union of this sequence of faces is /, i.e. Uicicsh =1 ;
(i) for all 1 < ¢ <'s, max(lp) = min(/lp41).

The symbol U denotes the set-theoretic union where a face
[h<--+<i] CA"isseen astheset {ij < - < ik} CN.

14) E. McClure and J. H. Smith. Multivariable cochain operations and little
n-cubes, 2003.

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

[e]o]e] lelele)

Higher morphisms between Aog-algebras

An overlapping 6-partition for [0 < 1 < 2] is for instance

D<1<2l=[0]ulo]uo<1UJU<2U[]].
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Higher morphisms ...

[e]o]e] lelele)

Higher morphisms between Aog-algebras

An overlapping 6-partition for [0 < 1 < 2] is for instance

D<1<2l=[0]ulo]uo<1UJU<2U[]].

An overlapping 3-partition for [0 < 1 < 2 < 3 < 4 < 5] is for instance

0<1<2<3<4<5]=0<1U[l<2<3]U[3<4<5].

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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ontinuation morphisms Higher morphisms ...

Higher morphisms between Aog-algebras

Definition ([Maz21b

A n-morphism from A to B is defined to be the data for each face
I C A" of a collection of maps 7 : A®™M s B of arity m > 1 and of
degree 1 — m — dim(/), that satisfy

iz
—_—
.y e
[m17 0 ] :Z(_I)J ;"1 + Z :I: . -
= T %f%
i2=22

i s
—_ —_
Iy i
4 E + .
i1+ Ais=m V
LU---Uls=I

s>2

hibaut Mazuir IMJ-PRG - Sorbonne Unive
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Higher morphisms ...

00000080

Higher morphisms between Aog-algebras

The datum of two A.,-morphisms and of an A,,-homotopy between
them then corresponds exactly to a 1-morphism.
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Higher morphisms ...

00000080

Higher morphisms between Aog-algebras

The datum of two A.,-morphisms and of an A,,-homotopy between
them then corresponds exactly to a 1-morphism.
Fori=0,1,

i2
—_—

[my, [ﬁfé]: Z + H‘YAL
V

it ti=m
>

iq is
—_—— —_———
U] [
+ + .
w V
s=>2

hibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

00000080

Higher morphisms between Aog-algebras

The datum of two A.,-morphisms and of an A,,-homotopy between
them then corresponds exactly to a 1-morphism.
Fori=0,1,

i2
—_—

[my, [ﬁfé]: Z + H‘YAL
V

it ti=m
>

iq is
U] [
+ =+ .
e Them \/
s=>2
the overlapping partitions of [i] being exactly
[l=[u---ull,

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

000000e

Higher morphisms between Aog-algebras

and

[ml’ [o<?]\(4]:[ﬁ#_ ["1%#_|_Z::l:[o<1]X\r(Z
+Zi[ﬁé & [ﬁj<ﬁé[ﬁé & [ﬁ%
\[/
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Higher morphisms ...

000000e

Higher morphisms between Aog-algebras

and

[ml’ [o<?]\(4]:[ﬁ#_ ["1%#_|_Z::l:[o<1]X\r(Z
+Zi[ﬁé & [ﬁj<ﬁé[ﬁé & [ﬁ%
\[/

the overlapping partitions of [0 < 1] being exactly

0<1]=[0]u---UojJU[0 <1]U[1]U---U[1].

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

[ JoJe]e]e]e]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Higher morphisms between A..-algebras

m The HOM-simplicial sets HOM A __ _aig(A, B)e
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Higher morphisms ...

[e] leJe]e]e]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Proposition ([Maz21b

The sets of n-morphisms between two A..-algebras A and B, that we
denote HOM A __ _aig(A, B),, fit into a simplicial set

HOMy ___aig(A, B, .

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

[e] leJe]e]e]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Proposition ([Maz21b

The sets of n-morphisms between two A..-algebras A and B, that we
denote HOM A __ _aig(A, B),, fit into a simplicial set

HOMy ___aig(A, B, .

This simplicial set provides a satisfactory framework to study the higher
algebra of A..-algebras:
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sation morphisms her morphisms ...

The HOM-simplicial sets HOM,

Proposition ([Maz21b

The sets of n-morphisms between two A..-algebras A and B, that we
denote HOM A __ _aig(A, B),, fit into a simplicial set

HOMy ___aig(A, B, .

