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Rappels

Manipulation de variables aléatoires

Exercice 1. — 1. SoitX variable aléatoire réelle, de fonction de répartition FX et fonction caractéristique
φX . Pour a, b ∈ R on note Y = aX + b.

• Montrer que FY (t) = FX

(
t−b
a

)
.

• Montrer que φY (t) = eitbφX(at).

• Si X a densité fX , montrer que fY a densité 1
afX

(
t−b
a

)
.

2. Si X ⊥⊥ Y , montrer que φX+Y = φXφY .

Variables aléatoires usuelles (À savoir par coeur ou redémontrer rapidement)

X notera la variable en question, FX sa fonction de répartition, φX sa fonction caractéristique, fX sa
densité.

Discrètes:

• Bernoulli B(p), p ∈ [0, 1]: P(X = 1) = p = 1− P(X = 0).

– φX(t) = (1− p) + peit.

– E(X) = p, Var(X) = p(1− p).

• Binomiale B(n, p), n ∈ N, p ∈ [0, 1]:

∀k ∈ [[0, n]] P(X = k) =

(
n

k

)
pk(1− p)n−k.

– φX(t) = ((1− p) + peit)n.

– Si (Xi)i=1,...,n i.i.d. B(p),
∑n

i=1 Xi ∼ B(n, p).
– E(X) = np, Var(X) = np(1− p).

• Poisson P(λ):

∀k ≥ 0 P(X = k) = e−λλ
k

k!
.

– φX(t) = eλ(e
it−1).

– E(X) = Var(X) = λ.

– Si X ∼ P(λ), Y ∼ P(µ), X ⊥⊥ Y , X + Y ∼ P(λ+ µ).

• Géométrique G(p), p ∈ [0, 1]:

∀k ≥ 1 P(X = k) = p(1− p)k−1.

– φX(t) = peit

1−(1−p)eit .
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– E(X) = 1
p , Var(X) = 1−p

p2 .

– Si X1, . . . , Xn, . . . i.i.d. B(p), min{i | Xi = 1} ∼ G(p).

Continues:

• Uniforme U(]a, b[):

∀t ∈ R fX(t) =
1

b− a
1]a,b[(t).

– Si U ∼ U(]0, 1[), a+ (b− a)U ∼ X.

– E(X) = a+b
2 , Var(X) = (b−a)2

12 .

• Exponentielle E(λ), λ > 0:

∀t ∈ R fX(t) = λe−λt
1t>0.

– Si E ∼ E(1), E/λ ∼ X.

– FX(t) = (1− e−λt)1t>0.

– φX(t) = λ
λ−it .

– E(X) = 1/λ, Var(X) = 1/λ2.

• Gaussienne (ou Normale) N (µ, σ2), σ > 0:

∀t ∈ R fX(t) =
1

σ
√
2π

e−(x−µ)2/(2σ2).

– Si N ∼ N (0, 1), X ∼ µ+ σN .

– φX(t) = eitµ−σ2t2/2.

– E(X) = µ, Var(X) = σ2.

• Laplace (ou Exponentielle bilatère) L(b), b > 0:

∀t ∈ R fX(t) =
2

b
e−|t|/b.

– Si L ∼ L(1), bL ∼ X.

– E(X) = 0, Var(X) = 2b2.

– φX(t) = 1
1+t2b2 .

• Cauchy C(a):

∀t ∈ R fX(t) =
a

a2 + t2
.

– Si C ∼ C(1), aC ∼ C(a).
– φX(t) = e−a|t|.

– FX(t) = 1/2 + arctan(t/a)/π.

– Si X ∼ C(a1), Y ∼ C(a2), X ⊥⊥ Y , alors X + Y ∼ C(a1 + a2).

• Gamma G(a, b), a, b > 0:

∀t ∈ R fX(t) =
bata−1e−bt

Γ(a)
1t>0.

– φX(t) =
(

b
b−it

)a

.

– E(X) = a/b, Var(X) = a/b2.

– Si X ∼ G(a, b), Y ∼ G(a′, b), X ⊥⊥ Y , alors X + Y ∼ G(a+ a′, b).

– Si X ∼ G(a, b) et λ > 0, λX ∼ G(a, b/λ).
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