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Motivation (1)

Presumed situation X, ...,, X i.i.d. with law P* and density f.

Objective Estimate f. Density on the line that satisfies a shape constraint :

« Monotone on a half-line
e Convex/concave monotone on an interval
* log-concave on the line

lideal| : X, ...,, X 1.1.d. + f satisfies the shape constraint
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Question Behaviour of your estimator 1f [ideal]? When moving away from [ideal]?

< > P‘*ﬂ Imissp]| i.i.d. data but P* &
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Example Monotonocity on the half line [iid]

f density decreasing on (0,00)

Grenander [1956] = MLE /\, densities on (0,00) ¢

+ [Opt] ~ minimax over & (V, L), L and V would be known "L -

+ [Adapt] (1/ \/Z) -rate for some piecewise constant densities

with D < oo pieces

— Additional information, not always defined No MILE



Aims for the estimation procedure

Objective To build an estimator

|Opt] Global rate of convergence optimal
|[Adapt]| Specific classes adaptation

[Vers| No additional information versatile



General - f—type Tv_estimator 1 Lebesgue measure

|[Baraud, 2021 ]

Total Variation loss d(P, Q) = sup [P(A) — O(A)] [Devroye and Lugosi, 2001]
acd

Assumption There exists M (corr. dist. .#) countable, dense in M (corr. dist. ) for L

Test statistics

For P € /.,
P=p-u

0=q 1 T(X,P) = sup [Z 1iyop (XD = P(q > )
Qe ~ i1

TV-estimator




Properties of TV-estimator

Definition [Baraud and Birgé, 2016] D € N
p € M is extremal in M with degree < D if
{{g>DP}. g e M\{p}} and {{q<p},qeM\{p}}

O(D)
!

are both VC with dimension < D. Set of extremal points O =

¥ C

Prel. Vers. : result on
n

* P Sx _ 1N p — . .
Theorem I/n;d(Pl P P> =n Epi P*=P*ifX,,....,X ii.d.

For all TV-estimator P, E[d(P*, P)]
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Definition [Baraud and Birgé, 2016] D € N
p € M is extremal in M with degree < D if
{{g>DP}. g e M\{p}} and {{q<p},qeM\{p}}

O(D)
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are both VC with dimension < D. Set of extremal points O =
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Prel. Vers. : result on
n

* P Sx _ 1N p — . .
Theorem l/n;d(Pl P P> =n Epi P*=P*ifX,,....,X ii.d.

E
+ —
n

: - o~ _ D
For all TV-estimator P, E[d(P*, P)] < inf [3 inf d(P*, P) + 48 | —
D>1 PeO(D) n

) -
~~ -~

Approximation Estimation
error error
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D>1 PeO(D) n

(1) Ancillary result

_ ~ _ D
(AR) Forall P € G(D), E[d(P, P)] < 2d(P*,P) + 48/ = +
n

n

(2) Adaptation

[non iid]

M
< >.;P Q [Adapt] If [non iid] with P* in O, rate ~ 1/\/5
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[ideal] Estimation of unimodal densities M/.Z

OIO)/ 5% set of unimodal densities/distributions
constant on < D bounded intervals

Proposition

‘ The elements of 5% are extremal in M with degree < 3(D + 5)

Theorem

For all TV-estimator j’\, N €

n

o~ _ D+5
E[d(P*, P)] < inf |3 inf d(P*,P)+48\/§\/
D>1 PeO(D) n




Eg 1. Bounded and compactly supported unimodal densities M

(D) f=wipdl .y +wapl ) ae where |x;—x_;| =L

V.= sup p,— mf p, < oo

I
(X;_1,X;) (% 1-%;)

,
MR) c M inf l\/wl log(1 + L;V}) ++/w, log(1 + Lsz)] <R
Jas(1)

Theorem

For all TV-estimator i’\,
o~ R 1/3 o) e
E[d(P*, P)] < 41.3(—) + 166.4\/: + —

n

n n



Particular case. Decreasing densities on an interval

int log(l +LV) <R
fas(l)

* R 173 2 E
E[d(P*, P)I <413(~ ) +166.4¢ /= +=
n

n n

(1) f:pzl(xl,xz) d.cC.
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Particular case. Decreasing densities on an interval