This simplicial set provides a satisfactory framework to study the higher
algebra of A..-algebras:

Theorem ([Maz21b

For A and B two A.-algebras, the simplicial set HOMa__(A, B). is a
Kan complex.

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

[e]e] le]e]e]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Write A" the simplicial set realizing the standard n-simplex, and AX the
simplicial set realizing the simplicial subcomplex obtained from A" by
removing the faces [0 < --- < nland [0 < --- < k < --- < n].

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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Higher morphisms ...

[e]e] le]e]e]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Write A" the simplicial set realizing the standard n-simplex, and AX the
simplicial set realizing the simplicial subcomplex obtained from A" by
removing the faces [0 < --- < nland [0 < --- < k < --- < n].

2 2 2 2
JCA ACA
0 1 0 1 0 1 0 1

A} C A2 A C A2
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Higher morphisms ...

[e]e] le]e]e]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Write A" the simplicial set realizing the standard n-simplex, and AX the
simplicial set realizing the simplicial subcomplex obtained from A" by
removing the faces [0 < --- < nland [0 < --- < k < --- < n].

2 2 2 2
J i A 4 i A
0 1 0 1 0 1 0 1

A} C A2 A C A2

The simplicial set A% is called a horn.

Thibaut Mazuir IMJ-PRG - Sorbonne Université
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>ntinuation morphisms er morphisms ...

A Kan complex/an co-groupoid is a simplicial set X which has the
left-lifting property with respect to all horn inclusions Ak < A"

/\ﬁ —2 X
P
,//3 T

-
-

An
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Higher morphisms ...

[e]o]e]e] Jo]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Recall that a groupoid is a category all of whose morphisms are invertible.
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Higher morphisms ...

[e]o]e]e] Jo]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Recall that a groupoid is a category all of whose morphisms are invertible.
Seeing the vertices of a Kan complex as objects and edges as morphisms,
a Kan complex can also be interpreted as a groupoid up to homotopy,
hence an oco-groupoid.
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Higher morphisms ...

[e]o]e]e] Jo]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Recall that a groupoid is a category all of whose morphisms are invertible.
Seeing the vertices of a Kan complex as objects and edges as morphisms,
a Kan complex can also be interpreted as a groupoid up to homotopy,
hence an oco-groupoid.

Morphisms can be composed using the inclusion A} C A2
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Higher morphisms ...

[e]o]e]e] Jo]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Recall that a groupoid is a category all of whose morphisms are invertible.
Seeing the vertices of a Kan complex as objects and edges as morphisms,
a Kan complex can also be interpreted as a groupoid up to homotopy,
hence an oco-groupoid.

Morphisms can be composed using the inclusion A} C A2

//‘(
gof -
e g
.
.
.
p

X0 —>f X1

A C A?
This composition is moreover associative up to homotopy.
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Higher morphisms ...

[e]o]e]e]e] ]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Theorem ([Maz21b

For A and B two A-algebras, the simplicial set HOMa__ (A, B). is a
Kan complex.
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Higher morphisms ...

[e]o]e]e]e] ]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Theorem ([Maz21b

For A and B two A-algebras, the simplicial set HOMa__ (A, B). is a
Kan complex.

The points of these Kan complexes are the A,.-morphisms and the
arrows between them are the A,.-homotopies.
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Higher morphisms ...

[e]o]e]e]e] ]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Theorem ([Maz21b

For A and B two A-algebras, the simplicial set HOMa__ (A, B). is a
Kan complex.

The points of these Kan complexes are the A,.-morphisms and the
arrows between them are the A,.-homotopies.

The fact that HOM4__ (A, B), is a Kan complex stems heuristically from
the fact that homotopies between maps can always be composed and are
always invertible up to homotopy.
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Higher morphisms ...

[e]o]e]e]e] ]

The HOM-simplicial sets HOM y __ _ .1, (A, B)e

Theorem ([Maz21b

For A and B two A-algebras, the simplicial set HOMa__ (A, B). is a
Kan complex.

The points of these Kan complexes are the A,.-morphisms and the
arrows between them are the A,.-homotopies.

The fact that HOM4__ (A, B), is a Kan complex stems heuristically from
the fact that homotopies between maps can always be composed and are
always invertible up to homotopy.

