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1. Introduction

In this article, we consider a generalization of the hidden Markov chain/model (HMM) where
the process is indexed by a binary tree, which we call hidden Markov tree (HMT). The HMT
is composed of a hidden process and an observed process. The hidden process is a branching
Markov process, that is, a random process X = (X,,, u € T) with values in a Polish space (i.e.
a complete separable metric space) X indexed by a rooted tree 7 with the Markov property:
sibling nodes take independent and identically distributed values that depend only on the
value of their parent node. Note that the hidden process is sometimes called latent process in
the literature. Conditionally on the hidden process X, the observed process Y = (Y,,u € T),
with values in another Polish space Y, is composed of independent random variables Y,
which only depends on X,, for all u € T. See Definitions 2.1 and 2.2 below for a complete
formal definitions. In this article, we consider the case where the tree T is the (deterministic)
complete infinite rooted binary tree, that is, each vertex has exactly two children. See Figure 1
for a graphical representation of the dependance between the variables composing the HMT
process (X, Y) indexed by 7.

1.1. Literature review

HMMs were first introduced by Baum and Petrie in Baum and Petrie (1966) and were
popularized by Rabiner’s tutorial Rabiner (1989). Since then, HMMs have been used in a
wide variety of applications such as speech recognition Yu and Deng (2015), bioinformatics
Koski (2001), finance Mamon and Elliott (2014), and time-series analysis Zucchini and
MacDonald (2009); see also Bouguila, Fan and Amayri (2022) for a more global reference on
HMMs applications.

HMTs were first introduced in Crouse, Nowak and Baraniuk (1998) to account for the multi-
scale dependency of wavelet coefficients in statistical signal processing with applications in
wavelet-based image processing Romberg et al. (2000); Choi and Baraniuk (2001); Duarte,
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Fig 1. Graph of dependance for variables of a HMT process indexed by the complete infinite rooted binary tree T.
The observed variables are represented inside square, while the hidden variables are represented inside circles.

Wakin and Baraniuk (2008); Shahdoosti and Hazavei (2017). After that, HMTs have been
used in several application contexts such as natural language processing Grave, Obozinski and
Bach (2013); Kondo, Duh and Matsumoto (2013), flood mapping Xie, Jiang and Sainju (2018),
medical imaging Makhijani et al. (2012); Hu, Yang and Gao (2017); Hanzouli-Ben Salah et al.
(2017), plant growth modeling Durand et al. (2005), and bioinformatics Olariu et al. (2009);
Biesinger, Wang and Xie (2013); Nakashima, Sughiyama and Kobayashi (2020).

In practice, maximum likelihood estimation for HMMs often relies on iterative numerical
methods to approximate the maximum likelihood estimator (MLE). Those methods are often
based on the expectation-maximization algorithm which is an algorithm for models with
missing data and was popularized by Dempster et al. Dempster, Laird and Rubin (1977) in a
celebrated article. For HMMs with finite hidden state space, the first presentation of a complete
expectation-maximization strategy is due to Baum et al. Baum et al. (1970), and is the well-
known “forward-backward” or Baum-Welch algorithm. For more details on the expectation-
maximization and “forward-backward” algorithms and their stochastic approximations, see
(Cappé, Moulines and Rydén, 2005, Chapters 10 and 11). In the HMT case, the “forward-
backward” algorithm must be replaced by the “upward-downward” algorithm developed in
Crouse, Nowak and Baraniuk (1998). See also Durand, Gongalves and Guédon (2004) for
alternative “upward-downward” recursive formulae that can handle underflow issues implicitly.

The statistical properties of the MLE for the HMM were first studied in Baum and Petrie
(1966) which proved consistency and asymptotic normality in the case where both the hidden
and the observed processes can only take finitely many values. Those results were then
successively extended in a series of articles Leroux (1992); Bickel, Ritov and Rydén (1998);
Jensen and Petersen (1999); Le Gland and Mevel (2000); Douc and Matias (2001). An
extension of all those results for HMMs with autoregression (that is, when conditionally on
the hidden Markov chain, the observed process is an inhomogeneous s-order Markov chain
for some s € N) was later developed in Douc, Moulines and Rydén (2004), which proved,
using weaker assumptions, strong consistency and asymptotic normality of the MLE for auto-
regressive HMMs with compact hidden state space and with possibly non-stationary regime.
The methods used in Douc, Moulines and Rydén (2004) rely on expressing the log-likelihood
as an additive function of an extended Markov chain with infinite past thanks to stationarity
and using geometric ergodicity of this extended chain (extension to non-stationary regime
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is then made separately). The method of Douc, Moulines and Rydén (2004) was adapted in
Kasahara and Shimotsu (2019) under similar assumptions to allow the transition densities of
the hidden process to be zero valued. Since the article Douc, Moulines and Rydén (2004), the
strong consistency of the MLE was proved under weaker assumptions in Genon-Catalot and
Laredo (2006); Douc et al. (2011); Douc, Roueff and Sim (2016), but no generalization has
been made for the asymptotic normality of the MLE.

In this article, we will adapt the proof method of Douc, Moulines and Rydén (2004) to the
HMT case. We shall also refer to the monograph Cappé, Moulines and Rydén (2005) which
exposes in details the theory of HMMs, and in particular to its Chapter 12 which covers the
strong consistency and asymptotic normality of the MLE, under the same assumptions used
in Douc, Moulines and Rydén (2004), for HMMs where the hidden state space is a general
metric space.

To adapt the proof method of Douc, Moulines and Rydén (2004) to the HMT case, we will
need almost sure (a.s.) and L? ergodic convergence results for branching Markov chains under
geometric ergodicity of the transition kernel as in Guyon (2007); Weibel (2025). Indeed, we
will need variants of those results for neighborhood-dependent functions (that is, the function
associated to each vertex u depends on variables X, for vertices v in the neighborhood of u«)
which we develop in Section 2.4 and Appendix A.

1.2. New contribution

In this article, we consider the case where the distribution of the HMT is parametrized by
some vector 0, that is, the transition kernel Q g between the hidden variables and the transition
kernel G4 from hidden variables to observed variables both depend on 6. As an example, if
the hidden state space X is finite and Y, conditioned on X, is a Gaussian random variable
for each u € T, then 6 could parametrized the transition matrix of the hidden process and the
mean and variances of the Gaussian distribution associated to each hidden state values. Our
goal is to estimate the true parameter 6* of the HMT process among a compact set of possible
parameters ® c R¢, for some integer d, using only the knowledge of the observed process Y
over n generations of the tree. Note that as our assumptions will imply uniform exponential
memorylessness properties for the initial distribution, we cannot try to estimate the initial
distribution. Denote by 0 the root of the tree 7. Thus, we assume that the distribution of the
hidden root variable X, is some unknown measure { which does not depend on 6. Denote by
Pgx , the probability distribution of the HMT under the true parameter 6* when the initial
unknown distribution of X3 is {. When ¢ is the unique invariant measure of Q¢ (i.e. in the
stationary case), we write Pg« instead of Po« .

To estimate the true parameter 6* of the HMT, we will use the maximum likelihood
estimator (MLE). We will work with the likelihood conditioned on the hidden state of the root
vertex Xs. The reason to do this is that the computation of the stationary distribution of the
joint process (X,Y), and thus also the true likelihood, is intractable in typical applications.
Note that the idea of conditioning on the initial hidden state was already used in Douc,
Moulines and Rydén (2004) for HMMs with the same motivation, and conditioning on initial
observations in time series goes back at least to Mann and Wald (1943). Remind that T
denotes the (deterministic) complete infinite rooted binary tree. Denote by T, the tree T up
to and including the n-th generation. Hence, for any value x € X, we denote by ¢, (6)
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the log-likelihood under the parameter 6 of the observed process (Y, u € T;) until the n-th
generation of the tree T conditionally on X5 = x (see (7) on page 3382 for exact definition).
Then, for any value x € X, we define the MLE @n,x as the maximizer of ¢,  over ® (see (33)
on page 3394 for exact definition).

Our goal is to study the asymptotic properties of the MLE. We prove the strong consistency
and the asymptotic normality of the MLE in the stationary case in Sections 3 and 4, respectively.
We then extend those results to the non-stationary case in Section 5. In our results, the hidden
state space X and the observed state space Y are both general Polish spaces. We prove our
results under the same assumptions used in Douc, Moulines and Rydén (2004) and in (Cappé,
Moulines and Rydén, 2005, Chapter 12) for HMMs with L' and L? integrability assumptions
replaced by L? and L* integrability assumptions, respectively, to accommodate the stronger
assumptions needed in ergodic theorems for branching Markov chains. See Remark 1.6 below
for a discussion on the main differences between the HMM case as in Douc, Moulines and
Rydén (2004); Cappé, Moulines and Rydén (2005) and the HMT case we develop in this
article.

Note that the assumption that X and Y are complete and separable will only be used to
apply Kolmogorov’s extension theorem, which holds for general Polish spaces and not just for
the real line, see (Bogachev, 2007, Theorem 7.7.1 with Theorem 7.1.7). (Also note that those
assumptions on X and Y could be replaced by asking for inner regularity w.r.t. compact sets
of the HMT distribution on finite subtrees.)

We first state that strong consistency of the MLE holds under standard assumptions for
HMMs. Following Douc, Moulines and Rydén (2004), we assume a fully dominated model,
that is, the transition kernels Q y and G ¢y admits densities g ¢ and gy w.r.t. to common measures
A and u, respectively (see Assumption 2). We also assume (see Assumption 3):

0<o™ < inf go(x,x") < sup gg(x,x") <o < oo. (1)

x,x'eX x,x'eX

This assumption is rather strong as it imposes a full connection for the hidden space, see
Kasahara and Shimotsu (2019) for an extension of the method in Douc, Moulines and Rydén
(2004) for HMMs where g¢ is allowed to be zero valued. Nevertheless, this assumption
implies the uniform exponential memorylessness properties with mixing rate p := 1 —o~ /o™
of the initial distribution conditional on the observations (Y, u € T,,). The other assumptions
are more standard regularity assumptions for the densities g and go (see Assumptions 2—06),
and identifiability of the model. We can now state the strong consistency of the MLE under
those assumptions, see Theorems 3.11 and 5.1 for the precise statements in the stationary and
non-stationary case, respectively.

Theorem 1.1 (Strong consistency of the MLE). Under those assumptions of fully dominated
model with density satisfying (1) and other more standard regularity assumptions, and under
the assumption that the model is identifiable, for anyx € X, the MLE én, x IS strongly consistent,
that is, the sequence (QAn, x)neN converges Pox -almost surely to the true parameter 6* € ©.

To prove asymptotic normality of the MLE, in addition to the assumptions used in Theo-
rem 1.1, we need existence and regularity assumptions for the gradient and the Hessian of the
transition densities gg and gy (see Assumptions 7-9). Denote by 7 (6*) the limiting Fisher
information matrix of the model (see (54) on page 3405 for precise definition). The proof of
asymptotic normality in the non-stationary case is an extension of the stationary case. The
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proof of asymptotic normality in the stationary case follows from a standard argument for
asymptotic normality of the MLE that relies on Theorem 1.1 and Theorems 1.2 and 1.3 below.

The following theorem, which we only prove in the stationary case, states that the nor-
malized score |T;,|~!/% V 4¢,,_(8*) has asymptotic normal fluctuations with covariance matrix
I (0%), see Theorem 4.3 for the precise statement. Note that the extra assumption in The-
orem 1.2 (not present in the case of HMMs) that p < 1/ V2 for the mixing rate p of the
HMT process comes from the approximation bounds used in the proof of this theorem. See
Remark 1.5 below for a discussion on this condition on p.

Theorem 1.2 (Asymptotic normality of the normalized score). Under the assumptions from
Theorem 1.1 and existence and regularity assumptions for the gradient and the Hessian of
the transition densities (see Assumptions 7-9), and under the assumption that p < 1/2 for
the mixing rate p of the HMT process, in the stationary case we have:

d
Ta "2 Vb (6%) 25 N(0,7(6%) under P,
n—oo

where N (0, M) denotes the centered Gaussian distribution with covariance matrix M.

The following theorem states the locally uniform convergence Py« -a.s. of the normalized
observed information —|Tn|‘1V29€n, +(0) towards the Fisher information matrix 7 (6*), see
Theorems 4.6 and 5.2 for the precise statements in the stationary and non-stationary case,
respectively. Note that in this theorem we need the stronger assumption p < 1/2 for the mixing
rate p of the HMT process as we use more restrictive approximation bounds in the proof of
this theorem than the ones used in the proof of Theorem 1.2.

Theorem 1.3 (Convergence of the normalized observed information). Under the assumptions
from Theorem 1.2 on the HMT model, and under the assumption that p < 1/2 for the mixing
rate p of the HMT process, for all x € X, we have:

711 V3 (6) - T (6%)

lim lim sup

6—0n—oo =0 Pg*’g-a.s.
- 0€0: | 0-0%|| <5

In particular, combining Theorems 1.1 and 1.3, we get that the normalized observed
information —|Tn|‘]V%)€n, x(én, x) at the MLE én, x 1s a strongly consistent estimator of the
Fisher information matrix 7 (6*).

As announced above, following a standard argument for asymptotic normality of the MLE,
Theorems 1.1 (see, e.g., (Bickel, Ritov and Rydén, 1998, Theorem 1) or (van der Vaart, 2014,
Theorem 7.12)). 1.2 and 1.3 imply the following theorem which states that the MLE has
asymptotic normal fluctuations with covariance matrix 7 (8*)~!. See Theorems 4.7 and 5.5
for the precise statements in the stationary and non-stationary case, respectively.

Theorem 1.4 (Asymptotic normality of the MLE). Under the assumptions from Theorem 1.2
on the HMT model, that 0* is an interior point of ©, and the Fisher information matrix I (6*)
is non-singular, and under the assumption that p < 1/2 for the mixing rate p of the HMT
process, we have the following convergence in distribution:

A d
Tl "2(8, - 6%) ‘D N(O,2(6)")  underPoe ;.
n—ooo
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Note that the standard argument used in the proof of Theorem 1.4 implies that we have the
following joint convergence in distribution:

A d
(212 (8 = ), 11172 Vol 1 (6%)) <5 (1(0%)712G, T(6%)'2G)  under B,

n—oo

where G is Gaussian random variable distributed as N (0, I;) with 1; the identity matrix of
dimension d x d, and T (6*)'/? is a root matrix of 7 (6*).

The following remark is a discussion on the condition on the mixing rate p of the HMT
process (X, Y) that appear in Theorems 1.4, 1.2 and 1.3.

Remark 1.5 (On the condition on the mixing rate p). Note that in central limit theorems for
branching Markov chains, three regimes with different asymptotic behaviors (and different
normalization terms) for p < 1/¥2, p = 1/V2 and p > 1/V2 were observed in Bitseki Penda
and Delmas (2022a), corresponding to a competition between the ergodic mixing rate p and
the branching rate 2 in 7, see also Athreya (1969); Bitseki Penda, Djellout and Guillin (2014);
Bitseki Penda and Delmas (2022b). However, the condition on p disappears when we consider
martingale increments in the central limit theorem for branching Markov chains, see Guyon
(2007); Bercu, De Saporta and Gégout-Petit (2009); Delmas and Marsalle (2010).

In our case, the condition p < 1/v2 on the mixing rate p that appears in Theorem 1.2 is due
to the coupling bounds and the grouping of terms used in the proof of Lemma 4.2 (the upper
bounds at the end of the proof only add a constant multiplicative factor). It is an open question
whether or not some convergence would still hold in Theorem 1.2 with p > 1/V2 even
with a possibly stronger normalization term and a possibly non Gaussian limit. Nevertheless,
note that the proof of Theorem 1.2 relies on decomposing the score V¢, »(6) as a sum of
martingale increments, which could indicate that convergence is possible for p > 1/V2.

Moreover, the stronger condition p < 1/2 on the mixing rate p that appears in Theorem 1.3,
and thus in Theorem 1.4, is due to the coupling bounds from Lemma 4.16 and the grouping
of terms used in the proof of Lemma 4.17 (the upper bounds in the rest of the proof only
add a constant multiplicative factor). It is an open question whether or not convergence would
still hold in Theorem 1.3 and in Theorem 1.4 with p > 1/2 even with a possibly stronger
normalization term and a possibly non Gaussian limit in Theorem 1.4. Also note that the
condition p < 1/2 is used when proving that Theorem 1.4 extends to the non-stationary case
to construct a coupling between a stationary HMT process and a non-stationary HMT process,
see Lemma 5.3.

In the following remark, we discuss the main differences between the HMM case as in
Douc, Moulines and Rydén (2004); Cappé, Moulines and Rydén (2005) and the HMT case
we develop in this article.

Remark 1.6 (On main differences with the HMM case). In both HMM and HMT cases,
the study of the log-likelihood is based on decomposing it as a sum of increments, and then
extending the “past” seen by each variable. However, while the extended “past” only spreads
backwards in the HMM case, the extended “past” in the HMT case is a subtree that also
spreads laterally due to the different topologies between the line Z and the binary tree, see
Figure 3 on page 3383 for an illustration. See also Sections 2.4 and 3.1 for the definition of
those “past” and extended “past”. Moreover, due to the enumeration of vertices in the tree
in a breadth-first-search manner, those extended “past” do not have the same “shapes” for all
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vertices, see Section 2.4. Also note that the infinite expanded “past” of a vertex relies on a
random infinite “backward spine” of left / right ancestors (see Figure 4 on page 3386), which
adds extra randomness to the “shape” of the “past”.

Furthermore, contrary to the HMM case, the lateral spreading of each vertex’s “past” in the
HMT case implies that log-likelihood increments with infinite extended “pasts” do not form
a branching Markov process. For this reason, we need to work with log-likelihood increments
whose “past” is trimmed to a fixed common subtree height, and only expand to infinite “past”
in the limit. To prove convergence for sums of log-likelihood increments with trimmed “pasts”
which have different shapes, we need to develop new ergodic theorems for branching Markov
chains and neighborhood-dependent functions, see Section 2.4 and Appendix A.

In the proof of asymptotic normality of the normalized score, the score is decomposed as a
sum of martingale increments which is no longer stationary in the HMT case due to the “pasts”
of vertices having different shapes. Thus, to apply the central limit theorem for martingales,
we first need to verify convergence for the quadratic variations of the martingale increment
sequences and Lindeberg’s condition. Moreover, the computation of the approximation bounds
for the increments used to decompose the score and the observed information are more involved
and impose conditions on the value of the mixing rate p, as already discussed in Remark 1.5.
This also implies that the proof scheme for convergence of the observed information matrix
needs to be modified as we cannot have almost sure convergence for all the increments
simultaneously, and we must rely on L? convergence instead.

Lastly, as discussed in Section 1.1, the results for HMMs in Douc, Moulines and Rydén
(2004) allowed for autoregression (remind, that is, when conditionally on the hidden Markov
chain, the observed process is an inhomogeneous s-order Markov chain for some s € N). Our
results for HMTs are stated for processes without autogression. However, as our approach
adapts the proof scheme of Douc, Moulines and Rydén (2004), note that with straightforward
modifications of our proofs, we could allow for autoregression in HMT processes.