(D) f=pl,y ae fin(fl) log(1 + LV) < R
E[d(P*, P)I <413(~ ) +166.4¢ /= +=
n n n

Q[Adapt] If P* = P* in O(D), rate ~ 1/\/%
Vie{l,..,.D},V.=0=>R=0

& (Opt] rate ~ [log(1 + LV)/n]"3

Q x, can be unknown

TV-est. exists
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Eg 2. A non-compactly supported and unbounded monotone density
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(1) p=p)l
P =P (X1,X) —— log(1+LV)<R



Eg 2. A non-compactly supported and unbounded monotone density

J(x) = - L)) +
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How to approximate f by an element of M(R) for some R ? VI
2

(D) p= le(xl,xz)
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Tail function  7(f,7) = inf | 7,(f.57) + 7,(f.f(5)) | L

s>0
J(s)

V= f(s)
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Eg 2. A non-compactly supported and unbounded monotone density

J(x) = - L)) +

V/x x log(x)? 200/

How to approximate f by an element of M(R) for some R ? VI

P = P2l (x,xy) ) log(1+LV) <R

Tail function  7(f,7) = inf | 7,(f.57) + 7,(f.f(5)) | L
s>0
t=exp(R/2)—1 g 1(s)
s.t. log(1 + f(s) X st) < R
Take R = xn '/ V'=70s)
For all TV-estimator f’\,
D e
St
~ | 3 € L = st
E[d(P, P)] < C[ — + —] + —
n n n



Convex-concave densities

Model M = convex/concave + monotone densities on some bounded interval

Extremal points 511) = pirecewise linear elements of with D bounded affine pieces

Proposition

The elements of 511) are extremal in M with degree < 2(D + 5)



Approx. error of a convex-concave monotone pdf

|Ass] Assume that p 1s a density s.t.
e pissupported on [a,b] where b —a =L > 0

,Ssupp—mtp=V<+ o0
(a,b) (a.b)

e Letalsol =1(p) be the linear index

c_q L IP@IAlp®] A
2 A | pia)| V | pib)|
| pi(b) — pla)|

where A =

b—a



Approximation error : theorem

Theorem

For any density p that satisfies [Ass], there exists p & 511) such that

2
Al

1/D
d(P.P) < (1+\/2er) _1

log? (1 + \/2er)

<5.14 2




Global rates of convergence

Theorem

Let a density p that satisfies [Ass]. For all TV-estimator f’\,

(AR) d(P. P) < 2d(P,P*) + Cn~2510g% (1 + \/ZFLV)

d( P, P*) < 3d(P,P*) + Cn~2510g?3 (1 +4/2LV )

QRobust Q n~2" rate

Q log-dep on LV



Comparison to bibliography

Gao and Wellner (2009)
Q Robust (MLE) Q Rate n=% Q log dep on LV (likely)

Chan et al (2014)

Q Robust Q Rate n=° Q Concave only



Log-concave density estimation

Model M*¢ = log-concave densities on R,
p = exp g,

@ : J — R continuous + concave, J open

Extremal points EZL)C = elements p of M™C s.t. log p is piecewise affine or = — 0o, D + 1pieces

Proposition

The elements of Elbc are extremal in M with degree < 2(D + 2)



Global rates of convergence

Proposition
For any p € M*©,

|
inf d(iP,Q0) < —.

ge0Ls D?
It follows that
Corollary
If P* € /#"C, then
150 419 ¢

“[d(PY, P S s +—=+—.

5 Sy on




Comparison to literature

Our estimator

Q Robust Q Minimax rate Q Adaptive

MLE

0 Robust? Q Minimax rate Q Adaptive

Chan et al (2014)

Q Robust

Q Minimax rate Q Adaptive



wOrNncCiIusIion

[1] TV-estimator VS MLE
Q |[Adapt] [Opt] as the MLE when 1t exists
Q [Vers| Can be applied to density models for which the MLE does not exist

[2] Robustness

LL.d. OK  « Misspecitication
P* & 4/ - Contamination

Non-i.id. < Equidistribution
* Outliers

[3] Other shape constraints : k-piecewise monotone densities, k-piecewise convex/concave
densities
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