The proof relies on the use of cosimplicial resolutions in the model
category of conilpotent dg-coalgebras defined in [LHO3].
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.. in Morse theory

Higher morphisms in Morse theory
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The n-multiplihedra

Higher morphisms in Morse theory
m The n-multiplihedra
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.. in Morse theory
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The n-multiplihedra

We would like to define a family of polytopes encoding n-morphisms
between A -algebras. These polytopes will be called the n-multiplihedra.

hibaut Mazuir IMJ-PRG - Sorbonne Université

Soutenance de thése



... in Morse theory

O®00000000

The n-multiplihedra

We would like to define a family of polytopes encoding n-morphisms
between A -algebras. These polytopes will be called the n-multiplihedra.

We have seen that A,,-morphisms are encoded by the multiplihedra J,,.
A natural candidate for n-morphisms would thereby be A" x J,,.
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The n-multiplihedra

We would like to define a family of polytopes encoding n-morphisms
between A -algebras. These polytopes will be called the n-multiplihedra.

We have seen that A,,-morphisms are encoded by the multiplihedra J,,.
A natural candidate for n-morphisms would thereby be A" x J,,.

However the faces of A" x J,, correspond to the data of a face of
I € A", and of a broken 2-colored tree labeling a face of J,,.
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... in Morse theory

O®00000000

The n-multiplihedra

We would like to define a family of polytopes encoding n-morphisms
between A -algebras. These polytopes will be called the n-multiplihedra.

We have seen that A,,-morphisms are encoded by the multiplihedra J,,.
A natural candidate for n-morphisms would thereby be A" x J,,.

However the faces of A" x J,, correspond to the data of a face of
I € A", and of a broken 2-colored tree labeling a face of J,,.

This labeling is too coarse, as it does not contain the trees

V K
that appear in the A.-equations for n-morphisms.
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The n-multiplihedra

We thus want to lift the combinatorics of overlapping partitions to the
level of the n-simplices A".
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The n-multiplihedra

We thus want to lift the combinatorics of overlapping partitions to the
level of the n-simplices A".

Proposition ([Maz21b

For each s > 1, there exists a polytopal subdivision of the standard
n-simplex A" whose top-dimensional cells are in one-to-one
correspondence with all overlapping s-partitions of A",

Thibaut Mazuir
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The n-multiplihedra

<1<2®[2

D<1ei<?

ple<1<2

Oe0<1]

Figure: The subdivision of A? by overlapping 2-partitions
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The n-multiplihedra

p<1<ysplel

eb<i<zol

plebleh<i<2

plob<len< p<ieiel<2

Figure: The subdivision of A% by overlapping 3-partitions
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The n-multiplihedra

These refined polytopal subdivisions of A" can then be used to construct
the n-multiplihedra:
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The n-multiplihedra

These refined polytopal subdivisions of A" can then be used to construct
the n-multiplihedra:

Theorem ([Maz21b

There exists a refined polytopal subdivision of the polytope A" x J,,,
which encodes the A..-equation of arity m for n-morphisms between
Ao-algebras.
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The n-multiplihedra

These refined polytopal subdivisions of A" can then be used to construct
the n-multiplihedra:

Theorem ([Maz21b

There exists a refined polytopal subdivision of the polytope A" x J,,,
which encodes the A..-equation of arity m for n-morphisms between
Ao-algebras.

Definition ([Maz21b

The n-multiplihedra are defined to be the polytopes A" x J,, endowed
with the previous polytopal subdivision. We denote them n-J,,.
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The n-multiplihedra

Recall that the A, -equations for n-morphisms read as

i2
—_—
s Y
[m]-? ! ] :Z(il)j aj”‘gl + Z :IZ /_I}\_\ /_R_\
< e %f%
=2

i is
—— ——
Iy Is
+ E + .
w V
hU---Ul=/

s>2
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The n-multiplihedra

Jo

o<1

(0] [0<1) Bl

T Fer et To
N 4

Al
Figure: The 1-multiplihedron 1-J;
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The n-multiplihedra

Figure: The 2-multiplihedron 2-J>
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The n-multiplihedra

JY KLY

J.
’ Inner stratum -t

Figure: The 1-multiplihedron 1-J3
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Higher morphisms in Morse theory

Higher morphisms in Morse theory

m Higher morphisms in Morse theory
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Figure: Perturbed 2-colored Morse tree

aut Mazi RG - Sorbonne Unive

Soutenance de thése



.. in Morse theory

[e]e] lelele]
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X

y
Figure: Perturbed 2-colored Morse tree associated to a n-simplex of
perturbation data (Ys)sean
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Higher morphisms in Morse theory