1.3. Organization of the paper

The rest of the paper is organized as follows. In Section 2, we define the notations used in this
article, HMT processes and the log-likelihood for the HMT. For the stationary case, we prove
the strong consistency of the MLE in Section 3, and its asymptotic normality in Section 4.
In Section 5, we extend those results to the non-stationary case. In Appendix A, we develop
the ergodic theorems for branching Markov chains with neighborhood-dependent functions
needed in the proofs of the asymptotic properties of the MLE. Appendices B, C and D collect
proofs that are redundant from the main body of the article.

2. Definition of HMT and notations

In this section, we first define the notations we use for the infinite complete binary tree
T. We then define branching Markov chains and hidden Markov models (HMMs) indexed
by the binary tree T, which we will simply call Hidden Markov Tree (HMT) models. We
continue with the basic assumptions we need to define the log-likelihood for the HMT. Lastly,
we present the ergodic theorems for branching Markov chains and neighborhood-dependent
functions needed in this article, whose proofs can be found in Appendix A.
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2.1. Notations for trees

Let T = U,en{0, 1} denote the infinite complete plane rooted binary tree, that is the plane
rooted tree where each vertex u has exactly two children 0 and u1. Denote by d the root
vertex of T (which is the unique point in {0, 1}°). If u is distinct from the root, we denote by
p(u) its parent vertex. We denote by i (u) its height, i.e. the number of edges separating u
from the root d. (The height of the root 9 is zero.) In particular, for k < h(u), note that p* (u)
denotes the k-th ancestor of u. For two vertices u, v € T, we denote by u# A v the most recent
common ancestor of # and v, and by d(u, v) the graph-distance between u and v in T, that is
d(u,v) = h(u) + h(v) = 2h(u A v). For all n € N, denote by G,, the n-th generation of the
tree, that is vertices that are at distance n from the root, and denote by 7, = Ug<x<,G the
tree up to generation n. For a vertex u € T, we denote by T'(u) the subtree of T composed of
descendants of u, and for all k¥ € N, we denote by T'(u, k) = T(u) N Th(,)+k the subtree of
T (u) composed of descendants of u at distance up to k from u. We will use the convention that
for a subtree Ty, of T, we write T* for the subtree Ty, Without its root vertex, for instance,
Ty =T, \{0}and T(u)* =T (u)\ {u} For a finite subset A C T, we denote by |A| its cardinal.

We will sometimes use Neveu’s notation, which we define recursively: a vertex u € T with
height h(u) = n can be represented as a sequence (u())1<;<, Where u is the u,)-th child of
p(u) and p(u) can be represented by (u(;))1<;j<n—1; and the representation of the root d is the
empty sequence. Note that Neveu’s notation can also be interpreted as encoding the path from
the root 9 to the vertex u: starting from the root ug = 4, at each generation j we go from u;
to its u(;4+1) child which we denote by u 1, and at generation n we get u,, = u.

For simplicity, we will write u(x.n) = (u(j))k<j<n and u(x.ny = (u(j))k<j<n for path
sequences where k,n € Z with k < n.

As T is a plane rooted tree, we can order its vertices in a breadth-first-search manner, that
is, the total order relation < on 7T is defined for all u,v € T as u < v if h(u) < h(v) or
h(u) = h(v) and u <jex v (Where <j is the lexicographical order on T'). Moreover, we denote
byu <vifu <vandv # u.

2.2. Definition of HMT processes

For a sequence (x,,u € T), for simplicity, we will write x4 = (x,,u € A) for all subsets
A c T. For a metric space X, we will always assume it is equipped with its Borel o-field
B(X).

For a measure ¢ on a metric space X and an integrable function f € L'(u), we write
u(f) = /X fdu. For two probability measures u, up on a metric space X, we denote
the total variation norm between them by ||u1 — u2|ltv = supcx [11(A) = u2(A)| (where
A ranges over all measurable subsets of X). We also remind the identities ||u; — u2|ltv =
% sup £ r1<1 [ () —12(F)] = sup r.o< p<1 |1 (f)—p2(f)] (Where f is ameasurable function).
Note that ||u; — uz||Tv takes value in [0, 1].

Denote by X = (X,,,u € T) the hidden (stochastic) process with values in a Polish space
(i.e. a complete separable metric space) X, and by Y = (Y,,,u € T) the observed (stochastic)
process with values in a Polish space Y. We assume that the hidden process X is a branching
Markov process.
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Definition 2.1 (Branching Markov process). The stochastic process X is called a (branching)
Markov process with transition (probability) kernel Q defined on (X, B(X)) and initial
(probability) distribution v on X if for all n € N, we have:

P(X7, € dxz,,) = v(dxg) Myer;; O (xXp(u); dxu).
We can now define the Hidden Markov Tree process.

Definition 2.2 (Hidden Markov Tree process). The stochastic process (X,Y) = ((X,,Y,,),u €
T) is called a Hidden Markov Tree (HMT) with parameter (Q, G, v) if:

(1) the hidden process X = (X,,u € T) is a branching Markov process with transition
kernel Q and initial distribution v,

(ii) the observed process Y = (Y, u € T) conditioned on the hidden process X is composed
of independent variables whose laws factorize using the transition (probability) kernel
G on (X, B(Y)), that is for all n € N, we have:

P(Yr, = yr, | X1, = x7;,) = Hype7, G (305 dysy).

Note that the definitions of branching Markov chains and HMT processes also work for
non-plane rooted trees.

In particular, note that if (X,Y) = ((Xy,Y,),u € T) is a HMT process, then the joint
process ((X,,Yy,),u € T) is also a branching Markov chain (but the observed process Y is not
necessarily Markov). The following fact, which we shall reuse later, illustrates the Markov
property of the HMT process (X,Y). For any k € N*, any u € T with height at least k, and
any subset A C T, we have:

L(Xu | YA, Xk 1)) = LXK 1 Y arz (pr-1 (u))» Xpk () (2)

where L(R|S) denotes the distribution of a random variable R conditionally on another
random variable S.

We say that a branching Markov process X is stationary if all its variables are identically
distributed (that is, for all u € T, X,, has the same distribution as Xy), or equivalently if its
initial distribution v is invariant for its transition kernel Q (that is, vQ = v). Moreover, if
(X,Y) is a HMT process and the hidden process X is stationary, then the joint process (X, Y)
is also stationary.

2.3. Basic assumptions and definition of the log-likelihood

In this article, we consider the case where the kernels in the definition of the HMT (Qg, G g, v¢)
are parametrized by some vector 6 that we want to estimate using only the knowledge of the
observed process (Y, u € T,) up to generation n. We denote by ® the set of all possible vector
parameters 0, which we assume to be a subset of R for some integer d. And we denote by 6*
the true parameter of the HMT.

Through this article, with the exception of Section 5, we assume that the hidden process X
is stationary.

Assumption 1 (Stationarity). The hidden process (X,,,u € T) is stationary, (and thus the
joint process ((Xy, Y,),u € T) is also stationary).



3380 J. Weibel

Fig 2. lllustration of the Markov property for the HMT. Conditioning on X\ (in grey) implies that the HMT
process (X,Y) becomes independent between the four connected components of variable-dependence tree from
Figure I where the vertex Xy is removed, that is, Y1, (X7 (11), YT(11)), (XT(12), YT(12)) and X7\ (1) Yr\7 (1))
(respectively in yellow, blue, green and red) are independent conditionally on X.

We denote by Py the probability distribution under the parameter 6 of the stationary joint
process (X,Y), and by Ey4 the corresponding expectation.

To prove asymptotic properties of the MLE for the HMT, we will use assumptions similar
to the HMM case in (Cappé, Moulines and Rydén, 2005, Chapter 12) and Douc, Moulines
and Rydén (2004). We first assume that the HMT model is fully dominated. For two measures
A, i on the same space, we write 4 < u to denote that A is absolutely continuous w.r.t. to u.

Assumption 2 (Fully dominated model, (Cappé, Moulines and Rydén, 2005, Assumption
12.0.1)).

(1) There exists a probability measure A on X such that for every x € X and every 6 € O,
Qo(x,) < A, with density gg(x,-). That is, Qg(x; A) = /Aqg(x, x") A(dx") for all
A € B(X). Moreover, the density function gg(-, -) is B(X) ® B(X) measurable.

(i1) There exists a o-finite measure u on Y such that for every x € X and every 6 € O,
Go(x,:) < p, with density gg(x,-). That is, Gg(x; B) = [, go(x,y) u(dy) for all
B € B(Y). Moreover, the density function g¢ (-, -) is B(X) ® B(Y) measurable.

In addition to Assumption 2, we use the following regularity assumptions on the density
functions g¢ and gg.

Assumption 3 (Regularity, (Cappé, Moulines and Rydén, 2005, Assumption 12.2.1)).

(i) The transition density g¢ is bounded: there exist o~, o+ € (0, +o0) such that Vx,x’ €
X,V¥0€B,0<0” <qgg(x,x') <ot < +oo.
(ii) For every y € Y, the function 6 — /  86(x,y) A(dx) is bounded away from 0 and co
uniformly on ©, that is, supy.e /X go(x,y) A(dx) < oo and infycp fX go(x,y) A(dx) >
0.
(iii) For every x € X and y € Y, we have gg(x,y) > 0.

We will denote by p = 1 — o~ /o™ € (0, 1) the mixing rate of the hidden process X.

Note that Assumption 3-(iii) is due to our choice of conditioning on Xy = x for some
x € X in the log-likelihood we analyse, we discuss how to get rid of this assumption after the
definition of the log-likelihood at the end of this subsection.
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As A1is a probability measure and g ¢ is the density of a probability kernel, Assumption 3-(i)
implies that o~ < 1 < o*. Moreover, Assumption 3-(i) also implies the following result.

Lemma 2.3. Assume that Assumptions 2-(i) and 3-(i) hold. Then, for all 8 € ©, the transition
kernel Q g has a unique invariant measure ntg and is uniformly geometrically ergodic, that is:

Vxe X,V0 € O,Vn >0, |Qy(x,-)—mgllry < (1-07)" <p".

Note that due to structure of the HMT, Lemma 2.3 extends naturally to the transition kernel
of the joint process (X, Y) with the same mixing rate p. Moreover, note that Assumption 3-(i)
also implies that 79 < A with density dd% taking value in [o~, o]

Lemma 2.3 is due to Assumption 3-(i) implying the Doeblin condition:

VO € B,Vx € X o A() < Qg(x;-). 3)

As we will reuse Doeblin conditions later, before proving Lemma 2.3, we give a quick summary
on results for the Doeblin condition. For a transition kernel K on a metric space X (to itself),
we define its Dobrushin coefficient 6(K) as:
6(K) = sup [IK(x;-) = K(x";)[lTv- “4)
x,x'eX
The Dobrushin coefficient gives the following coupling bound in the total variation norm.
(Note that the definition of the total variation norm || - ||rv used in (Cappé, Moulines and

Rydén, 2005, Chapter 4) differs by a factor 2 from ours, see (Cappé, Moulines and Rydén,
2005, Lemma 4.3.5).)

Lemma 2.4 ((Cappé, Moulines and Rydén, 2005, Lemma 4.3.8)). Let uy, uy be two prob-
ability measures on a metric space X, and let K be a transition kernel on X. Then, we
have:

I(r = p2)Kllrv < 6(K) |1 — pallrv < 6(K).
Moreover, the Dobrushin coefficient is sub-multiplicative.

Lemma 2.5 ((Cappé, Moulines and Rydén, 2005, Proposition 4.3.10)). The Dobrushin coef-
ficient is sub-multiplicative. That is, if K, R are two transition kernels on a metric space X,
then we have §(KR) < 6(K)6(R).

‘We know define the Doeblin condition.

Definition 2.6 (Doeblin condition, (Cappé, Moulines and Rydén, 2005, Definition 4.3.12)).
We say that a transition kernel K on a metric space X satisfies a Doeblin condition if there
exist € > 0 and a probability measure v on X such that for all x € X and measurable subset
A c X, we have:

K(x;A) > ev(A).
The Doeblin condition gives an upper bound on the Dobrushin coefficient.

Lemma 2.7 ((Cappé, Moulines and Rydén, 2005, Lemma 4.3.13)). Let K be transition
kernel (on a metric space X) that satisfies a Doeblin condition with (&,v). Then, we have
0(K)<1l-e.
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Lastly, the Doeblin condition implies the existence of a unique invariant probability mea-
sure, as well as uniform geometric ergodicity.

Lemma 2.8 ((Cappé, Moulines and Rydén, 2005, Theorem 4.3.16)). Let K be a transition
kernel on a metric space X that satisfies a Doeblin condition with (g,v). Then, K admits a
unique invariant probability measure n. Moreover, for any probability measure { on X, we
have for all n € N:

I1EK" = wllzv < (1 = &)" I = 7ll7v.

Lemma 2.3 then follows immediately from Lemma 2.8 and the uniform Doeblin condi-
tion (3).

Remark 2.9 (More properties of the transition kernel from the Doeblin condition). For a
transition kernel K on a metric space X, the Doeblin condition also implies that X is an
(accessible) 1-small set. In particular, we get that K satisfies some extra classical properties
(that we will not use here): K is positive (i.e. irreducible and admits a unique invariant
probability measure), strongly aperiodic and Harris recurrent (see (Douc et al., 2018, Chapter 9
and 10) for definitions and details).

We will use the letter p to denote (possibly conditional) probability density. For instance,
forany 0 € ©, yr,, € YT and x5 € X, we denote by:

Po(yr, | Xo =xp) = ge(xa,ya)/ . l_[ qo(Xp(v)»Xv) g0 (xy, yy)A(dx,), 5)
X7

veT,

the conditional density w.r.t. u®’ under the parameter 6 of Y7, = yr, conditionally on
X5 = xp. Note that Assumption 3 guarantees that pg(yr, | Xs = xp) is positive for all
yr, € YT and x5 € X.

We are now ready to define the log-likelihood. As discussed in Section 1.2, we will analyze
the log-likelihood of the observed process (Y,,u € T,) up to generation n conditioned on
the hidden value of the root X5 = x for some x € X. Thus, for any x € X, we define the
log-likelihood function as:

bnx(6:y1,) :=1log(pa(yT, | X5 = x)). (6)
We then define the log-likelihood that we will analyze as the following random variable
gn,x(e) = gn,x(e;YTn)- @)

For simplicity, we will write £, () instead of ¢, ,(6;Yr,) making the dependence on the
observed variables (Y,,u € T,) implicit. We will keep this convention for all quantities
considered in this article, and only make the dependence explicit when necessary. The MLE
is then the maximizer over ® of the log-likelihood ¢, ,; we post-pone the precise definition
of the MLE to when we will first use it in Theorem 3.11.

Remark 2.10 (On Assumption 3-(iii)). Note that Assumption 3-(iii) is due to our choice of
conditioning on X5 = x for some x € X in the log-likelihood ¢, . (6) we analyse. Indeed, with-
out Assumption 3-(iii), there could be a non-zero probability under Py« that gg= (x, Y5) = 0 for
some x € X, implying €, ,(6*) = —oo, and thus preventing the MLE to converge to 8*. Several
modifications of the log-likelihood ¢, , (6) can be considered to get rid of Assumption 3-(iii).
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Fig 3. Illustration of the subtrees A(u, k) and A*(u, k) where vertices in A(u, k) and A*(u, k) are in blue and
the vertex u is inside a double circle. From left to right and top to bottom, using Neveu’s notation, we have

A(12) = A(12,2), A*(12) = A*(12,2), A(12,1) and A(21) = A(21,2). Note that A(12) and A(21) have a
different number of vertices, while vertices 12 and 21 are in the same generation.

O,
©
®
O,

O
(=)

A first option would be to replace pg(y7, | Xo = x) by pe(y7: | Xo = x) in (6). A second
option would be to extend the tree T and the HMT (X,Y) to add a parent vertex p(d) for the
root vertex d (see Section 3.1.1), and then replace pg(yT, | Xo = x) by po(y7, | Xp(9) = %)
in (6).

2.4. Ergodic theorems with neighborhood-dependent functions

Forallu € T and O < k < h(u), define the subtrees of 7"
A (u, k) = {v e T(p"(w)) : v <u},

and A(u, k) = A*(u, k) U {u}. In particular, note that when k = h(u), we have that A*(u) :=
A*(u,h(u)) ={v € T : v < u}, and we also write A(u) := A(u, h(u)). See Figure 3 for an
illustration of those subtrees. The subtree A*(u) represents the past of the vertex u.

For the ergodic convergence results needed in this article, we will need to consider different
functions for each vertex u € T depending on the “shape” of the subtree A(u, k) for some
common k € N. For k € N and vertices u,v € T both with height at least k, we say that
A(u, k) and A(v, k) have the same shape if they are equal up to translation, that is, if they
are isomorphic as (finite) rooted plane trees. For k € N and any vertex u € T with h(u) > k,
there exists a unique v,, € G such that A(u, k) and A(v,,) have the same shape, and we thus
define the shape of A(u, k) as:

Sh(A(u, k)) = A(vy,). 8)

Note that as |A(v)] is different for each v € Gy, thus the shape of A(u, k) is characterized by
its size. For any k € N, we define the (finite) set Ny of possible shapes for A(u, k) withu € T
as:

N ={A(v) : v € G}. 9)
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For any £ € N, we define a collection of neighborhood-shape-dependent functions as
a collection of functions (fs : Z5 — R)se N, Where Z € {X,Y,X x Y}. For such a
collection of functions, we will simply write fa(, k) instead of fsu(a(u.k)). And we will
also write fa(u,k) (Ya(u,k)) for the evaluation of fj(,, k) on Ya(, k). Note that indexing such a
collection of functions with G or with N is equivalent in light of (9).

We prove the following ergodic convergence lemma for neighborhood-shape-dependent
functions. The proof of this lemma relies on the theorems in Appendix A. Note that if U, is
uniformly distributed over G, with n > k, then ShA(A(u, k)) is uniformly distributed over Ny.

Lemma 2.11 (Ergodic theorem for neighborhood-dependent functions). Assume that As-
sumptions 1-3 hold. Let k > 0. Let (fs : Y5 — R)se Ny be a collection of neighborhood-
shape-dependent Borel functions that are in L*>(Pgx). Then, we have:

. 1
am, 1T D0 Fatek Ya@n) = Bu, ® Box [ fawi) Yaws)]
" ueT, \T-

Pyx-a.s. and in L>(Pg+), (10)

with the convention T_ = 0, and where Uy, is uniformly distributed over G and independent
of the process X, and Ey, ® Eg« denotes the joint expectation over Uy and X (under the true
parameter 0*).

Moreover, there exist finite constants C < oo and a € (0, 1) such that:

2

Z Fa) Yaan) —Bug ® Box [ faw Yaw)] | | < Ca”. (11)
u€Ty\Ty—1

Vn>k, E 1
|7l

Remark that in the left hand side of (10) the subtrees A(u, k) are deterministic, while the
subtree A(Uy) is a random function of Uy. The proof of Lemma 2.11 is postponed to the end
of this section.

As T is a plane rooted tree, we can enumerate its vertices as a sequence (v;) en in a
breadth-first-search manner, that is, which is increasing for < (note that uy = d). Note that
if V,, is uniformly distributed over A, := {v; : |[Tx—1]| < j < n} = A(v,) \ Tx—1, then the
distribution of Sh(A(V,,, k)) converges to the uniform distribution over Ny as n — oco. We
will also need the following variant of Lemma 2.11 where T, \ Ty_ is replaced by A,,.

Lemma 2.12 (Second ergodic theorem for neighborhood-dependent functions). Assume that
Assumptions 1-3 hold. Let k > 0. Let (fs : Y° — R)se N be a collection of neighborhood-
shape-dependent Borel functions that are in L*(Pg+). Let (v j)jen be the sequence enu-
merating the vertices in T in a breadth-first-search manner. For all n > |Ty_1|, define
A, = A(vp) \ Tx—1. Then, we have:

1 .
lim p Z Fac) Yan) = Bu, ® Box [ faw) Yawi))]  in L2(Pg»),
uUeA,

where Uy is uniformly distributed over G and independent of the process X, and Ey, ® Eg«
denotes the joint expectation over Uy and X (under the true parameter 0*).

Proof of Lemmas 2.11 and 2.12. Using Lemma 2.3, remind that under Assumptions 1-3, the
branching Markov process (X, Y) is stationary and its transition kernel has a unique invariant
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probability and is uniformly geometrically ergodic. Hence, Lemma 2.11 (resp. Lemma 2.12)
follows immediately from applying the ergodic Theorems A.2 and A.4 for neighborhood-
shape-dependent functions from the appendix. |

3. Strong consistency of the MLE

In this section, we first define the extended tree 7*° to get an infinite past horizon and rewrite
the log-likelihood as a sum of increments. Then, we construct the log-likelihood increments
with infinite past, which allows to define the contrast function. We prove properties for this
contrast function. Finally, we prove the strong consistency of the MLE.

3.1. Decomposition of the log-likelihood into increments
3.1.1. The extended tree T* to get an infinite past horizon

Remind that the subtree A" (1) = A*(u, h(u)) represents the past of the vertex u.

To get an infinite past horizon, we will consider an extended version of the tree 7. Thus,
we are going to define a random (countable) plane rooted tree 7 that contains 7 as a subtree
and is also rooted at 0 the root vertex of T, and where each vertex (including d) has exactly
one parent node and two children nodes. To construct 7%, we start from 7 and add a line
L ={u_; : j € N*} of ancestors for 0 (that is, u_; = p/(0) for j € N, where ug = 9), and
then for all j € N*, we graft on u_; a copy TU) of T (that is, u_ j is the parent of the root
vertex /) of T1/)). We extend the height function / from T to T as follows: for all j € N*,
we set h(u_;) = —j and for all u € T\), we define h(u) as —j plus the number of edges
separating u from u_;. For u,v € T*, denote by u A v their most recent common ancestor,
and by d(u,v) = h(u) + h(v) —2h(u A v) the graph distance between u and v. The definition
of the subtrees 7°°(u) and T*° (u, k) then naturally extend to 7.

Thus, we have constructed the deterministic non-plane version of the tree 7%, and we are
left to define the random plane embedding of 7. That is, for each vertex u € T, we have
to define a possibly random ordering of its children. As T is a plane rooted tree, note that if
ueTorueTY for some j € N*, then its children are already ordered deterministically.
Let U = (U(j))-<j<o0 be a sequence of independent random variables with Bernoulli
distribution of parameter 1/2, and which is independent of the HMT process (X, Y). For all
j € N, we order the children of u_;_j, that is u_; and dU*! (the root vertex of T\/)), as
follows: u_ is the left child of u_ ;1 if U(_ ;) = 0, and is the right child otherwise. Hence, we
have constructed the random plane rooted tree 7°°. (Note that U can be seen as the random
shape of the backward spine of d.) See Figure 4 for an illustration of the extended random
plane rooted tree 7°°. We denote by P¢, the distribution of the random sequence U, and by
Eq, the corresponding expectation.

Note that the random plane embedding of 7 allows to use Neveu’s notation to represent
the random path between any vertex in the plane tree 7% and one of its descendants as a
random sequence U .,y (Which depends on U) for some k,n € Z with k < n. The random
breadth-first-search order relation <:=<q can then be naturally extended from 7 to 7 using
the random plane embedding of 7 (which depends on U): we have u < v for u,v € T*
if either h(u) < h(v), or h(u) = h(v) and U(x.n) <iex V(k:n) Where U .y (resp. V(x.n)) is
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Fig 4. Illustration of the construction of the extended random plane rooted tree T (which is rooted at 9) for
(LI(_]) = Oandﬂ(_z) =1.

Neveu’s notation for the random path (which depends on U) from u A v to u (resp. v) with
k=h(uAv)+1andn = h(u).

Thanks to the stationarity assumption, for all k¥ € N, the HMT process (X,Y) can be
defined on the (rooted) tree 7 (p*(A)), and thus by Kolmogorov’s extension theorem, the
HMT process (X, Y) can be defined on the whole tree 7°°. Recall that Kolmogorov’s extension
theorem holds for general Polish spaces and not just the real line (see (Bogachev, 2007,
Theorem 7.7.1 with Theorem 7.1.7)), and also recall that X and Y, and thus also X x Y, are
Polish spaces. In particular, note that the stationarity assumption implies that the distribution
of the HMT process (X,Y) is invariant by translation on 7, that is, is the same (up to
translation) on 7' and on 7 (u) for any u € T*. Note that the extended process does not
depend on U. Thus, we will now assume that the HMT process (X, Y) is defined on the whole
tree T°.

For all u € T* and k € N, define the subtrees (which are measurable functions of U):

As (u k) ={v e T¥(p*(w)) : v <q u},

and Aq/(u, k) = Ag,(u, k) U {u}. For simplicity, we will write instead A" (u, k) and A(u, k),
making the dependence on the random variable U implicit, and only make the dependence
explicit when necessary. The following fact illustrates that the shape and size of the A(u, k) do
indeed depend on the value of U: for u = d and k = 1, note that A(d, 1) contains two vertices
if Uy = 0, and contains three vertices if U ) = 1. Remark 3.1 below, which we shall reuse
later, further illustrates the randomness of the set A(u, k). However, for u € T and k < h(u),
we have that A(u, k) = A(u, k) and A*(u, k) = A*(u, k) are deterministic. Also note that we
have the following inclusions:

T (u,k—1) c A(u, k) c T (u, k), (12)
where remind that the subtrees T (u, k — 1) and T (u, k) are deterministic.

Remark 3.1. Fora vertex u = u(y.,) inT with h(u) = n > k, note that A(u, k), up to re-rooting
(i.e. up to translation), can be identified with A(d, k) conditioned on U(_x+1.0) = U(n-k+1:n)-
In particular, when U, is a random vertex uniformly distributed over G,, for n > k, we get the



Asymptotic properties of the MLE for HMMs indexed by binary trees 3387

following equality between the distribution of the shapes (that is, when the subtrees are seen
up to translation / re-rooting) for the subtrees A(9, k), A(U,, k) and A(Uy):

Sh(A(3, ) 'L Sh(AU,. k) 'L AWy). (13)

Furthermore, if (fs : Y S 5 R)se A 18 a collection of neighborhood-shape-dependent Borel
functions that are in L?(Pg~) (as in Lemmas 2.11 and 2.12), then we have:

Ey ® Eo [ fao.0) Ya@o.6))| = Eu, @ Box [ faw) Yawi) ] (14)

where Eq; ® Eg« is the expectation corresponding to Pq; ® Pgx.

3.1.2. The log-likelihood as a sum of increments

For any (possibly random) subtree A of 7° with root vertex w, note that we have:
Po(yal Xy =x) = ga(X,ya)/ 1_[ qo(Xp(v),xy)go(xy, yy)A(dx,).  (15)
XAl veA\{w}

We will use the convention pg(Ya | X,, = x) = 1 whenever A = () and w is any vertex in 7.
Forallu e T, k € N, x € X and 6 € O, using the conditional probabilities formula, define:

Hy 1 x(6) = / g6 (Xu, Yu) Po(Xu € iy | Yar (u k) s Xpk (i) = )
X

~ PoYaqui | Xpr () = %)
PH(YA*(u,k) | ka(u) = X)

(16)

We then define the log-likelihood contribution of node u € T with past over k € N generation
as:

hu,k,x(e) = log(Hu,k,x(Q))- (17)

Note that h, x (6) (resp. Hy x x(6)) is a random variable as a function of Ya(, k) with an
implicit dependence on U through A(u, k), and that h, x ((6) (resp. H, . x(6)) does not
depend on U is k < h(u).

Hence, using (6), (7), (16) and (17) and a telescopic sum argument, the log-likelihood of
the observed variables Yz, can be rewritten as the sum of the log-likelihood contributions
defined in (17):

bue(0) = D D (6). (18)

ue’l,

3.2. Construction of the log-likelihood increments with infinite past

In this subsection, we construct the log-likelihood increment functions with infinite past.

The following lemma states that, as the HMT is uniformly geometrically ergodic, the tree
forgets exponentially fast its starting state. Recall the mixing ratiop =1 -0~ /0" € (0,1) is
defined just after Assumption 3.
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Lemma 3.2 (Exponential forgetting of the initial state). Assume that Assumptions 2 and 3
hold. We have forallu € T, 0 € ©, n e Nand yr, € Y Tn | and all initials distributions v and
v on X, that:

< phw, (19)
TV

[ 2ofxae | ¥ =ynXa =x)v(@o) - v (@o)
X

For simplicity, Lemma 3.2 is stated with 0 as the initial vertex, but note that the results still
holds when replacing d and T, by v and T (v, n) for any v € T*. We shall reuse this fact later.

Proof. Fixsomeu € T, 0 € O, an integer n and observables yr,, € Y Tn Denote by ug, - -+, ug
with k = h(u) the vertices on the path from 0 to u. The proof relies on the fact that
conditionally on Y7, = yr,, the sequence (Xu_,-)OS j<k 1s an inhomogeneous Markov chain
where for 1 < j < k, the (forward smoothing) transition kernel F; from Xu;_, to Xy, is
defined if j < n as:

Fi vy n-n1Gups £) = Bo [ £ (X)) | Yryn—i) = Y7 gn-1)s Xy = Xu,_ |
=EBo[f(Xu;) | Y1, = 100 Xy = %y, |
B fX S Cup)PoOYT(wjin-j) | Xuj = Xu;)qo(Xu;_y» Xu;) A(dxy;)
e PoOTa - | Xuy = Xu)q0 (K Xuy) A(dx,)

’

for any x,; , € X and any bounded Borel function f on X (note that in the second equality,
we used the Markov property of the HMT process, see (2)); and is defined as F; = Q for
J > n. (Note that Assumption 3-(ii) is only used to insure that pe(y7(u;.n-j) | Xu; = Xu;) is
positive, and thus the denominator in the last equality is also positive.)

Note that for all 1 < j < k A n, using Assumption 3-(1), the transition kernel F; satisfies
the following Doeblin condition:

o
p— 7 ;- 1) < Filyra;.n-i1xs f),
where for any bounded Borel function f on X, we have:

Vj [yT(uj,n—j)](f) =Eyg [f(XuJ) |YT(uj,n—j) = yT(uj,n—j)]
— /X f(xuj)pQ(yT(u_,-,n—j) |Xuj :xuj)/l(dxuj)‘
/X pe(yT(uj,n—j) |Xu_,- = xu_,') A(dxu_;)

Note that the difference between the definitions of F; and v; is that the term g (Xp(u;)» Xu;)
has disappear from both the numerator and the denominator of v;. Remark that (3) also
implies the Doeblin condition o~ A(-) < Q(x, -) for the transition kernel Q. Thus, Lemma 2.7
shows that the Dobrushin coefficient of each transition kernel F; for 1 < j < k is upper
bounded by p = 1 —o~ /o *. Therefore, as the Dobrushin coefficient is sub-multiplicative (see
Lemma 2.5), applying Lemma 2.4, we get that (19) holds. This concludes the proof. |

To construct the limit of the functions h,, x . (6) we first prove the following lemma which
states some uniform bound about the asymptotic behavior of those functions when k — co.
For this lemma, we need the following assumption on the density function g4 that strengthens
Assumption 3-(ii). Remind that Py denotes the stationary probability distribution under the
parameter 6 € © of the HMT process (X, Y), and by Ey the corresponding expectation.
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Assumption 4 (L' regularity, (Cappé, Moulines and Rydén, 2005, Assumption 12.3.1)).
Assume that we have:

(i) b* :=1Asupgsup, , ga(x,y) < .
(i) Bgx|logb™(Yy)| < oo, where b™(y) := infy [, go(x,y)A(dx).

Note that b~ (y) > 0 for all y € Y by Assumption 2-(ii).

Lemma 3.3 (Uniform bounds for h,, x . (6)). Assume that Assumptions 2—3 and 4-(ii) hold.
For all vertices u € T and all integers k, k' € N*, the following assertions hold true:

p(k/\k’)—l
sup sup |hu,k,x(9) - hu,k/,x’(e)l < 1 ) (20)
0eB x,x'eX -p
sup sup sup |h, k. (6)] < logb* Vv |log(cb™ (Y,))]. 1)

6e0 keN* xeX
Proof. [The proof of this lemma is a straightforward adaptation of the proof of (Cappé,
Moulines and Rydén, 2005, Lemma 12.3.2) using Lemma 3.2 for the coupling.] Remind the
definition of H, x ,(6) in (16). Let &’ > k > 1, and write w = p*(u), w’ = p¥ (u). Then,
write:

/X ga(xu,Yu>qe(xp<u>,xm<dxu)]

X Pg(Xp(u) € dxp(u) | YA*(u,k)a Xy = xw) X 5x(dxw), (22)

Hu,k,x(e) = /
XxX
and using the Markov property at X,,,, write:

Hu,k’,x’(e) = /
XxX

/X go(xu, Yu)qe(xp(u),xu)/l(dxu)}

X Po(Xp(u) € dxpu) | Yar (u,k)> Xw = Xw)
X PH(XW € dx,, | YA*(u,k’)7 Xy = x,)- (23)

Applying Lemma 3.2, we get (note that the integrands in (22) and (23) are non-negative):

|Hu,k,x(0) - Hu,k',x’(9)| < Pk_l sup / g9(-xu, Yu)‘]@(xp(u),-xu)/l(dxu)
xp(u)EX X

< 1ot / 20 (rus Yu)A(dx). (24)
X

The integral in (22) can be lower bounded giving us:

Hu,k,x(e) = U_Agﬂ(xu’yu)/l(dxu)’ (25)

where the right hand side is positive by Assumption 3-(ii); and similarly for (23). Combining
(24) with (25), and with the inequality |logx — logy| < |x — y|/(x A y), we get the first
assertion of the lemma:

+ k-1

O- —
I kx (60) = hu o ()] < Z—pkt = 2.
o 1-p

Combining (16) and (25), we get that o~ b~(Y,) < Hy, x.x(0) < b* (remind that b~ (Y,) > 0
by Assumption 3-(ii)), which yields the second assertion of the lemma. O
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We are now ready to construct the limit of the functions h,, x . (#) and state some properties
of this limit. Note that this result is stated for every u € T, but we will only need it for u = 9.
Remind that we are in the stationary case, and that the HMT process (X, Y) is defined on 7.

Proposition 3.4 (Properties of the limit function hy, «(0)). Assume that Assumptions 14
hold. For every u € T and 6 € ©, there exists h, o (0) € L'(Pqy ® Py«) such that for all
x € X, the sequence (h, i x(0))rew converges Pqy®@Pgx-a.s. and in L' (P ®Pgx) to hy, 0 (6).
Furthermore, this convergence is uniform over 6 € © and x € X, that is, we have that
limg 0 SUPye SUPxex Nuk,x(0) —hy oo (0)| = 0 Py ® Pyx-a.s. and in L' (P @ Pyx).

The limit function h,, (@) can be interpreted as log p (Y, | YA+ (4,0)), Where A™(u, 00) =
{v € T® : v <q u} is a random subset of vertices. Note that h, () is a function of
the random set of variables (Y,,v € A(u, >)), where A(u, ) = A*(u, ) U {u}, and thus
implicitly depend on U trough A(u, c0).

Proof. Fix some u € T. Note that (20) shows that the sequence (hy x x(6))ken is Cauchy
uniformly in 6 and x, and thus has Pq; ® Py«-almost surely a limit when k& — oo which
does not depend on x; we denote this limit by h,, «(6). Furthermore, we get from (21) that
(hu.k.x(0))ken is uniformly bounded in L' (Pq; ® Pg+), and thus h,, () is in L' (Pgy ® Py+)
and the convergence also holds in L' (P¢; ® Py« ). Finally, as the bound in (20) is uniform in 6
and x, we get that the convergence holds uniform over 6 and x both Pq; ® Pg«-almost surely
and in L' (Pgy ® Pygx). O

3.3. Properties of the contrast function

As the functions hg . (6) are in L' (Pq; ® Pg«) under the assumptions used in Proposition 3.4,
we can now define the contrast function ¢ (which is deterministic) as:

0(0) =Eq ® Eg [ho,00(8)], (26)

where remind Eq; ® Ey» is the expectation corresponding to Pgy ® Pyx.

We prove under the following L? regularity assumption the convergence of the normalized
log-likelihood to the contrast function. Remind that b~ (y) = infyg f ¢ 8o(x,y)A(dx). Also
remind that Py denotes the stationary probability distribution under the parameter 6 € ® of
the HMT process (X, Y), and by Eg the corresponding expectation.

Assumption 5 (L? regularity). Assume that Eg« [(log b~ (Ya))z] < 00,
Remind that the log-likelihood ¢,  is defined in (7) on page 3382.

Proposition 3.5 (Ergodic convergence for the stationary log-likelihood). Assume that Assump-
tions 1-5 hold. Then, for all x € X, the normalized log-likelihood |T,| ™€, (8) converges
Pgx-a.s. to the contrast function £(0) as n — oo.

Proof. Let 6 € © be some parameter. Fix some k € N* and x € X. Remind that ¢, ,(0) =
2uet, M), x(0). Applying (20) for each vertex u € T), \ T—1, we get:

k-1

1 o 1
m gn,x(g) - Z hu,k,x(g) < + Z |hu,h(u),x(9)|- (27)
n

uETn\Tk_] 1 _p |Tn| ueTy-
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Note that by (21), we have that |h,, ) x(0)| < 0o Pgx-a.s. forallu € T \ {d}. Foru = 0, we
have hg o x(6) = log gg(x,Y5) which is finite Py«-a.s. by Assumption 3-(iii).

For a vertex u in T'\ Tx_1, let v,, € G be the unique vertex that satisfies (8) (on page 3383),
then we have:

hu,k,x(0; YA(u,k) = yA(u,k)) = hvu,k,x(a; YA(vu) = yA(u,k))- (28)

Moreover, using (21) together with Assumption 5, we get for every u € T\T_; that the random
variable hy, i x(6; Yau,k)) 1s in L*(Pgx). Hence, applying Lemma 2.11 to the collection of
neighborhood-shape-dependent functions (h, i x(6;YA() = *))veg, (remind that indexing
functions with G or with Ny is equivalent by (9)), and using (28) and (14) (in Remark 3.1),
we get:

Tl™ D) Muka(0) — By @Ege[hopn(0)]  Poe-as. (andin L*(Bgv)). (29)
u€Ty\T-1

Using (20) with Proposition 3.4, we get:

pk—l

1-

[E¢t ® Eox [ho k.« (0)] — By ® Eg» [hg,e0(0)]| <

Thus, combining this bound with (27) and (29), we get Py+-a.s. that:

pk—l

l—p'

1im sup|[Ta| " €.+ (8) — Eq ® Eqg [ha,m(e)]) <2

n—oo
As the left hand side does not depend on k, letting k — oo, we get that |T;,| ~'£,,_ (6) converges
Pgx-a.s. to £(0) as n — oo. This concludes the proof. |

We are going to prove that this convergence holds uniformly in 8. First, we need to prove
that the contrast function is continuous and has a unique global maximum at 6*. In order to
get those results, we need a natural continuity assumption on the transition functions.