Theorem ([Maz21b

Under an admissible choice of n-simplex of perturbation data (Ys)scan
on the moduli spaces CT ,,, the moduli spaces of perturbed 2-colored
Morse trees associated to (Ys)scan define a n-morphism between the
Morse cochains C*(f) and C*(g).
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Higher morphisms in Morse theory

Theorem ([Maz21b

Under an admissible choice of n-simplex of perturbation data (Ys)scan
on the moduli spaces CT ,,, the moduli spaces of perturbed 2-colored
Morse trees associated to (Ys)scan define a n-morphism between the
Morse cochains C*(f) and C*(g).

This means again that the operations of arity m of the n-morphism
C*(f) ~ C*(g) are defined by counting perturbed 2-colored Morse trees
of arity m associated to (Ys)sean-
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Higher morphisms in Morse theory

Theorem ([Maz21b

Under an admissible choice of n-simplex of perturbation data (Ys)scan
on the moduli spaces CT ,,, the moduli spaces of perturbed 2-colored
Morse trees associated to (Ys)scan define a n-morphism between the
Morse cochains C*(f) and C*(g).

This means again that the operations of arity m of the n-morphism
C*(f) ~ C*(g) are defined by counting perturbed 2-colored Morse trees
of arity m associated to (Ys)sean-

These higher morphisms between Morse cochains will be called geometric.
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Higher morphisms in Morse theory

Theorem ([Maz21b

The geometric higher morphisms fit into a simplicial set

HOMZ™™(C*(f), C*(g))e € HOMa_,(C*(f), C*(g))s

which is a Kan complex and is moreover contractible.
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Higher morphisms in Morse theory

Theorem ([Maz21b

The geometric higher morphisms fit into a simplicial set

HOMZ™(C*(f), C*(g))e C HOMa(C*(f), C*(g))s »
which is a Kan complex and is moreover contractible.

This theorem contains three results about HOMS ™" (C*(f), C*(g)).
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Higher morphisms in Morse theory

Theorem ([Maz21b

The geometric higher morphisms fit into a simplicial set

HOMZ™(C*(f), C*(g))e C HOMa(C*(f), C*(g))s »
which is a Kan complex and is moreover contractible.

This theorem contains three results about HOMS ™" (C*(f), C*(g)).
e It is a simplicial subset of HOM4__ (C*(f), C*(g))e-
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Higher morphisms in Morse theory

Theorem ([Maz21b

The geometric higher morphisms fit into a simplicial set

HOMZ™(C*(f), C*(g))e C HOMa(C*(f), C*(g))s »
which is a Kan complex and is moreover contractible.

This theorem contains three results about HOMS ™" (C*(f), C*(g)).
e It is a simplicial subset of HOMa_ (C*(f), C*(g))e-
e It is a Kan complex.
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Higher morphisms in Morse theory

Theorem ([Maz21b

The geometric higher morphisms fit into a simplicial set

HOMZ™(C*(f), C*(g))e C HOMa(C*(f), C*(g))s »
which is a Kan complex and is moreover contractible.

This theorem contains three results about HOMS ™" (C*(f), C*(g)).
e It is a simplicial subset of HOMa_ (C*(f), C*(g))e-
e It is a Kan complex.
e |t is contractible, i.e. has trivial homotopy groups.
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Higher morphisms in Morse theory

Theorem ([Maz21b

The geometric higher morphisms fit into a simplicial set

HOMZ™(C*(f), C*(g))e C HOMa(C*(f), C*(g))s »
which is a Kan complex and is moreover contractible.

This theorem contains three results about HOMS ™" (C*(f), C*(g)).
e It is a simplicial subset of HOMa_ (C*(f), C*(g))e-
e It is a Kan complex.
e |t is contractible, i.e. has trivial homotopy groups.

The proof relies on the fact that every admissible choice of perturbation
data parametrized by a simplicial subcomplex of A" extends to an
admissible choice of perturbation data on A”.
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Higher morphisms in Morse theory

The fact that HOME™(C*(f), C*(g))e is contractible implies that two
continuation morphisms C*(f) ~» C*(g) are always homotopic.
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Higher morphisms in Morse theory

The fact that HOME™(C*(f), C*(g))e is contractible implies that two
continuation morphisms C*(f) ~» C*(g) are always homotopic.