Assumption 6 (Continuity, (Cappé, Moulines and Rydén, 2005, Assumption 12.3.5)). For
all (x,x’) € X x X and y € Y, the functions 6 — gg(x’,x) and 6 — gy(x,y) defined on
® c R4 are continuous.

We denote by || - || the euclidean norm on R¢.

Proposition 3.6 (¢ is continuous). Assume that Assumptions 1-4 and 6 hold. Then, for any
n € Nand x € X, the log-likelihood function 0 — €, (6) is Pgx-a.s. continuous on ©.
Moreover, for any 6 € ©, we have:

Eq ® Egx sup |ho,00(8') —hpe(O)|| >0 asé— 0,
0€0:|0-0"||<6

and the contrast function 6 +— €(0) is continuous on 0.

Proof. This proof is a straightforward adaptation from the proof of (Cappé, Moulines and
Rydén, 2005, Proposition 12.3.6).

Recall that hp o (6) is the limit of hy x (6) as k — oco. We first prove that, for every x € X
and k > 0, hp x «(0) is a continuous function of 6, and then use this to show continuity
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of the limit. Recall from (16) the second equality defining H,, 1 (6), which we remind for
convenience for any u € T and x € X:

Po(Yaqu.k) | Xpk ) =)

Po(Ya (k) | Xpkuy =)

Hu,k,x(e) =

Recall from (15) the definition of pg(¥a | X,x(,) = x) where here the possibly random
subtree A is either A(u, k) or A*(u, k). First note that the integrand in (15) is by assump-
tion continuous w.r.t. 8 and upper bounded by (1 vV o*b*)|Al. Thus, dominated convergence
shows that pg(¥a|Xyk(,) = x) is continuous w.r.t. to 6 (remind that A, defined in As-
sumption 2, is finite). Moreover, note that pg(Ya*(u,x) | Xpr(,y = x) is lower bounded by
ITvea (i (pt )y @ b~ (¥y) which is positive Pqy ® Pg«-a.s. (by Assumption 3). Thus, we
getthatH, x . (6) and h, x . (6) = log H,,  x(6) (remind (17)) are continuous w.r.t.  P¢;®P g -
a.s. as well. Hence, using (6), for all n € N and x € X, we get that ¢, . (0) is also continuous
w.r.t. @ Pg*-a.s.

Remind from Proposition 3.4 that (h, k x(6))ken converges to h, (6) uniformly in 6
Pq; ® Pg-a.s. Thus, the function 6 — h,, «(8) is continuous P¢; ® Pg«-a.s. Using the uniform
bound (21), Assumption 4-(ii) and dominated convergence, we obtain the first part of the
proposition.

We deduce the second part from the first one, as:

sup  |£(8") —£(0)| = sup  [Eq ® Egx [h,w(8') — g e (0)]]
6'€@:||0'-0||<6 6’e®:]|0'-0| <6
< Eq ® Eg» sup |ha,oo(6’) —hs.(0)]] -
0'c0:]|0-0"||<5

This concludes the proof. m|

We are now ready to state and prove that the convergence to the contrast function ¢ holds
uniformly in 6.

Proposition 3.7 (Uniform convergence to ). Assume that Assumptions 1-6 hold and © is
compact. Then, we have:

lim sup
n—oo HGG

T~ €1 (6) — 6(9)\ —0 Pge-as.

Proof. [We mimic the proof of (Cappé, Moulines and Rydén, 2005, Proposition 12.3.7).] As
0 is compact, it is sufficient to prove that for every 8 € ©:

lim sup lim sup sup |Tn|_1€n,x(0’) - 5(0)| =0 Py-as. (30)

6—0 n—co  §'e@:)|6'-0||<68
As this claim is not proven in the proof of (Cappé, Moulines and Rydén, 2005, Propo-
sition 12.3.7), we give a short proof. Indeed, assume that (30) holds for all 8 € ©. Let
& > 0. By Proposition 3.6, the function ¢ is continuous, and thus uniformly continuous as
© is compact. In particular, there exists 6 > 0 such that for all ,6" € ®, we have that
16 — 0’| < ¢ implies |£(0) — £(0")| < &. For every 6 € 0, let 69 € (0,6) be such that
lim sup,,_, sup9,€@:||0,_g||s(59'lTn|‘1€n,x(0') - 5(6)‘ < & AsUgca{® : ||/ — 0| < dg}is
an open cover of ® and as ® is compact, there exists a finite subset {#; : 1 < j < m} of ©®
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with m > 1 such that ©® = U’]ﬂ:l{g’ : ||16" — 6]l < dg,}. Note that for n large enough, for all
1 < j < m, we have that SUPgr c@: |6/ 0; 1< 6. T~ 60 (67) — f(Qj)| < &. Thus, for n large
e

enough, we have:

sup||Ty,| " €, (8) — £(0)| < & + max sup
EC) I<jsm greq 0'=06;< 56,

|Tn|_1€n,x(9,) - f(gj)

< 2s.

This being true for all £ > 0, we get that the statement in the proposition holds.
We now prove (30). Fix some # € ©. Remind that by Proposition 3.5, we have that
1limy, o0 |T,| 16, (0) = £(6) Py«-a.s. Using this fact, we get:

lim sup sup T~ €01 (67) - 5(9)|
n—oo  §’e€@:||0’-0|<s

1Tl ™ 60 x(8)) = T €0 (0)]. (31)

= limsup sup
n—co  €0:|0'-0|<5

Using (27), for any k > 1, we get that (31) is Pg«-a.s. bounded by:

2 lim sup sup T, ]!

ANCORD Y V(5]

n—oo  0’€@:|0’-0||<S ue€T\Ti—1
+limsup |T,,| ™! Z sup hyx.x(0") - hu,k,x(e)’
n—oo ueT\Ti_; 0'€@:||0'-0||<6
k-1
< Zf +limsup |7}, ! Z sup hy k. x(6") —hu,k,x(9)|
- n—co weT\Ti_1 0’€@:||0'-0||<6
pk-1
= 2P iy B | sip  [hok(®) = o (0) (32)
1-p 0'cO:||6'-0| <6
okl
<42 LB ®Ee|  sup  |how(d) - ha,w(e)‘ :
1-p 0€O:||0"-0| <6

where we used Lemma 2.11 for ergodic convergence (with L?(Pg+) boundedness given by
(21)) in the equality, and we used (20) (with Proposition 3.4) in the second inequality. Then,
letting k — oo in the upper bound of (32) (note that (31) does not depend on k), and then
letting 6 — O with Proposition 3.6, we get that (30) holds. This concludes the proof. m|

Remark 3.8 (Uniform convergence for the log-likelihood with general initial condition). Let
v be a probability distribution on X such that Pyx-a.s. supy | / go(x,Yg)v(dx)| is finite. The
uniform convergence of |T;,| =€, (6) to £(6) still holds when modifying the definition of
the log-likelihood ¢, (6) of the HMT to replace the Dirac mass d, by v for the distribution
of the root hidden variable Xy. When v is the stationary distribution gy associated to gg,
uniform convergence holds without this extra regularity assumption by conditioning on the
state of the root’s parent X4 instead (which allows to replace hg 0, x(0) = go(x,Ys) in (27)
by hy,1.,(6) = log fX Hp.1,x(0) v(dx) for which sup, |hg 1,,,(6)] is finite by an immediate
adaptation of (21)).
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3.4. Identifiability and strong consistency

In this subsection, we prove the strong consistency of the MLE. We must first study the
identifiability of the parameter of the HMT model. We start with a definition of equivalent
parameters.

Definition 3.9 (Equivalent parameters). We say that two parameters 6, 6’ € ® are equivalent
if they define the same distribution for the process (Y,,,u € T), i.e. Po(Y € -) =P/ (Y € -).

Note that by Kolmogorov’s extension theorem, 6 and 6’ are equivalent if and only if they
define the same law on every finite tree T, i.e. for (Y,,,u € T,). Recall that Kolmogorov’s
extension theorem holds for general Polish spaces and not just the real line (see (Bogachev,
2007, Theorem 7.7.1 with Theorem 7.1.7)), and also recall that X and YV, and thus also X XV,
are Polish spaces.

The following proposition characterizes global maxima of the contrast function ¢.

Proposition 3.10 (Global maxima of the contrast function £). Assume that Assumptions 1-5
hold. Then a parameter 6 € © is a global maximum of € if and only if 6 is equivalent to 6*.

We get as an immediate corollary that 6* is a global maximum of ¢.

The proof of Proposition 3.10, which is postponed to the end of this section, is an adaptation
of the proof of (Cappé, Moulines and Rydén, 2005, Theorem 12.4.2). This adaptation comes
from the difference of topology between the tree and the line.

Remind that the log-likelihood function 8 +— ¢, . (6) is continuous Pg«-a.s. under Assump-
tions 1-4 and 6. Thus, when we further assume that ® is compact, we get that the argmax set
argmax gcg €n,x (6) is non-empty. The maximum likelihood estimator (MLE) is then defined
as the maximizer over ® of the log-likelihood ¢, , that is as the following random variable
(which depends on Y7, ):

én,x = én,x(YTn) € argmaxycg {n,x(0). (33)

Note that the argmax set in (33) is not necessarily unique, in which case we select one
parameter 6 from the argmax set in a measurable manner (which is possible, see (Bertsekas
and Shreve, 1996, Proposition 7.33)).

We are now ready to prove the following theorem that states the strong consistency of the
MLE for the HMT model in the stationary case.

Theorem 3.11 (Strong consistency of the MLE). Assume that Assumptions 1-6 hold, the con-
trast function € has a unique maximum (which is then located at 0* € @ by Proposition 3.10)
and @ is compact. Then, for any x € X, the MLE 0, (defined in (33)) converges Pg=-a.s. as
n — oo fo the true parameter 0* € ©, i.e. the MLE is strongly consistent.

Proof. [The proof is a straightforward adaptation of an argument for HMMs in (Cappé,
Moulines and Rydén, 2005, Section 12.1), which itself adapts an argument that goes back to
Wald (1949).]

By definition of 4, we have that En, (8, > {n.x(0) for every 6 € ©. As the contrast
function ¢ has a unique maximum located at 6*, we have that £(6*) > £(6) for every 6 € 0O,
and in particular, £(8*) > £(6,) for every n € N. Combining those two bounds, we get that:

0 < €(6%) — €(8,)
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< 5(9*) - |Tn|_1£n,x(9*) + |Tn|_1£n,x(9*) - |Tn|_1£n,x(én)
+ |Tn|_1€n,x(én) - f(én)
< 2sup|(8) = Tl ™" a1 (6)],
[25C]

where the upper bound in the last line goes to zero Py«-a.s. as n — oo by Proposition 3.7 as
® is compact. Hence, we get that £(6,) — £(6*) Pg+-a.s. as n — oco. Consequently, as £ is
continuous (by Proposition 3.6) and has a unique global maximum located at 6*, and as © is
compact, we get that §,, converges Pg«-a.s. to * as n — co. O

We now prove Proposition 3.10.

Proof of Proposition 3.10. Remind that h, i »(6) is defined in (17). By definition of £(0)
(see (26)) and using the L!(Pq; ® Py«) convergence of (hg i x(8))ken t0 hy () (remind
Proposition 3.4), we have:

€(6*) = £(6) = By ® Eg+ [hg,00(6%) —hg o (6)
= By ® Egx [ Jim (ho i +(6%) = ho k. x(0))]
= lim Eq; ® Egx [ho.6.x(6™) = hoc.x(6)].
Remind that H,, x_(0) is defined in (16). Then, write:
Eg[ho,x.x(6%) —hg k. x(6)]
Hp kx (6%)
=Eqy [Eg* [Ee* [log —Hﬁ,k,x(g)

where the inner expectation is on Y conditionally on Xokp) =X and Y5+ (g,x) (and thus also
implicitly on U as A*(9, k) = A7,(9, k)). Recalling from (16) that Hy « x(6) is the conditional
density of Yy given Yx+(g,x) and X,k (5) = x, we see that the inner (conditional) expectation in
the right hand side is a Kullback-Leibler divergence and thus is non-negative. Hence, the two
outer expectations and the limit £(6*) — £(6) as k — oo are non-negative as well, and thus 0*
is a global maximum of £.

Remark that if 6 is equivalent to 6*, then as the process (Y,,u € T) is stationary and has
same law under both parameters, the roles of §* and 6 can be swapped in the argument above,
and thus we get £(0) = £(6*). Hence, any 6 equivalent to 6* is a global maximum of ¢.

We now turn to prove that any global maximum 6 € © of ¢ is equivalent to 6*.

Remind that we use the letter p to denote (possibly conditional) densities of random
variables, €.g. pg(Yu [ Ya* (u.k)> Xpk () = X) denotes the conditional density (w.r.t. the measure
u defined in Assumption 2-(i)) under the parameter 6 of Y, conditionally on Y+ (, x) and
Xpk(uy = x. Note that Po(Y, € - |Yar(uk) Xpk(uy = x) denotes the distribution under the
parameter 6 of ¥, conditionally on Ya+(,, k) and Xy, = x.

We first need a variant of the convergence in Proposition 3.4 where instead of considering
one vertex u as in h,, x_»(6) we consider a whole subtree 7 (u, m) for any m > 1 (this can be
seen as a convergence by block). To this end, we need to define an analogue of the breadth-
first-search order relation < on 7 for subtree blocks of the form 7°°(u,m). Let m > 1 be
fixed. For u,v € T* with h(u) = h(v) mod m + 1, we write T (u,m) < T®(v,m) ifu < v
(informally, “T* (u, m) is above or on the left of 7°° (v, m)”"). Note that the modulo congruence

Yar.k)» Xpr (o) = x]” , (34)
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Fig 5. Illlustration of the “past” subtree A* (T (u, m), k) of the block subtree T (u,m) form =1, u = 12 and k = 1.
The block subtrees are circled with blue lines, and the block subtree T (12, 1) is circled a second time with a red
line. The vertices in green are those in A*(T(12, 1), 1). Note the difference with A(u’, k'), e.g. vertex 111 is in
A*(T(12,1), 1) but not in A*(12,2), and vertex 21 is in A*(121, 3) but not in A*(T (12, 1), 1).

is there to insure the collection of block subtrees 7% (u, m) with h(u) = h(d) mod m + 1
form a partition (i.e. a cover with non-overlapping subsets) of 7 (this still holds for any other
class of congruence mod m + 1). Also note that in this congruence we have m + 1 and not m,
because any subtree T (u, m) (e.g. T,, = T*(d,m)) spans over m + 1 different generations
(remind that h(d) = 0). We can then define the analogue of the subset A*(u, k) for subtree
blocks, that is, for all u € T* and k € N, we define:

A (T(u,m), k) = | H{T(v,m) v € A*(u, k(m + 1)) such that h(v) = h(u) mod m +1}.

See Figure 5 for an illustration of the “past” subtree A*(T(u,m), k) of the block subtree
T(u,m). (Informally, “the subset A*(T (u,m), k) is the union of the subtree blocks (with
height m) above and on the left of T(u«,m) up to k block generations”. Note that we will
not need to understand in details the geometry of the subset A* (T (u, m), k), we only need
to remember that all its vertices are upstream of the edge (p(u),u), and we will then use
the Markov property.) Remind that 7°(d,m) = T,,. Then, a straightforward adaptation of
Lemma 3.3, and Propositions 3.4 and 3.5 to a decomposition of the log-likelihood into non-
overlapping subtrees of height m instead of single vertices (see Appendix C for detailed proofs
of those adaptations) give us for all 8 € ®, x € X and m € N*:

Jlim B ® Bgx [log po (Y, | Ya* 13,.00> Xpimen (9 = X)] = [T €(6). (35)

Let U* = (Uj))1<j< be a sequence of independent random variables with Bernoulli
distribution of parameter 1/2 (note that * can be seen as a random forward spine), which is
independent of U and of the HMT process (X,Y). For all n € N*, define the random vertex
U, as the unique vertex in G, whose path from 9 is encoded by U(;.,) in Neveu’s notation.
For all n € N, define the deterministic vertex U_,, = p"*(d). Note that 9 = Uy and that U,,—;
is the parent vertex of U,, for all n € Z. Moreover, using a similar argument as in Remark 3.1,
note that for any m, k € N, the sequence of random shapes (Sh(A(T*(U,,m), k)))nez is
stationary.
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Now, pick 6 € © such that £(0) = €(6*). Thus for any positive integer n < m, we have
(where for simplicity we write wy = p¥"*+1) (9)):

0 = [Tl (€(6™) - £(6))

Pox (Y1, | YA (T, k) » Xy :x)]
Po(Y7, | YA* (T, k) » Xy = X)
* (Y- )% X, =X
_ lim {Eru®Ea* [logpe YT W) | YA (T k) » X )]
POYT WUy | YA (T3 k) s Xy = X)
Po* YT, \T U .n) | YA* (T ) UT (Upnion) » Xowie = X)

= khm E(L[ ® Eg* [10g

+Eq ® Eg» [log

|

PoYT,\TWUpiepn) | YA* (T ) UT Uy ) » Xy = X)

> lim sup Efu ® Eg*

k—o0

log

PO (YT (U m) | Yar (1 (@.m) 1) s Xptmen) () = X)
PoYT (W, ) | YA (T(8.m) k) s Xprims) (5) = X)

. Po* (Y1, | YA* (T (U_ i) k) » Xpkmst) (1 . =X)
=limsupEq ® Eg« (¢ m),k)> p (U-msn)

k—o0

log

. (306)
oY, | YA (T (U_pan.m).k)s Xpkimet) (7, ) = X) ]

where the inequality follows by noting that the second term is non-negative as an expectation
of a (conditional) Kullback-Leibler divergence (using an argument similar as for (34) above),
and the last equality follows by using stationarity of the HMT process (X,Y), of the spinal
process (Uy)nez, and of the shape process (Sh(A(T*(Uy, m), k)))nez. Note that the term in
the lower bound is also non-negative as an expectation of a (conditional) Kullback-Leibler
divergence.

Let n € N be fixed. Now, we define for all § € ® and m, k € N*:

Winic(0) =10g po (Y1, | YA (1 (U_p,men) k) > Xpkimensi) (u_,,,) = %),
and W(0) =logpe(Yr,). (37

Note thatlog p ¢ (Y7, ) is well defined using an integral expression similar to (5) along Assump-
tions 2 and 3 and the comment on 7g after Lemma 2.3. From (36), we deduce that (where m
in (37) and (38) below corresponds to m — n in (36)):

Vm € N¥, Jlim By @ Eor (Wi k (6%) = Wik (8)] = 0. (38)

Hence, we have managed to insert a gap between the variables (Y;,, v € T;,,) whose density we
examine and the variables (Y,,,v € A*(T(U_,,,m + n), k)) and Xpktnenst) gy, y that appear in
the conditioning. Remark that the following fact illustrates the gap between the variables: if
ueT,andv € A*(T(U_,,, m + n), k), then the most recent common ancestor u A v of u and
v has height #(u A v) < —m, that is u A v is an ancestor of U_,,. See Figure 6 for a graphical
illustration of this gap.

The idea is now to let this gap tend to infinity to show that in the limit the conditioning has
no effect. Our next goal is thus to prove that:

lim sup
M—=e0 keN

Combining (39) with (38), it is clear that if & € © is such that £(0) = £(6*), then we have
that Eg« [log[pex(Yr,)/pe(Yr,)]] = 0, that is, the Kullback-Leibler divergence between the
|7,,|-dimensional densities pg+(Y7,) and pg(Yr,) is null. This implies, by the information

Bat © B [ Wk (6%) = Wk (0)] ~ Bo [W(0%) - W(@)]| =0 (39)
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U_ m—k(m+n+1)

A (T(U—p,m+n), k)

T(U_p, m+n)

Fig 6. lllustration of the gap in (38) between the variables (Yy,v € Ty) (bottom triangle in blue) and the variables
Yy,v € A (T(U=p,m + n), k)) and ka(m++nl) (Uom) that appear in the conditioning (top partial triangle in
red). Note that the two groups of variables are separated by the path fromU_,,_1 = p(U-y,) to d = Uy, which is
of lengthm + 1.

inequality, that these densities coincide except on a set with u®/7»|-measure zero, so that the

T,,-marginal laws of Py« and Py agree. Because n was arbitrary, we find that 6* and 6 are
equivalent.

What remains to do to complete the proof is thus to prove (39). Remind the definition of
Wik (6) and W(0) in (37). Obviously, it is enough to prove that for all 8 € ®, we have:

lim E'L{ ® Eg*
m—oo

Sup |Wo i (6) = W(8)|| = 0. (40)
keN

Let 6 € O be fixed. To prove that (40) holds for 6, we write (remind the discussion above on
the gap between variables):

eXp(Win,k(0)) = po (Y1, | Yar (1 (U_.mtn) k) s Xpkimenst)y () = X)
=/ o (Y1, | Xp(0) = Xp(a)) @~ (xu,s dxp(a))
XxX
X Pg(XU_m € de_m | YA*(T(U_m,m+n),k)’ ka(m+n+l)(U7m) = x),

and

exp(W(0)) = po(Yr,)
= / Po(Yz, | Xp(9) = %p(9)) Q5" (xu_,,s dxp(ay)ma (dxe_,),
XxX
where remind from Lemma 2.3 that 74 is the stationary distribution of the process (X, u €

T°°) with transition kernel Q ¢ (that is, under the distribution Py). Note that we have the upper
bound (remind that b* is defined in Assumption 4):

Po(XT, | Xp(o) = Xp(a)) = ./XT l_[ 70 (Xpau)s Xu) 8o (Xus Vo) A(dx) < (BHIT1 (41)

uetl,
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Thus, as Assumptions 2 and 3 hold, applying the uniform geometric bound from Lemma 2.3
to the Markov chain (Xy; ) jez with transition kernel Q g, we obtain Pg«-a.s. :

]Scug oY, | YA (T (U_pmn) k) > Xpkmenen) (_,y = %) = po(YT,,)
€

<(HT(1 -y (42)

Moreover, as we have the lower bound:

Po(Yt, | Xp(8) = Xp(a)) =/ l_l q0(Xp(u)> Xu) 8o (Xu, Yy )A(dxy,)
XTn

uet,

2 l_[ o b™ (Yu), (43)

ueT,

this implies that po(Yz, | Ya*(7(U_,.m#n).k)s Xpkomenst) (_,,.y = X) and pg (Y7, ) both obey the
same lower bound. This lower bound combined with the observation that »~(Y,,) > 0 for all
u € T,, (which follows from Assumption 3-(ii)), and the bound | log(x) —log(y)| < |x—y|/xAYy,
(42) shows that:
Py @ Pgx-a.s. lim sup |W,, x(6) — W(6)| =0.
keN

m—oo

Using the bounds (41) and (43) with Assumptions 3 and 4-(ii), we get:

Eq ® Egx | sup sup W, x(0)]| < oo.
meN* keN
Hence, as this expectation is finite, (40) follows from dominated convergence. This concludes
the proof. O

4. Asymptotic normality of the MLE

In this section, we prove that the MLE for the HMT has asymptotic normal fluctuations. We
keep the assumptions used in Section 3. This section is divided in two parts: we first prove
the asymptotic normality of the score, and then we prove a strong law of large numbers for
the observed information. Together with the strong consistency, those two results imply the
asymptotic normality of the MLE.

We will need the following assumption for existence and regularity of the gradient and
Hessian of the transition kernels. Remind that Py denotes the stationary probability distribu-
tion under the parameter § € © of the HMT process (X,Y), and by E4 the corresponding
expectation. Also remind that the measures A and u are defined in Assumption 2. We denote
by Vg and V2, respectively, the gradient and Hessian operator w.r.t. the parameter 6 € ©.
With a slight abuse of notations, we denote by || - || the euclidean norm on either R¢ or R4*4,

Assumption 7 (Regularity of the gradient, (Cappé, Moulines and Rydén, 2005, Assumption
12.5.1)). There exists an open (for the trace topology on ® ¢ R¢) neighborhood O = {f €
O : ||6 — 0*|| < 6o} of 6* such that the following hold.

(i) For all (x,x’) € X x X and all y € Y, the functions 6 — gg(x,x’) and 8 — gg(x,y)
are twice continuously differentiable on O.
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(i1) We have:

sup sup ||[Vgloggg(x,x’)|| < oo, and sup sup ||V%, logge(x,x")|| < oo.
0e0 x,x’ 0e0 x,x’

(iii)) We have:

Eg» [sup sup ||Ve loggg(x,Ya)Ilz] < oo,
0eO x

< 00.

and Egx [sup sup ||V29 log go(x, Yo)l|
00 x
(iv) For u-almost all y € Y, there exists a function f, : X — R, in L' (2) such that we have
Sup@e() g(‘)(x9 y) < fy(x)-
(v) For A-almost all x € X, there exist functions f! : X — R, and f2 : X — R, in L!(p)
such that sup,. o ||Vi6gg(x, Wl < fi(y) fori € {1,2}.
These assumptions insures that the log-likelihood ¢,  is twice continuously differentiable,

and that the score function V ¢, (6) and the observed information —ngn,x(e) exist and are
in L?(Pg«) and L' (Pg«), respectively.

4.1. Asymptotic normality of the score

In this subsection, we prove the asymptotic normality of the score under the true parameter 6*.
Note that the score function can be written for all » € N and x € X as:

Voln x(0) = Z Vg log [/ 80(Xu, Yu) Po(Xy € dxy | YA (u,h(u))» Xo = X) |

ueT,

and V¢, (6) is implicitly a function of Y7, .

4.1.1. Decomposition of the score as a sum of increments

Remind that for u € T, the subtrees A*(u, k) and A(u, k) are defined in Section 2.4 for
k < h(u) (with A*(u) = A*(u, h(u)) and A(u) = A(u, h(u))) and the random subtrees
A*(u, k) and A(u, k) are defined in Section 3.1 for k > h(u). Also remind that we use the
letter p to denote (possibly conditional) probability density, and in particular remind that
po(Ya| Xs = xp) for any subtree A C T with root 9 is defined in (15) in Section 3.1.2 (with
the convention pg(Yy | X9 = x5) = 1). Using (16) and (17) in Section 3.1.2, note that for any
u €T and x € X, we have:

hy n(u),x(6) =log po(Yaw) | Xo =x) —log po(Yar ) | Xo = x). (44)

Using elementary computation along with permutations of the integral and the gradient
operator which are valid under Assumption 7 (note that this result is also known as Fisher
identity, see (Cappé, Moulines and Rydén, 2005, Proposition 10.1.6)), we get:

Vologpo(Yaw) | Xo = x)

= Vglogge(x,Ys) +Eg Z $6(Xp(ys X0, Yo) | Yoy, Xo = x|, (45)
veAm)\{8}
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where

¢0(x/,x’)’) = VH log[qe(x,’x)ge(xa )’)] (46)

Note that under Assumption 7, [|¢(Xp(v), Xy, Y,)|| is upper bounded by a square integrable
function of only ¥,, (and which does not depend on 6), and ¢ (Xp(,), Xy, ¥,) is thus integrable
conditionally on Y,(,) and X5 = x. Also note that Vgloggg(x,Ys) is Pg«-a.s. finite by
Assumption 7-(iii).

Combining those two equations with (18) in Section 3.1.2, we can express the score function
as:

Voln x(60) =Vglogge(x,Yy) + Z Eg Z ®6(Xp(v)> X0, Yo) [Yaw), Xo = x
ueTy; | A(u)\{0}

- ZEO Z 6 (Xpvy» Xo, Yo) [Yar ), Xo = x| .
ueTy  |AG\(0)

We want to express the score function Vy¢, «(6) as a sum of increments (conditional
scores) in order to apply a convergence result for the normalized score. To this end, define
forevery u € T, k € N and x € X, the function hu,k,x(o) by flu,o,x(g) = Vyglogge(x,Y,) if
k = 0, and otherwise by:

bk x(0) = Eqg Z B0 (Xp(v)s Xos Yo) [ Ya(u.k)s Xpkuy =%
veA(u,k)\{pk (1)}

—Ey Z 30 (Xpv)s Xos ¥o) | Yar (ut)s Xk (o) = X | -
veA* (u,k)\{p* (u)}
Note that h,, ;. (6) is well defined as A(u, k) is finite and as #6(Xp(vy,» Xy, Yy) is integrable

conditionally on Ya«(, k) and Xpk(uy =X under Assumption 7 (see the comment after (46)).

Also note that hu,k,x(e) is the gradient w.r.t. 8 of h, x (6) defined in (17) (see (44) and
(45) for the case k = h(u)). Furthermore, note that hu,k,x(e) is a function of Y4, k) with
an implicit dependence on U through A(u, k), and that h,, ;_,(#) does not depend on U if
k < h(u).
Using the increment functions hu,k,x(e), we can rewrite the score function as:
Volux(0) = > B« (6). (47)

ueT,

4.1.2. Construction of score increments with infinite past

Our goal is to let k — oo as before to get a limit function h,, ... We now proceed to construct
hu,m. First, we rewrite hu,k,x(e) (which is in L?(Pg; ® Pgx) by Assumption 7), as:
flu,k,x(e) =Eg [¢0(Xp(u)’ Xu, Y,,,) | YA(u,k)7 ka(u) =x]

> (Bol@o (Ko X Vo) Yagubys Xy = ]
veA” (u,k)\{p* (u)}

~Bo [0 (Xp)» Xon Vo) | Va-ts Xpiy = 21) - (48)
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We will need the following lemma that states a coupling bound that works “backwards
in time”, or rather along the path between a vertex v and the newly observed vertex u.
Remind from (12) on page 3386 that A(u, k) is a random subtree of the deterministic subtree

T (p*(u), k).

Lemma 4.1 (Total variation bound “backwards in time”). Assume that Assumptions 2-3 hold.
Letk e N*, x € X andu € T, and let v € T (p*(u), k) \ {u}. Then, we have:

[Po(Xy € - | Yaqui)s Xpk () = X) = Po(Xy € | Yar (s Xp () = )|y < 0471

The proof of Lemma 4.1, which is postponed to Appendix B, relies on a “backward in
time” bound from p(u) to u A v and then a “forward in time” bound from u A v to v, and using
the initial distributions Pg(Xp(w) € - | Ya, Xpr(,) = x) with A equal to A(u, k) and A*(u, k),
respectively. Note that this proof is similar to the proofs for Lemma 3.2 and (Cappé, Moulines
and Rydén, 2005, Proposition 12.5.4).

The following lemma gives an L2-bound on the difference between hu, k.x(0) and hu, x.x (6)
with a geometric decay. As we will reuse this result later with different functions, we state a
more general version.

Note that the condition p < 1/¥2 on the mixing rate p of the HMT process (X, Y) is due
to the coupling bounds and the grouping of terms used in the proof of Lemma 4.2 (the upper
bounds at the end of the proof only add a constant multiplicative factor). See the discussion
in Remark 1.5.

Lemma 4.2. Assume that Assumptions 1—4. Further assume that p < 1/V?2.

Let ® be a closed ball in ©, and let  be a Borel function from ©y x X*> x Y to R? for
some d € N such that for all x,x’ € X andy € Y, 0 — y(0,x,x",y) = yg(x,x’,y) is a
continuous function on . Furthermore, assume that there exists b € [1,+00) such that:

< 00,

b
sup sup [[g(x,x", Yo)l|
0e€Bg x,x’ eX

Egx

Let &, k. x(0) be defined as in (48) (with hu,k,x(e) and ¢¢ replaced by &, i x(6) and g,
respectively), and note that it is in LP (Pq; ® Pgx). Then, there exists a finite constant C < oo
such that forallu € T and k' > k > 1, we have:

1/b
sup sup ||§u,k,x<0>—fu,k/,xf(e)llb])

Ew ® Eg*
0e€Bg x,x’ e X

b
sup sup [[g(x,x’, Ya)ll
0e€Bg x,x’eX

1/b
< C|Egx ) k (max(p,2p2))k/2.

As a consequence of Lemma 4.2, for all u € T and x € X, the sequence of function
(Euk.x(0))nen converges in L?(Pqy ® Pg«) to some limit function &, ., (6) which does not
depend on x. Moreover, the bound in Lemma 4.2 still holds when &, ¢/, (6) is replaced by
Euca(0).

For the particular choice of ¢y = ¢, under Assumptions-1-4 and 7, for all u € T, we
denote by hu,m(a) the limit function of the sequence (hu, k.x(0))nen (for all x € X) which is
in L2(Pqy ® Pyx).
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As an immediate corollary of Lemma 4.2, there exists a finite constant C’ < oo such that
forall @ € ®y, x € X,u € T and k > 1, we have that:

1/b 1/b
sup ||§u,k,x<e>||b]) < (Ew @B [sup ||gu,1,x<e>||b]) SO < oo

(EfL[ ®Eg*
xeX xeX

where the expectation Eq; in the right hand side is only used for u = 9 (for u € T7,
A(u,1) c T is deterministic). Also note that by stationarity, for u € T*, we have that
Eg+[sup,cx 1€0.1.x(0)]1P]) = Egx [Sup,ex l€v.1.x(8)]IP]) where v is the only children of the
root d such that A(u, 1) = A(v, 1). Hence, we get:

1/b
sup sup sup (Efu@’EQ* [SUP 1€k, x (O] D < oo, (49)
00y ueT k>1

Proof. We mimic the scheme of the proof of (Cappé, Moulines and Rydén, 2005, Lemma
12.5.3).

Letu € T and k” > k > 1 be fixed. The idea of the proof is to match, for each vertex index
v of the sums expressing &, k. x(0) and &, (), pairs of terms that are close. To be more
precise, we match:

1. For v close to u,

E9 [wl‘)(Xp(V)9 XV» Yv) | YA(M,k)? Xp]‘(u) = x]

and

Eol[¢o(Xp(v)> Xvs Yo) [ Yaqukr)s Xpr ) = X1,

and similarly for the corresponding terms with A(u, k) and A(u, k”) replaced by A*(u, k)
and A* (u, k'), respectively;
2. For v far from u,

Eg [(/IG(Xp(V)7 Xy, YV) | YA(u,k)’ ka(u) = X]

and

Eo[¥o(Xpw)s Xvs Yo) [ Yar (u.k)> Xpk(u) = X1
and similarly for the corresponding terms with k and x replaced by k" and x’, respectively.

Remind from (12) on page 3386 that A(u, k) c T*(p*(u), k) and that the subtree A(u, k)
is random while the subtree 7°°(pX(u), k) is deterministic. Let (x,x’) € X x X and let
v e T°(p*(u), k) \ {p*(u)}, which implies that p(v) € A(u, k).

We start with the first kind of matches. Using the Markov property (remind (2)), we have:

||E0[w0(Xp(v)9Xv,Yv) | Yaqu,k)> Xk uy = X1 = EolWo(Xpvys Xos Yo) [ Ya(u,kys Xpr () = ]“

= ‘//\'3 Vo (Xp(vys Xv, Y2) Po(X, € dxy | YA(u,k)nT (v)> Xp(v) = Xp(v))
XPo(Xp(v) € dXp(v) [ Ya(u.k)> Xpk () = Xpk ()

X8 (i () = Po(Xpk(uy € Dk | Ya(ukr)s Xpi (1) = X )]”
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<2 sup |Wo(xr,x, Yy pd 0P 00, (50)
x1,x€X
where the inequality is obtained using Lemma 3.2 (note that d (p(v), p* (1)) = d(v, p* (u))—1).
Note that this upper bound is a.s. finite as we have that sup, . . x [[ye(x1,x2,Yy) is in
L?(Pq; ® Py+) by assumption (remind that the HMT process (X, Y) is stationary by Assump-
tion 1). For v # u, note that this bound remains valid if A(u, k) and A(u, k’) are replaced by
A*(u, k) and A*(u, k'), respectively. Obviously, this bound is small if v is far away from p* (1)
(remind that k is fixed).
We now give a bound for the second kind of matches. Assume that v # u. If v is not an
ancestor of u (then d(u,v) = d(u,p(v)) + 1), using the Markov property (remind (2)) and
Lemma 4.1, we get:

HE9 [‘pQ(Xp(v)’ Xy, YV) | YA(u,k)’ ka(u) = x] —Eg [¢9(Xp(v)v Xy, Yv) | YA*(u,k)’ Xp"(u) = X]”

‘/X% Yo (xpvys Xv, Yy) P (X, € dxy | Yau,k)n7(v)» Xp(v) = Xp(v))

If v is an ancestor of u (then d(u,p(v)) = d(u,v) + 1), using the Markov property (remind
(2)) and Lemma 4.1, we get:

[Bolwo(Xow)s X0, Yo) | Yauk)s Xpkuy = X1 = Bol¥o(Xp()» X0, Yo) [ Yar () > Xpk (i) = %1 ||

X[Po(Xpv) € dxpv) | Yaqu.k)» Xpk (u) = X)

—Po(Xp(v) € p(v) | Ya*(uk)s Xpk (uy = X)]

<2sup sup |[gg(x1,x2, Yy p4) 72,

0€Bq x1,x€X

= H/3 wH(xp(v)axv, Yv) IP)6’(Xp(v) € dxp(v) |YA(M,k)\T(V)’ Xv = xv)
X

X[PH(XV € dxv |YA<M,k)’ka(u) = x) - PH(XV € de |YA*(u,k)9ka(u) = x)]

<2sup sup |y (xi,x2, Yy )

96@0 xl,xzeX

In both cases, we get:

[Bo¥o(Xow)s X0, Yo) | Yauk)» Xpk ) = *] = Eo [0 (Xp(v)» Xo Yo) | Yar (k) » Xp () = X1
<2sup sup [yo(xi,x, Yyl p?r) 72 (51

0€Bq x1,x26€X
Note that the same bound remain valid for the corresponding terms with £ and x replaced by
k’ and x’, respectively, and with v € A(u, k”) \ {p¥ (1)} instead of v € A(u, k) \ {p*(u)}. This
bound is small if v is far away from u.
Remind from (12) on page 3386 that A(u, k) < T*(p*(u), k) and as k’ > k note that:

A, k') \ A, k) € T (X (), k) \ T (p* (u), k).