Indeed, Ao-morphisms correspond to vertices in
HOMZ™(C*(f), C*(g))e and A.-homotopies correspond to edges in
this contractible simplicial set.
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Higher morphisms in Morse theory

The fact that HOME™(C*(f), C*(g))e is contractible implies that two
continuation morphisms C*(f) ~» C*(g) are always homotopic.

Indeed, Ao-morphisms correspond to vertices in
HOMZ™(C*(f), C*(g))e and A.-homotopies correspond to edges in
this contractible simplicial set.

The theorem gives a higher categorical meaning to the fact that
continuation morphisms in Morse theory are unique up to homotopy at
the chain level.
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Further developments

Higher morphisms in Morse theory

m Further developments
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Further developments

Definition
Given two A,.-morphisms A ~~ B and B ~~ C represented by collections
of operations 4= : A®" 5 B and : B®" 5 C, their

composition is defined to be the A,,-morphism A ~~ C whose operation
of arity n is

i is

N\\/L
Z +
it tis=n
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Further developments

Given three Morse functions fy, f; and 5 on M and three continuation
morphisms between their Morse cochains.
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Further developments

Given three Morse functions fy, f; and 5 on M and three continuation
morphisms between their Morse cochains.

It would be interesting to know when the diagram of continuation
morphisms

C*(f) —— C*(h)
< |

c(h)

112
Ho2 !

is homotopy commutative.
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Further developments

Given three Morse functions fy, f; and 5 on M and three continuation
morphisms between their Morse cochains.

It would be interesting to know when the diagram of continuation
morphisms

C*(f) —— C*(h)
< |

c(h)

"
Hi12
iS 10N ()‘()py comn l.ll:ative.

In other words, when the A,,-morphisms 15 o g1 and pig2 are
homotopic.
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Further developments

The spaces of metric trees defining such an A,,-homotopy should be the
moduli spaces of 3-colored metric trees.

A A
! v>‘1v \( >‘1v

Figure: Two examples of 3-colored metric trees
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Further developments

A similar question was studied and solved in [MWW18]'® for geometric
Aoo-functors between Fukaya categories. Their construction should in
fact adapt nicely to our present case.

155, Ma'u, K. Wehrheim, and C. Woodward. As.-functors for Lagrangian
correspondences., 2018.
16N. Bottman, 2-associahedra, 2019.
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Further developments

A similar question was studied and solved in [MWW18]'® for geometric
Aoo-functors between Fukaya categories. Their construction should in
fact adapt nicely to our present case.

In general, it would be interesting to know which higher algebra arises
from realizing moduli spaces of multi-colored metric trees in Morse theory.

155, Ma'u, K. Wehrheim, and C. Woodward. As.-functors for Lagrangian
correspondences., 2018.
16N. Bottman, 2-associahedra, 2019.
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... in Morse theory

[e]e]o]e] lelele}

Further developments

A similar question was studied and solved in [MWW18]'® for geometric
Aoo-functors between Fukaya categories. Their construction should in
fact adapt nicely to our present case.

In general, it would be interesting to know which higher algebra arises
from realizing moduli spaces of multi-colored metric trees in Morse theory.

This question might in fact exhibit some links between the
n-multiplihedra and the 2-associahedra of Bottman ([Bot19]¢).

155, Ma'u, K. Wehrheim, and C. Woodward. As.-functors for Lagrangian
correspondences., 2018.
16N. Bottman, 2-associahedra, 2019.
Thibaut Mazuir
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Further developments

It is also quite clear that given two compact symplectic manifolds M and
N, one should be able to construct n-morphisms between their Fukaya
categories Fuk(M) and Fuk(N) through counts of moduli spaces of
pseudo-holomorphic quilted disks.
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[e]eo]o]e] Tele}

Further developments

It is also quite clear that given two compact symplectic manifolds M and
N, one should be able to construct n-morphisms between their Fukaya
categories Fuk(M) and Fuk(N) through counts of moduli spaces of
pseudo-holomorphic quilted disks.

Xo

L1 Ln—l

X1

Lo

y

Figure: An example of a pseudo-holomorphic quilted disk

See for instance the paper of Ma'u, Wehrheim and Woodward [MWW18].
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Further developments

Thank you for your attention !

ut Mazuir IMJ-PRG - Sorbonne Univer

Soutenance de t



... in Morse theory

O000000e

Further developments
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