For a vertex v € T®(pX(u), k) \ {p*(u)} (note that u A v € T*(p¥(u))), note that the term
p“’("’pk(”))‘1 is smaller than p¢*¥)=2 whenever d(v,p*(u)) > d(u,v) — 1, that is when
d(u Av,p*(u)) > d(u Av,u), that is when d(u A v,u) < k/2.
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Combining those facts with the bounds (50) and (51), and using Minkowski’s inequality
for the L”-norm, we find that (E¢; ® E g« [suPgeo, SUPx xex 1€k, x(0) — Entr o (0)]1P1)YP
is upper bounded by:

4 Z pd(v,pk(u))—l +4 Z pd(u,v)—Z7 (52)
veT= (plk/2l (), k/2]) veT™ (pk" (u) k)\T= (pL&/2) (u), | k/2])

up to the factor (Egx [Supgee, SUPy, x,ex ||¢9(x1,xz,YV)||b])1/b (remind that the process
(Yy,u € T™) is stationary under Assumption 1). Denote by A and A, respectively the first
and second terms in (52). We are going to reindex those sums by j := d(u,u A v) and
g =d(uAv,v) with g < j. Note that if ¢ > 0, then the first vertex after u A v = p/ (1) on the
path from u to v cannot be p/~! (1) and must be the other children of p/(u). Thus, there are
29-1 choices of v with the same coding (j, ¢) with 0 < ¢ < j. Hence, we get:

Lk/2] j
Ay =4 Z pk=i-1 (1 + Z 2q—1pQ)
j=0 g=1

v

J
and Ap=4 ) pf-2(1+22q—1p‘1).
j=lk/2]+1 q=1

Remark that there exists a finite constant C < co (which depends on the value of p) such that
for all j € N* we have (1 + 22:1 29-1p?) < Cmax(j, (2p)”) and ZZ’:J- gp? < Cp’. Hence,
there exists a finite constant C’ < oo (which depends only on the value of p) such that (remind
that p < 1/V2):

A <C (kpk/2 + (2p2)k/2) and Ay < C’ (pk/2 + (2p2)’</2) . (53)
Combining (52) and (53), we get that the bound in the lemma holds. This concludes the proof

of the lemma. O

4.1.3. Asymptotic normality of the score

Define the limiting Fisher information as:
7(6*) =Eq ® Eg» |hg,00(6)hg,00 (6%) |, (54)

where we see hy ., (6*) as a column vector.
For the asymptotic normality of the score, we need the following extra regularity assumption
of the gradient.

Assumption 8 (L* gradient regularity). In addition to Assumption 7, we have:

Eg* < 00,

sup sup || Vg log go (x, Ya)||*
0O xeX

We are now ready to prove the following theorem stating the asymptotic normality of the
normalized score towards a centered Gaussian random variable whose variance is the limiting
Fisher information. Note that the condition p < 1/V?2 on the mixing rate p of the HMT process
(X,Y) comes from the use of Lemma 4.2 in the proof of this theorem. See the discussion in
Remark 1.5 for comments on this condition on p.
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Theorem 4.3 (Asymptotic normality of the normalized score). Assume that Assumptions 1-4
and 7-8 hold with 8* € @ given. Further assume that p < 1/N2. Then, for all x € X, we
have:

|T,|~1/? ngnx(e*) N(O T(6%)) under Py,

where N (0, M) denotes the centered Gaussian distribution with covariance matrix M, and
T(6%) is the limiting Fisher information defined in (54).

Proof. Step 1: Approximation of the score by the stationary score.
Remind from Lemma 2.3 that 74+ denotes the invariant distribution for the hidden process
X associated with Q g«. Define the stationary score Vgl x,. (0) as:

Vagn,ng* 0) = / Vefn,x(g) mgx(dx).
X
First, for all x,x” € X and 8 € O, write:

Vol (0) = Voluw (0) = ) ®(O;u,x,%),

ueT,

where:
O(0;u,x,x") =Eg[do(Xpu)> Xu> Yu) | Y1,,, Xo = x] = Eo o (Xp(u)» Xus Vo) | Y17, X = X'].

Using Minkowski’s inequality and the upper bound (50) from the proof of Lemma 4.2, we
get:

1/2
(Eg* [ Sup Hvefn x(g) Vﬂfn x’ (9)” ])

xxer\’l nl
1/2
< T |1/2 > (Ee[ sup [|(6: u,x, )| ])

ueTy: x,x'eX
1/2
< k k-1
<2 ) |T|1/222

sup sup |[lgo(x,x’,Yp)|?
0e@) x,x’'eX

< Cmax(n27", (2p%)"?),

Eg+

where C < oo is some finite constant. Thus (remind that p < 1/v?2), for any x € X, we have:

1 )
i s (Voln(0%) = Volor,e (0)) =0 in L2(Bo). (55)
In particular, to prove asymptotic normality for the score Vg¢, (6*) for any x € X, it is
enough to prove asymptotic normality for the stationary score Vg¢, . (6*) (see for instance
(Billingsley, 1999, Theorem 3.1)).

Forany u € T and k € N and 6 € O, define:

a2 (6) = /X B (6) g (). (56)
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In particular, note that, as the bound in Lemma 4.2 is uniform in x € X, this bound still holds
with hu, k.x (0) replaced by flu, k. 7y (8). Using (47), note that we have:

Volnrpe (0) = D Puntu) xpn (6)-

ueT,

Moreover, remark that for § = * and for any u € T and k € N*, we have:
hu,k,ng* (9*) = EH* [¢0* (Xp(u), Xua Yu) | YA(u,k)]

+ Z (EQ* [¢9*(Xp(v)vXVva) |YA(u,k)]
veA* (u,k)\{p*(u)}

—Egx [dox (Xp(v), Xy, 1) |YA*(u,k)])- (57)

Step 2: The stationary score is a sum of martingale increments.

As T is a plane rooted tree, we can enumerate its vertices in a breadth-first-search manner,
that is, as a sequence (u;);en which is increasing for <. (Note that uy = ¢.) Remind that
A(uj_1) = A*(u;) for all j > 1. Define the filtration ¥ by F; = o(Y, : v € T, v < u;) =
0 (Ya(u;)) for all j € N, and note that F; € o(¥r). Let j € N*, 1 < k < h(u;), x € X and
Vv € YA+ (u; k). Note that we have:

Bor [Box [0+ Koo X Vo) 1 Ya0] | Tio1] = Bor [80r (Ko, X Yo) ¥t ]

Also note that Assumption 7 (on page 3399) implies that:
E(—)* [¢H* (Xp(uj)’ Xuj’ YMJ) | Xp(uj)]

- /X V0102100 Xy 2120 (5. )] 40 (K080 (x.3) A(0dy)
=/ Volgo(Xpw;),x)ge(x,y)] A(dx)u(dy)
XxY

=v9[ /X yqe(xp(u,.>,x>ge<x,y>de)u(dy)]
=0.

Thus, we have:

Eox [Eox [@ox (Xp(u;)> Xujs Yu;) | Ya(u, . | ?}—1]
=Egx[dox (Xp(u;)» Xujs Yuy) | Yar(u;,00]
=Egx [EH*[¢9*(XP(M_;)’Xuj,Yuj) | YA (uj k) > Xp(uj)) | YA*(uj,k)]
=Eo~ [Ea*[%*(Xp(u,—),Xuj,Yuj) | Xp(u)] ’ YA*(uj,k)]
=0,

where we used the Markov property for the inner expectation in the third equality. Moreover,
it is immediate that fluj,k, ngx (6%) is Fj-measurable for all j € N* and 1 < k < h(j). Hence,
we get that the sequence (fluj,h(uj)’,,g* (0*))]. o+ i @ Pox-martingale increment sequence
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adapted to the filtration ¥ = (F;) e in L*(Pg) (thanks to Assumption 7). We are going to
apply a central limit theorem for martingales (see (Duflo, 2011, Corollary 2.1.10)). For all
n € N, define M,, = Z;.':O huj,h(uj),,,g* (6*). Note that the first term My = 1'15,0’,,9* %) =
fX Vg log g (x,Y5) mg+(dx) is in L?>(Pg«) by Assumption 7. Hence, the sequence (M,,),cn
is a Py»-martingale sequence adapted to the filtration ¥ = (¥;) jen in L*(Pgx), and whose
quadratic variation is:

n
<M>n = ZEH* [huj,h(uj),ng* (9*)huj,h(uj),7rg* (9*)t ’ 7:1'—1],
J=1

where, as in (54), we see huj,h(uj),,, o (0%) as a column vector. Note that for all n € N, M,
and (M),, do not depend on U.

Step 3: Convergence of the quadratic variation. Before applying the central limit theorem
for martingales, we first need to prove that the convergence lim,,_,., n~'(M),, = T (6*) holds
in Py«-probability. Indeed, we will prove that this convergence holds in L?(Pg+). Let k € N*
and x € X. Note that for u; € T\ Ty_ is equivalent to j > |T}_| (remind that uy = 8). Using
(48) along with Assumption 8, we get that sup . x flu,k,x(ﬁ*, YA(u,k)) 18 in L*(Pg+), and thus
the random variable sup,. y flu,k,x(e*,YA(u,k))flu’k’x(G*,YA(u’k))t is in L?(Pg«) for every
u € T\ Tx—1. Thus, using (56) and Lemma 4.2 (remind that p < 1/ \/5) for the first moment
(b = 2), there exists a finite constant C > 0 and « € (0, 1) such that we have (remind (49)):

1 < : : C|Ty—
Egs (|17 (M)u == > Egn [huj,k,x(e*)huj,k,x(e*)f ?,-_1] < cat+ Sl (55
n n

J=1The-1l

where remind that || - || denotes the euclidean norm for d X d matrices (or any other norm
as they are all equivalent in finite dimension). To prove that the second term inside the
expectation in the left hand side of (58) converges in L?(Pg+) as n — oo, we are going to
apply the ergodic convergence Lemma 2.12 where the averages are done on the vertex subset
{uj : |Tx—1| £ j < n}. Note that this lemma is stated for scalar-valued functions, but we can
apply it individually for each of the matrix coefficients to get the equivalent for matrix-valued
functions.
For all u € T \ Ty_1, define the function:

q"u,k,x L YA (k) € yA*(u,k) —
Eox | By teox (0™ Yaqu o) Pu ke x (0% Yaur)' | Yar(uk) = Yas (k) |-

For a vertex u in T \ Ty, let v, € G be the unique vertex that satisfies the shape equality
constraint (8) (on page 3383), then we have the equality between functions:

‘"Pu,k,x = ‘Pvu,k,x- (59)

Moreover, using (48) along with Assumption 8, we get that hu,k,x(e*, YA(u,k)) 18 in L*(Pg+),
and thus the random variable W, i x(Ya*(u,x)) is in L?*(Pg+) for every u € T \ Tg-1.
Hence, applying Lemma 2.12 to the collection of neighborhood-shape-dependent functions
(Wy.k.x)veG, (remind that indexing functions with G or with Ny is equivalent by (9)), and
using (59) and (14) (in Remark 3.1), we get that the second term inside the expectation
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in the left hand side of (58) converges in L?(Pgyx) to Eq; ® Eg+ [hg,k,x(Q*)ha’k’x(Q*)’] as
n — oo, Using Lemma 4.2, we have that limy . Eq; @ Eg= [ha,k,x(g*)ha,k,x (9*)’] = 1(6%).
Combining those facts with (58), we get that lim,, e n~' (M), = T (6*) in L?(Pg+).

Step 4: Lindeberg’s condition holds. We now need to verify that Lindeberg’s con-
dition holds (see (Duflo, 2011, Corollary 2.1.10)), that is, to prove for all € > 0 that
lim,,_, Fy, (gy/n) = 0 in Py«-probability where for all n € N* and A € R,:

1 ¢ . 2
Fn(A) = n ZEQ* [”hu_,»,h(uj),ng* (9*)” ﬂ{llhuj,h(uj),ng*(0*)H2A} | 7jj—1]- (60)

Jj=1

Remind that by Assumption 8 and Lemma 4.2 (remind that p < 1/v2) for the fourth
moment (b = 4), we have:

< 00,

C :=sup sup Eq; ® Eg« [sup ||l'1,4,k,x(0”‘)||4
ueT keN* xeX

Using Cauchy-Schwarz inequality and Markov inequality, we get:

. 4
1 n E@* [Supxe)( Hhuj,h(uj),x(e*)” ]
Box[Fa(A)] < — ; e

C
SE.

Let & > 0. Setting A,, = e+/n for all n € N*, we get that the convergence lim,, o, F,,(ey/n) =0
holds in L' (Pg+), and thus also in Pg«-probability. Hence, we get that Lindeberg’s condition
holds.

Step 5: Applying the central limit theorem for martingales. Hence, we can apply the
central limit theorem for martingales (see (Duflo, 2011, Corollary 2.1.10)), which gives us
that Pg«-a.s. lim,,e n~'M,, = 0 and that the sequence (n‘l/zMn)neN* converges in Pgx-
distribution towards a centered Gaussian distribution N (0, 7 (8*)) whose covariance matrix
is 7(6*). In particular, using (55), we get that Pg«-a.s. lim, e |T5| ' V. x(6*) = 0 and
that:

d
T2 Vot o (6%) X5 N(0,7(6%)) under Pye.

This concludes the proof of the theorem. m|

4.2. Law of large number for the normalized observed information

In this subsection, we prove that for all possibly random sequence (6,),en such that Pgx-
a.s. lim,,_,o, 0,, = 8*, then the normalized observed information —n‘lVét’n, x(0,) converges
Pgyx-a.s. as n — oo to the limiting Fisher information matrix Z (6*) which is defined in (54).

Remind the definition of the log-likelihood ¢, (6) in (7) on page 3382. We start by
decomposing the Hessian of the log-likelihood ¢,, () as a sum of increment indexed by the
tree T. Using elementary computation along with permutations of the integral and the gradient
operator which are valid under Assumption 7 (note that this result is also known as Louis
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missing information principle, see (Cappé, Moulines and Rydén, 2005, Proposition 10.1.6)),
we get forall 6 € O and x € X:

V%;gn,x(e) = Vé IOg(gg(Xa, Y[‘))) +Eg Z SOH(Xp(u)’ Xu, Yu) YT,,: Xﬁ =X

uely,

+Var9 Z‘p(’(xp(u)’xusyu) YT,L,XBZX s

ueTy,

where remind that ¢4 is defined in (46) on page 3401, and ¢ is defined as:

po(x',x,y) = Vg log(ge(x',x)ga(x,y)). (61)

Note that similarly to the case of ¢4, the random variale ¢ (Xp(4), X4, Y,,) is integrable con-
ditionally on Y, (,) and X = x (see the discussion after (46)). Also note that V log g¢(x, Y5)
is Py»-a.s. finite by Assumption 7-(iii).

Forallu e T, k € N* and x € X, we define:

Ay x(0) =Eq Z 00 (Xp(v)s X0 Yo) | Ya(u,k)> Xo = X
veA(u,k)\{p*(u)}

- Eo Z 0o (Xpv)> Xv: Y0) | Ya* (u,k)» Xo = Xa | » (62)
veA* (u,k)\{p*(u)}

and:

[ k,x(0) = Varg Z ®6(Xp(v)> X0, Yo) | Ya(u.k)» Xo = Xo
veA(u,k)\{p*(u)}

~ Varg D 60Xy Xo V) | Yawiy, Xo =xa| . (63)
veA (u,k)\{p* (u)}

where Vary (resp. Covyg) denotes the (possibly conditional) variance (resp. covariance) corre-
sponding to Pq; ® Py. Note that Ay,  x(0) and I',  »(0) are random variables which depend
on Ya(, k) with an implicit dependence on U, and that they do not depend on U if k < h(u).

Then, using telescopic sums involving the quantities defined in (62) and (63), the Hessian
of the log-likelihood ¢, . (6) can be rewritten for all 6 € O and x € X as:

Vzggn,x(g) = V20 IOg(gg(Xa, Y('))) + Z Au,h(u),x(e) + Z Fu,h(u),x(e)- (64)
ueT, ueT,

To prove the convergence of the two sums in the right hand side of (64), and thus the con-
vergence of the normalized observed information —n‘leefn,x (6), we will need the following
L? regularity assumption on the Hessian of the transition kernel g¢ of the HMT.

Assumption 9 (L? Hessian regularity). In addition to Assumption 7, assume that we have:

Eg+ | sup sup [|V5 log go (x, Ya)|I* | < co.
00 x
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Propositions 4.4 and 4.5 below (whose proofs are given in Sections 4.2.1 and 4.2.2, re-
spectively) state that A, (6) and ', x_(6) both have limits Py«-a.s. and in L?(Pg«) when
k — oo. Denote those limits by A, «(6) and I';, (6), respectively. Furthermore, Proposi-
tions 4.4 and 4.5 also state that the two sums in the right hand side of (64) converge to
Eq ® Egx[As.(0)] and Eqs ® Egx ['5.0(6)], respectively, with some uniformity in 6 near
0*.

We start with the proposition for the terms A, x x(6). Note that the condition p < 1/ V2
on the mixing rate p of the HMT process (X, Y) is due to the use of Lemma 4.2 in the proof
of Proposition 4.4. See the discussion in Remark 1.5 for comments on this condition on p.

Proposition 4.4 (Convergence for averages of A, x x(0)). Assume that Assumptions 1-4, 6—7
and 9 hold. Assume that p < 1/N2. Then, for each 6 € O, we have that Ayk.x(0) converges
in L*(Pq; ® Pg+) to some limit A, «(0) (that does not depend on x) as k — co. Moreover, we
have:

1
lim Eg~ | sup
n—eo xeX ||Tnl

D A x(0%) — By @ Egn [Ag.(67)]|| =0. (65)

ueTy,

Furthermore, the function 6 — Eq; ® Eg»[Ap,(0)] is continuous on O, and for all x € X
and 8 € O, we have:

lim lim sup T, ~" Z Aun(yx(0) =By ® Bgs [Ag,o(0)]| =0, Pge-as.

6—=0n= g0/ -0|<6 nels

The following proposition is the equivalent of Proposition 4.4 for the terms I',, x . (6). Note
that the condition p < 1/2 on the mixing rate p of the HMT process (X, Y) is due to the use of
Lemma 4.17 in the proof of Proposition 4.5. See the discussion in Remark 1.5 for comments
on this condition on p.

Proposition 4.5 (Convergence for the averages of I, x (0)). Assume that Assumptions 14
and 6-8 hold. Assume that p < 1/2. Then, for each 6 € O, we have that I, i x(6) converges
in L*(Pq ® Py+) to some limit T, o (6) (that does not depend on x) as k — co. Moreover, we
have:

. 1
lim Eq- | sup |7 > T x(6%) = By @ Bgr [To.0(6%)] || = 0. (66)
n

n—oo
xeX ueT;;

Furthermore, the function 0 — Eq; ® Egx[['9.o(0)] is continuous on O, and for all x € X
and 8 € O, we have:

lim lim sup T~ Z T x(60) =By ® Bgr[Tg.00(0)]| = 0, Pgs-as.

601 grco:)167-0|<6 uels

With Propositions 4.4 and 4.5, we are now ready to prove the following theorem which
states that the normalized observed information —|7},| ™! Véfn, +(65) converges Pg«-a.s. locally
uniformly to the limiting Fisher information 7 (6*) (which is defined in (54)). Note that the
condition p < 1/2 on the mixing rate p of the HMT process (X,Y) is inherited from
Proposition 4.5. See the discussion in Remark 1.5 for comments on this condition on p.
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Theorem 4.6 (Convergence of the normalized observed information). Assume that Assump-
tions 1-4 and 69 hold. Assume that p < 1/2. Assume that ® is compact. Then, for all x € X,
we have:

lim lim  sup ||—|Tn|—1v29€n,x(9) —1(6%)
60120 geo: |9-0*%| <6

=0 Pg*—a.s. (67)

As an immediate corollary, for any possibly random sequence (6,,),cn such that Pg«-a.s.
lim,, 0 0, = 6* and for any x € X, we get that:

Pgx-a.s. lim —|7,,|7'V2£,..(6,) = I(6%).
n—oo

In particular, choosing 6,, = én,x for all n € N (remind that the MLE én,x is defined in (33)
on page 3394), and combining Theorems 3.11 and 4.6, we get that the normalized observed
information —|Tn|‘1V%€n, x(én, ») at the MLE én, x 18 a strongly consistent estimator of the
Fisher information matrix 7 (6*).

Proof. Using (64) and Propositions 4.4 and 4.5, we get that (67) holds with 7 (6*) replaced
by —Eq; ® Eg» [Ag,00(0%) + T5.00(0%)]. Thus, it remains to prove that this latter quantity is
equal to 7 (6%).

Using elementary computation along with permutations of the integral and the gradient
operator which are valid under Assumption 7 (note that this result is also known as Fisher
information matrix identity, see (Rasch and Schott, 2018, p.21) or (Cappé, Moulines and
Rydén, 2005, p.355)), we get forall 6 € O and x € X:

ITal™ B[ Volnx(0)Valux(0) | Xo=x] = ~|T,| " Eg[V5lnx(6) | Xo=x].
Setting # = 6* and taking the expectation over Xy, we get:
ITal ™ Eox [Volnx,(0*)Valnx, (6%)] = =ITal ™ Egx [Vilnx,(6M)]. (68)

Using (64) on page 3410, Propositions 4.4 and 4.5 give us that the right hand side of (68)
converges as n — c0 t0 —Eq; ® Eg» [Ag,00(6%) + 9,00 (0%)].

Remind, using (48) along with Assumption 8, that flu’k’x (6%, YA(u,k)) isin L*(Py+), and thus
the random variable hy, k. (8™, Ya(u.k) )0k x (0%, Yaqu.k))' isin L?(Pg+) forevery u € T\Tk_;.
Thus, using Lemma 4.2 for the first moment (b = 1), there exists a finite constant C > 0 and
a € (0, 1) such that for any k € N* and x € X, we have:

1 . .
EH* m Vafn,Xa(Q*)Vagn,Xa(g*)t_ Z hu,k,x(g*)hu,k,X(g*)t
n ueTpy\Tr_1
k C|Tk—1|

<Ca" + ,
|5l

(69)

where remind that we see flu, k.x(0*) as a column vector. Then, using an ergodic convergence
argument similar to the one used in Step 3 in the proof of Theorem 4.3, we get:

lim — Z hu,k,x(e*)hu,k,x(G*)t = E'LI ® Eg~ [ha,k,x(e*)ha,k,x(e*)t] in Lz(PH*)-
u€Ty\T-1
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Using Lemma 4.2, we have that limg_,o, Eq/ ® Eg» [ha,k,x(é*)ﬁa,k,x(é*)t] = 7(6%). Com-
bining those facts with (69), we get that the left hand side in (68) converges to 7 (6*) as
n — oo,

Hence, we get 7 (6*) = —Eq/ ®@Eg» [Ap,00(6*) +T5,00(6*)], which concludes the proof. O

Using Theorems 3.11, 4.3 and 4.6, we can prove the following theorem which states that the
MLE has asymptotic normal fluctuations with covariance matrix 7 (6*)~! where the Fisher
information matrix 7 (6*) is defined in (54) on page 3405. Recall that the contrast function ¢
is defined in (26) on page 3390, that the MLE 6, , is defined in (33) on page 3394, and that
the mixing rate p of the HMT process (X, Y) is defined after Assumption 3 on page 3380.

Note that the condition p < 1/2 on the mixing rate p of the HMT process (X,Y) is
inherited from Theorem 4.6, and thus from Proposition 4.5. See the discussion in Remark 1.5
for comments on this condition on p.

Theorem 4.7 (Asymptotic normality of the MLE). Assume that Assumptions 1-9 hold.
Assume that p < 1/2. Further assume that the contrast function € has a unique maximum
(which is then located at 6* € © by Proposition 3.10) and that © is compact, 0* is an interior
point of ©, and the limiting Fisher information matrix I (0*) (which is defined in (54)) is
non-singular. Then, for all x € X, we have:

N d
T2 (0r — 0%) D N(O,T(6%)")  under P,

where N (0, M) denotes the centered Gaussian distribution with covariance matrix M.

Proof. The proof is a standard argument and is similar to the proof of (Bickel, Ritov and
Rydén, 1998, Theorem 1). Remind that the gradient of ¢, , vanishes at the MLE én, x by
definition. Thus, using a Taylor expansion for V¢, . around 6*, we get:

1
0=Volnx(0nx) =Vl (%) + ( / V2lnx (0% +1(0nx — 6%)dt] (6, — %),
0

where we see én,x and 6* as column vectors. As 7 (6*) is non-singular (indeed definite
positive), remark that Theorems 3.11 and 4.6 insure that Py«-a.s. for n large enough the
integrand in the integral of the above formula is non-singular (indeed definite positive) for all
values of ¢, and thus the matrix-valued integral is non-singular. Thus, from the above equation,
we obtain Py«-a.s. for n large enough:

1 -1
T (6. — 6%) = (—lTnl‘1 / V2l (0 +1(0,x —6%)dt]  |T,|7 2V L, (6%).
0

As by Theorem 3.11, we have that Pyx-a.s. lim,_, HAn, x = 0*, using Theorem 4.6, we get
that the first factor in the right hand side Pgy«-a.s. converges to 7 (6*) as n — co. Using
Theorem 4.3, we get that the second factor in the right hand side converges Pg«-weakly as
n — oo to the Gaussian random distribution N(0, 7 (6*)). Hence, using Cramér-Slutsky’s
theorem, we get that |T,,|'/ z(én,x — 6*) converges Pg«-weakly as n — oo to the Gaussian
random distribution NV (0, 7 (8*)~!). This concludes the proof. |
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4.2.1. Proof of Proposition 4.4

We are going to prove a version of Proposition 4.4 where the functions ¢¢ used in (62) to define
Ay k.x(0) are replaced by scalar-valued functions, still denoted by ¢4, under more general
assumptions. The extension to matrix-valued functions is then straightforward by applying the
result coordinate-wise.

Let ®g be a compact subset of @, Let @ be a closed ball in ®, and let ¢ : @y x X ’xY - R
be a Borel function such that forall x’,x e X andy € Y, 0 — ¢(0,x",x,y) = ¢g(x’,x,y) is
a continuous function on ®, and such that:

Eg~ | sup sup |pg(x,x",Ys)|*| < co.
0€®g x,x’eX

Let Ay x.x(6) be defined as in (62) on page 3410 and note that it is in L?(Pq; ® Pg+).

The proof of Proposition 4.4 is decomposed into several lemmas.

We start with the following lemma, stating a uniform L?(P¢; ® Pg«) approximation bound
on the quantities A, k x(6), and the existence of a limit function A, «(6) which does not
depend on x. This lemma is an immediate consequence of Lemma 4.2 (remind that p < 1/V2
under the assumptions of Proposition 4.4) for the second moment (b = 2) with g = @y, see
also the discussion after Lemma 4.2 for the existence of the limit function.

Lemma 4.8. Under the assumptions of Proposition 4.4, there exist finite constants C < oo
and a € (0, 1) such that for all u € T there exists some function A, «(6) in L*(Pqyy ® Pg«)
such that for all k € N*, we have:

12

Eqy @ Eg= < Ccak.

0€Bg x,eX

sup sup |Ay k. x(6) —Au,w(9)|2]

In particular, for allu € T, 6 € ®g and x € X, the sequence (A, k. x(6))ren+ converges in
L?(Pq ® Pgx) to Ay (#) which does not depend on x.

The following lemma gives an exponential bound on the L?(Pgx) norm uniformly inx € X
for the the average of the quantities Ay, j () x(6*) over u € T,,.

Lemma 4.9. Under the assumptions of Proposition 4.4, for all x € X and 0 € ©, there exist
finite constants C < oo and a € (0, 1) such that for all n € N* we have:

21172
1

Bow [SUp | == " Aunu).x(0) = By @ Bor[Ag o(6)] < Ca".
xeX |Tn|

ueTy,

Proof. Letx’ € X and 6 € . Using Minkowski’s inequality and Jensen’s inequality, for all
n, k € N*, we get:

,71/2

1
Boe |SUp | oo ) Aunt.2(60) = B @ B [Aae(0)]
n

xeX ueT;;
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2 1/2
1
SEg* sup |T| Z Au,h(u),x(e)
x,x'eX n uel}_,
,71/2
1
+E9* sup | Z Au,h(u),x(e)_Au,k,x'(e)
vex |l A (70)
) 711/2
1
B [ 5 S Ak (®) - Ea B [Ags e (6)]
17| ueT,\T;
n\lk-1

) 1/2
+Eq ® Bor [[Ag ko (0) — Aoo(@)F]'.

Using Lemma 4.8 together with (49) on page 3403 (which, remind, are both immediate
consequences of Lemma 4.2), there exists a finite constant C < oo and 8 € (0, 1) such
that the first term in the right hand side of (70) is upper bounded by C2~("=%) (note that
lnglll < 27("=k)) "and the second and fourth terms in the right hand side of (70) are both
upper bounded by C~/2.

We now give an upper bound for the second term in the right hand side of (70). For a vertex
uinT \ Tx_1, let v, € G be the unique vertex that satisfies the shape equality constraint (8)

(on page 3383), then we have:

Au,k,x’(g; YA(u,k) = yA(u,k)) = Avu,k,x’(e; YA(vu) = yA(u,k))- (71)

Moreover, using the definition of A, x () in (62) together with the assumption on ¢g in
Proposition 4.4, we get that the random variable A, k' (65 YA (u,k) = Ya(u,k)) 18in L?(Pg+) for
every u € T\ Ty_;. Thus, we can apply Lemma 2.11 (see in particular (11)) to the collection of
neighborhood-shape-dependent functions (A, x,x'(6; YA(y) = *))veg, (remind that indexing
functions with G or with N is equivalent by (9)). Using (11) in Lemma 2.11 together with
(28) and (14) in Remark 3.1, we get that there exist y € (0, 1) and a finite constant C’ < oo
(note that they both do not depend on k and n) such that for all n, k € N* with n > k, the
second term in the right hand side of (70) is upper bounded by C’y" k.

Hence, taking k& = [n/2], we get that the left hand side of (70) is upper bounded by
2CB™* + C’a™? + €27/2*1  and thus decays at exponential rate as desired. This concludes
the proof. O

Lemma 4.9 implies as a corollary the convergence Pg+-a.s. and in L?(Pg+) uniformly in
x € X for the the sum of the quantities A, (,),«(0*) overu € T;,.

Corollary 4.10. Under the assumptions of Proposition 4.4, for all x € X and 6 € ©g, we
have:

1
lim sup |— Z Auh(u),x(0) —Eq ® Egw [Aa,m(ﬂ)] =0 Pgs-a.s. and in L*(Pyx).
no S 1Tl £t
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Proof. The convergence in L?(Pg+) follows immediately from Lemma 4.9. Moreover, using
again Lemma 4.9, we have:
2

1
> Egx |sup T D" Aueo(0) — Bqy @ Egr [Ao.oo(0)]] | < .
n

neN* xeX uely,

Hence, Borel-Cantelli lemma and Markov’s inequality imply that the convergence in the
lemma also holds Pgx-a.s. m|

The following lemma gives some continuity properties of the function 6 — Ay x x(6).

Lemma 4.11. Under the assumptions of Proposition 4.4, for allx € X and k € N, the random
Sunction 0 +— Ap i «(0) is Pqyy ® Pgx-a.s. continuous on ®y. Moreover, for all 0 € O, we
have:

lim Eq; ® Eg+ sup |Ao.kx(8') = Aoi.x (0)]*] = 0.
60 0€0p:]|6'-0]<5
Proof. We mimic the proof of (Douc, Moulines and Rydén, 2004, Lemma 14).

For all v € T, define the random variable:

l¢"llc = sup sup |pg(x",x,Yy)l.
0'€@) x,x'eX

Remind that under the assumptions of Proposition 4.4, the HMT process (X, Y) is stationary
and the random variable ||¢?]|o is in L?(Pg«). Thus, for all v € T*, the random variable
|©" l|eo is in L?(Pg=). Remind from (12) on page 3386 that A(d, k) is a random subtree of the
deterministic subtree 7% (p* (), k). Then, note that we have:

sup Aok (@ <2 > eVl
9<% veT™ (pk(9),k)

where the upper bound is a random variable in L?(Pgy«) (and thus in L?(P¢; ® Pg+)) which
depends only on Y7 (k) 1) but not on U. Hence, to prove the lemma, it suffices to prove

that for all v € T (pX(u), k) \ {p*(9)} we have:

lim sup Eo [0 (Xpwys Xvs Vo) | Ya(a.k)» Xpk 9y = X]
60 grc@y:]| 6’ - 0| <6

—Eolpo(Xpv)» Xv, Yo) [ Ya(a.6)» Xpk ) = x1| =0, Py ® Pox-as.
Denote x5, = x and A°(9, k) = A(d, k) \ {p*(d)}, and write:

Eolpo(Xpv)s Xvs Yo) [ Ya(a.k)s Xpr (o) = *]
_ fXA0<a,k) ‘PH(xp(v)axv» Y)) HweA"(a,k) qe(xp<w),xw)gg(xw, Y, )A(dx,,)
Jresown Thweaa,6) 90 (Kp(w)» Xw)ga (i i) A(dx,y)

(72)

Using Assumptions 2—4 (which are part of the assumptions in Proposition 4.4), we know that
the integrand in the numerator of the right hand side of (72) is continuous w.r.t.  and is
upper bounded by the random variable ||¢” [|eo (- b*)I 7™ ®* @-0I=1 (remind that o+ > 1 and
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b* > 1). And similarly, the denominator is continuous w.r.t. 8, and, using Assumption 3-(ii),
is lower bounded by the random variable:

[1 o ot [ eoturi@) >0
’e
weA(8,k)\{p* ()}

Hence, using dominated convergence, we conclude that P¢; ® Py«-a.s. the left hand side of
(72) is continuous w.r.t. 6. This concludes the proof. ]

As a corollary of Lemma 4.11, we get that the function 8 — Ay «(6) is continuous in
L% (Pg»).
Corollary 4.12. Under the assumptions of Proposition 4.4, for all 6 € ®y, we have:

sup |A9,00(8") = Ao ()]*] = 0.

0'€@y:]|0-0]<6

6—0 u 0

In particular, the function 0 — Eq; ® Egx[Ap,«(0)] is continuous on 0.

Proof. Using Minkowski’s inequality and Lemma 4.8, there exist a finite constant C < oo and
B € (0, 1) such that for all x € X and k € N*, we have:

1/2
Eq ® Egx sup |Ag,00(8") = Aa,ww)d

0'€@y:]|0" 0] <8

1/2
< 2CB% + Eqy @ B sup |Aa,k,x(9'>—Aa,k,x(9>|2] . (73)

0'€00:||0" 0] <5

Using Lemma 4.11, we get:

1/2
lim sup Eq; ® Egx sup Ao (0) — Mg (O)?| < 20BF2,
d—0 0'€0:]|0"-0]|<6
and taking k — oo, the upper bound vanishes. This concludes the proof. m|

We now prove a locally uniform law of large numbers for the quantities A, i x(6).

Lemma 4.13. Under the assumptions of Proposition 4.4, for all x € X, we have:

. 1 ,
lim lim sup — Z Auhuy,x(0") —Eqy ® Eg« [Ap,0(0)]| =0, Pgx-a.s.
6—0n=% grcq - o7-0) <5 || Tnl S
Proof. First, write:
1 ,
Sup = > Ay x(0) = By @ Bgr[Ag oo (6)]
0'c0y: [|0-0l < || Tnl e
1 ,
< sup |Au,h(u),x(0 ) - Au,h(u),x(g)|

|| T 0€00: 110"~ 0] <5
(74)
+

1
77 2 Mt .+(0) = By 0 Bor [Aa.s (0)]).
" oyer;
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Then, we use the exact same argument as in the proofs of Lemma 4.9 and Corollary 4.10
where for all u € T*, the random variable A,, (), x () is replaced by the random variable:

sup |Au,h(u),x(9,) - Au,h(u),x(g)
0'€@p:|0"-0|<6

b

which are in L?(Pg«) using the assumptions of Proposition 4.4. This gives us that the first
term in the upper bound of (74) converges Py+-a.s. as n — oo to:

Eqy ® Eg» sup |A8,00(8") = Ao, (O)]] s
0|0 -6|<s
which, by Corollary 4.12, vanishes when ¢ — 0. Corollary 4.10 implies that the second term
in the upper bound of (74) vanishes Pyx-a.s. when n — oo. This concludes the proof. |

Combining the previous lemmas in this subsection, we are now ready to prove Proposi-
tion 4.4.

Proof of Proposition 4.4. Applying Lemma 4.8, for all u € T, we get that the sequence
(Au.k.x(8))ken- is a Cauchy sequence uniformly w.r.t. § € @ in L?(Pq; ® Py«) that converges
to some limit A, « (#) (that does not depend on x). By Corollary 4.10, we have that Py«-a.s. the
convergence for the the average of the quantities A, j,(,),x(6*) over u € T,; holds uniformly
in x € X, that is, (65) in Proposition 4.4 holds. By Corollary 4.12, we have that the function
0 — Eq @ Eg+[Ap,(0)] is continuous on By. Finally, the last part of the proposition is given
by Lemma 4.13. m|

4.2.2. Proof of Proposition 4.5

Similarly to what we have done for Proposition 4.4, we are going to prove a version of
Proposition 4.5 where the functions ¢4 used in (63) to define I', x »(6) are replaced by
scalar-valued functions, still denoted by ¢4, under more general assumptions. The extension
to matrix-valued functions is then straightforward by applying the result coordinate-wise.

Let ®g be a compact subset of ®, Let @) be a closed ball in ©, and let ¢ : @y x X*xY — R
be a Borel function such that forall x’,x e X andy € Y, 0 — ¢(0,x",x,y) = pg(x’,x,y) is
a continuous function on ®, and such that:

Eg+ | sup sup |¢0(X,XI,Y6)|4 < .
0€®g x,x'eX

Let T, x . () be defined as in (63) on page 3410 and note that it is in L?(Pq; ® Pgx).

The proof of Proposition 4.4 can be straightforwardly adapted to Proposition 4.5 except
for Lemma 4.8. Thus, for brevity, we only present the adaptation of Lemma 4.8 to the terms
[y k.x(0). (The details of the adaptation for the rest of the proof of Proposition 4.4 to the
terms I, x (@) can be found in Appendix D.)

We start with two lemmas giving coupling bounds that will be used to control the covariance
terms that appear in the definition of the terms I', x «(6). The following lemma is a variant
of Lemma 3.2 for two vertices of 7.
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Lemma 4.14 (Forward coupling bound for two vertices). Assume that Assumptions 2 and 3
hold. Then, for allu,v € T, all y1, € Y 7l (and n € N) and all initials distributions v and
v on X, we have:

< 2pmin(h(u),h(v))'
TV

For simplicity, Lemma 4.14 is stated with J as the initial vertex, but note that the results
still holds when replacing 0 and T, by v and T'(v, n) for any v € T*. We shall reuse this fact
later.

[ 2ol €0 €| ¥, =y, X0 = x)Iv(an) - v'(@0)
X

Proof. We are going to construct a coupling that achieves this minimum. We denote by
((X;,,Y}),w € T) the process started from the distribution v’ (and similarly without the *).
Remark that we only need to define the (joint) coupling for the variables X,, and X/, for w on
the paths between the vertices 9, u and v.

Lemma 3.2 applied to the vertex u A v gives us a coupling for the variables X,, and X/, for
w on the path between 0 and u A v with successful coupling probability upper bounded by
1 — p"( ) On this successful coupling event before or on u A v, the two processes are still
defined to be equal after the fork on both branches leading to u and v.

On the complementary event (no successful coupling before or on u A v), we get two
new distributions v,, and v;,,, for the variables X, ., and X} ,,, respectively. Note that
conditioned on the value of X, ,,, the two branches leading to # and v are independent. Thus,
applying Lemma 3.2 to u (resp. v) with the initial distributions v,, and v},,,, we construct
a coupling of the processes X and X’ on the branch from u A v to u (resp. v) with successful
coupling probability upper bounded by 1 — p" (W) =AuAV) (regp | — ph(v)=h(uAv)y

Hence, the probability that we do not get a successful coupling on at least one of the two vari-
ables X, and X,, is upper bounded by p/(#\V) (ph(w)=huAv) 4 ph(v)=h(unv)y < 2 pmin(h(u),h(v))

This concludes the proof. O

The following lemma is a variant of Lemma 4.1 giving a “backward in time” coupling
bound for two vertices of T

Lemma 4.15 (Backward coupling bound for two vertices). Assume that Assumptions 2-3
hold. Letk e N*, x € X and u € T, and let v,w € T (p*(u), k) \ {u}. Then, we have:

||P0(XV E '7XW G : | YA(Lt,k>’Xp]‘(M) :x)

-Po(X, €, X, € '|YA*(u,k),ka(u) :x)”TV < mein(d(u,v),d(u,w))—l.

Proof. The idea of the proof is similar to that of Lemma 4.14. We explicitly construct a
coupling with coupling failure probability upper bounded by 2 p™in(d(w.v).dw.w))=1 Denote
by wq the vertex on the path between v and w that is the closest to u, and note that we have
wo € T®(p*(u), k) \ {u}. Note that wq is on the path from p(u) to v, and thus d(p(u), v) =
d(p(u), wp) +d(wy, v), and similarly when replacing v by w. On the path from p(u) to wg, we
use the coupling provided by the “backward in time” coupling bound from Lemma 4.1 with
successful probability 1 — p¢(P)-w0) On the path from wyq to v and the other path from wy to
w, which are independent using the Markov property, we use two independent couplings that
are constructed using a similar coupling argument as in Lemma 4.1 with p(u) replaced by
wo. Those independent couplings have successful probabilities 1 — p?*o-¥) and 1 — pd(wo-w)
respectively. Note that the coupling we have constructed has a coupling failure probability
upper bounded by 2 p™min(d(w.v),d(u,w))=1 O
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For brevity, for all u € T we will denote ¢g,, = ¢9(Xpu), Xu-Yu) and [|@ullcc =
SUPge@, SUPx xex [P0 (X", x,Y,)|. The following lemma gives several upper bounds on the
covariance terms that appear in the definition of the terms I', x (6). Remind from (12) on
page 3386 that A(d, k) is a random subtree of the deterministic subtree 7% (p¥ (), k).

Note that this lemma is stated under the assumptions of Proposition 4.5, but here we do not
need the assumption that p < 1/2 for the mixing rate p of the HMT process (X,Y).

Lemma 4.16. Under the assumptions of Proposition 4.5 (without the need for the assumption
that p < 1/2), for all x,x’ € X, 8 € ©y, k' > k > 0and u € T, and for all v,w €
T (pk(u), k) \ {p*(u)}, we have:

ICoval Po.vs o | Yawk) Xk =211 < 210y lsolldlleo p)72, (75)

and,

|Coval do.vs @o.w | Yauk)> Xpk ) =Xx] = Covel ¢o.v. do.w |YA(u,k'),kaf(u) =x"]|
< 8 [y lloo [ pue [low p™ (AP G- AGECO.WN =2 (76

Moreover, if v,w € A*(u, k), then we have:

|Covg | bo,v, Po.w | YA(u,k)’ ka (u) = x] — Covg[ bo,v, Po.w | YA*(u,k)7 ka(u) = x]|
< 8 [y lloo I pue [l oo p™ (Ao ACwN=2 - (77)
Proof. We start by proving (75), that is, the first inequality in the lemma. Let A1, A, By, By
be measurable subsets of X, and we write A = A} X A, and B = B; X B». If one of the two

vertices v and w is an ancestor of the other, say w is an ancestor of v (which implies that w is
also an ancestor of p(v)), then using the Markov property of the HMT process (X,Y), we get:

[Po(X(pw).vh € A1Yawok)» Xpk () = Do (Xip(wy.iwy € B Ya(uk) Xpk(u) = X)
~Po(X(p(v).v) € A X(pow)w) € BIYaquk)» Xpk () = %))
=Po(Xipow).w} € Bl Yaw.k)> Xpk () = X)
% ’,/Xz L (piry ) €A} Po(Xy € dxy | Yaqu.k)» Xp(v) = *p(v))
X [Po(Xp(v) € dxp(v) | Yaqu,k)s Xw € B2, Xpk () = X)
~Po(Xp(v) € dxp(v) | Yauk)s Xpk (uy = )]

< pd )W)

— pd(v,w)—l ,

where the inequality follows using the same argument as in the proof of the “backward in time”

coupling Lemma 4.1 (with the role of p(u) replaced by w and using the initial distributions

P((Xp(w)> Xw) € | Ya(u.k)> Xw € B2, Xpk () = x) with B’ = B and X respectively).
Otherwise, we have that both p(v) and p(w) are on the path between v and w, and similarly

to the first case, we get:

Po(Xipv)v) € A1YAqk)» Xk (1) = )P0 (Xipiw)w) € Bl Ya@uk)» Xpk ) = X)
“Po(Xipm)vy € A Xpow).wy € BIYauk)s Xpk(u) = x)|
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=Po(X(p(w),w} € BIYaqu,k)» Xpk(u) = X)
X |/X2 L () oxv)ea) Po (X € doy | Yaqu,k)» Xp(v) = Xp(v))
X [Po(Xp(v) € dxpv) | Ya(uk)s Xp(w) € Biy Xpk ) = X)

~Po(Xp(v) € dpv) [ Yau.k)» Xpt () = X)]
< pd(p(V),p(W))
:pd(v,w)—Z'

Thus, in both case, we get:

Po(Xipm)v) € AlYAqk)» Xk (1) = )P0 (Xipowyw) € Bl Yawk)» Xpk ) = X)

—Po(X(p(v)v} € A Xipow)ow) € B1Yaquk)s Xk (u) = X)|
< pd(v,w)—Z.
This gives that (75) holds. (Note that the functions ¢¢,,, and ¢g ,, can take positive, null or
negative values.)
For (76), that is, the second inequality in the lemma, use the decomposition:

ICovol ¢o.vs 0w | Ya(uk)» Xpk(uy =%] = Coval do.vs dow | Yaqukry» Xpr () =¥'11
< |Eol ¢o,v Po.w | Yaw.k)s Xpkuy = X1 —Eal do.v bo,w | Yaqukrys Xprr 0y = ¥’
+1Eol do,v | Yaw.k)s Xpk ) = X1 —Eol 0.0 [ Yaquirys Xprr 0y =¥’
X |Eol o.w | Yau.k)> Xpku) = x|
+1Eol do,w | Yaqu.k)s Xk ) =] = Eal o.w | Ya.rr)> Xpr () = X1
X |Eol ¢o,v | Yaquk)s Xpe () = X'11,

and then use the joint coupling Lemma 4.14 with v/ = p(v) and w’ = p(w) for the first term
in the upper bound, and use the coupling Lemma 3.2 for the other two terms with p(v) and
p(w), respectively.

For (77), that is, the third inequality in the lemma, use a similar decomposition as for (76),
and then use the “backward in time” coupling for two vertices from Lemma 4.15 for the first
term in the upper bound, and use the “backward in time” coupling Lemma 4.1 for the other
two terms. This gives an upper bound of 8 ||@||co||@w ||co 0™ With m = min{d(p(u), wo) :
wo € {p(v),v,p(w),w}}. Noting m < min(d(u,v),d(u,w)) — 2, we get that (77) holds. This
concludes the proof of the lemma. |

We are now ready to prove the following lemma which is the adaptation of Lemma 4.8 to
the terms I',, & (), and which gives us a uniform L?(Pg«) approximation bound.

Note that the condition p < 1/2 on the mixing rate p of the HMT process (X, Y) is due
to the coupling bounds from Lemma 4.16 and the grouping of terms used in the proof of
Lemma 4.17 (the upper bounds at the end of the proof only add a constant multiplicative
factor). See the discussion in Remark 1.5.
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Lemma 4.17. Under the assumptions of Proposition 4.5, there exists a positive constant
C < oo such that forallu € T and 0 < k < k', we have:

12
Eq ® Eg= [ sup sup |, x x(6) — Fu,k’,x’(9)|2]
0e€0g x,x’€X

12

sup sup log(x,x’ . Yo)[*| k2 (20)F.

0e€By x,x’'€X

< CEg~

Proof. Let u, k and k’ be as in the lemma. Similarly to the proof of Lemma 4.2, we use
the bounds from Lemma 4.16 and Minkowski’s inequality to bound the left hand side of the
inequality in the lemma. For a finite subset I ¢ T, we write S; = ), c; ¢¢.v (the dependence
on 6 is implicit). Similarly to the proof of (Douc, Moulines and Rydén, 2004, Lemma 17),
the difference I', x x(6) — I'y k.x () may be rewritten as A + 2B+ C + D + 2E + 2F, where
all those terms are random variables which depend on Yy, ) and implicitly on U, and are
define as:

A =Varg[Sar (u,k) | Yaqu,k)> Xpk uy = X1 = Vare [Sax u,k) | Ya* (u,k)s Xpk ) = *]
= Varg [Sar (u,k) [ Yau,rr)s Xpr 4y = X']
+ Varg [Sar (u,) | Yar k) Xpr () = %1,
B =Covg[Sa*u.k)> o,ul Ya(u.k)> Xk () = X]
— Covo[Saru,k)s Po.u | Yaquk)s Xpi 1) = *'15
C =Varg[do,u | Yaquk)> Xpr ) = X1 = Varo[do,u | Yau,xr), Xpr () = X1,
D = Varg [Sa+ (i )\A* (k) | YAGu k) s X' (1) = X']
= Varg [Sar (u,k )\A* (u,k) | Ya" (k) > Xprr (uy = X1
E = Covo [Sa(u,k)\A" (u,k)» SA* (k) | Yaqu,k)> Xppr (1) = X']
— Covo [Sa* (u kA (1,)> SA" (k) | YA (k7> Xpwr () = X1,
F = CovolSar(u,k)\A* (u,k)s @0, | YAy Xpkr (1) = X'
— Covg [Sar (ukr)\A* (ks PO | Yar (u.krys Xpr () = X1
Using Minkowski’s inequality, we will upper bound each of those six terms separately. First
remark using Cauchy-Schwarz inequality, the stationarity of the process ((X,,Y,),u € T*)
and the assumptions in the proposition, that we have Eg«[||¢y |12 |#w [|1%] < Eg« [llgall%,] < oo
forall v,w € T®.

Remind from (12) on page 3386 that A(u, k) is a random subtree of the deterministic
subtree 7 (p* (u), k).

Upper bound for A: Applying the three inequalities in Lemma 4.16 and Minkowski’s
inequality, we get that Eg« [|A|?]'/? is upper bounded (up to the factor Eg+[||¢sll%]) by:

2 Z (2 % Spmin(d(v,u),d(w,u))—Z % Spmin(d(v,pk(u)),d(w,pk(u)))—2
v, weT> (pk (u),k)

A4 x 2p40m)72)
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< = Z (pmin(d(v,u),d(w,u)) /\pmin(d(v,pk(u)),d(w,pk(u))) Apd(v,w))‘ (78)

v,weT® (pk(u),k)

Note that the value of this sum does not depend on the choice of u € T.

For all j € N, denote u; = p/(u). We will divide the sum in the upper bound of (78)
according to four cases: v, w € T (uy, k)\T* (u|x/3), Lk/3]),orv,w € T (u|21/3), | 2k/3]),
orv € T (ug, k) \ T (u2x/3), [2k/3]) and w € T* (u| 3], L k/3]) or similarly exchanging
the roles of v and w. Note that those conditions are non-exclusive and we will count some
vertices several times, but this is not a problem.

Leti, j € Nbesuchthatu Av = u; andu Aw = uj,andleta, b € Nbesuchthata = d(u;,v)
and b = d(uj,w). Note that for v, w in the first case, either min(d(v,u),d(w,u)) or d(v,w)
is large, and thus using elementary computation we upper bound the sum for v, w in the first
case by:

k k i
Z Z pa+b (pmin(i+a,j+b) A pa+b+|j—i|)
i=|k/3] j=Lk/3] a=0 b=0
IDNNY
<2 2a+b (pi+min(a,b) /\p“+b)
i=|k/3] j=i a=0 b=0
< BU=P) 4otk
~ (1-2p)?
Note that for v, w in the second case, either min(d (v, p*(u)), d(w, pX(u)) or d(v, w) is large,
and thus using elementary computation we upper bound the sum for v, w in the second case
by:
[2k/3]12k/3) & J
Z Zzaw (pmin(k—i+a,k—j+b) /\pa+b+|j—i|) < 8(1-p) k (2p)|_k/3j+1_

5,03
i20 =0 a=0b=0 (1-2p)

Note that for v, w in the third or fourth case, either min(d(v, p*(«)), d(w, p*(u)) or d(v,w)
is large, and thus we upper bound the sum for v, w in the third and fourth case by:
Lk/3]  k i

) Z Z Ziza+bpa+b+|j—i| < 2 K2 pk/S—l‘

i=0 j=|2k/3] a=0 b=0 1-2p

Putting those three upper bounds together, we get that Eg« [|A|?]'/?
expression as in the lemma.

is upper bounded by an

Upper bound for B: Using the first and second equations in Lemma 4.16 and Minkowski’s
inequality, we get that Eg«[|B|?]'/? is upper bounded (up to the factor Eg«[||¢sl/%]) by:

8 ) (o1 A pOR ) <k (max(p, 207)
veA* (u,k)

where we used the same computation as in the proof of Lemma 4.2 and C < oo is some finite
constant (which depends only on p).
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Upper bound for C: Using the second equation in Lemma 4.16, we get that Eg« [|C|?]'/? <
k-2 2
80" “Egx[llgolls]-

Upper bound for D: Using the first and third equation in Lemma 4.16, Minkowski’s
inequality and elementary computation, we get that Eg« [|D|?]'/? is upper bounded (up to the
factor Eg+ [ll¢all%]) by:

(2 % 2pd(v,w)—2 A Spmin(d(v,u),d(w,u))—Z) < k (2p)k

2(1 —2p)4

Vo WeT™ (upr KNT® (g k) p*(1-2p)

Upper bound for E: Using the first and third equation in Lemma 4.16, Minkowski’s

inequality and elementary computation, we get that Eg«[|E|?]'/? is upper bounded (up to the
factor Eg« [[|45ll%]) by:

(2 % 2pd(v,w)—2 A 8pmin(d(v,u),d(w,u))—2)
veT® (uyr k" )\T® (ug k) weT™ (ug,k)
64
S 2
p*(1=p)(1-2p)
Upper bound for F: Using the first equation in Lemma 4.16 together with Minkowski’s
inequality, we get that Eg«[|F|?]/? i

k2 (zp)l_k/ZJ ]

is upper bounded (up to the factor Eg«[||¢5]|%]) by:

d(v,u)-2 < 4 pk_l .
T 1-2p1-p

2%2 > 0
veT® (upr k" )\T® (ug k)

Hence, as the LZ(PH*) norm for the six terms A, B, C, D, E and F are all upper bounded by
expressions as in the lemma, we get that the upper bound in the lemma holds. This concludes
the proof. |

As annonce at the beginning of this subsection, the rest of the proof of Proposition 4.5
closely follows the lines of the proof of Proposition 4.4.

5. Extension to the non-stationary case

In Sections 3 and 4, the stationarity assumption of the process (Y, : u € T) played a crucial
role. In this section, we extend the strong consistency and the asymptotic normality of the
MLE for the HMT to the case where this process is not stationary.

Hence, we assume that the HMT process (X’,Y’) = ((X,,Y,) : u € T) has the same
transition kernel Qg and G g« that are parametrized by some 6* € © as before, and the
hidden variable X} of the root vertex d has distribution {. This initial distribution { is
unknown to us, may depend on 6*, and in general is different from the invariant distribution
7. As before, we will denote by (X,Y) = ((X,,,Y,) : u € T) astationary process distributed
according to the same parameter 8*. Note that, in this section, we will use the convention that
objects with an added ’ symbol are related to the non-stationary process (X’,Y’), while those
without the ” symbol are their counterpart for the stationary process (X, Y). Also note that due
to the non-stationarity assumption, in this section, we will only consider the HMT process on
the original tree T = T'(9).
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For the non-stationary process (X', Y’), similarly to the stationary case in (7) on page 3382,
define its log-likelihood for all n» € N and x € X as:

by 1 (0) =0 x(0; Y7 ), (79)

where ¢, (6;-) is defined in (6) on page 3382. Moreover, when Assumptions 1-4 and 6 hold
and O is compact, similarly to the stationary case in (33) on page 3394, we define the MLE
é;l’ . for the non-stationary process as:

0,,.c=0, (Y}) € argmaxgcg £, (0). (80)

Denote by Py« ; the probability distribution of the non-stationary HMT process (X’,Y”), and
by Eg= , the corresponding expectation.
We can now prove the strong consistency of the MLE for a non-stationary HMT process.

Theorem 5.1 (Strong consistency of the MLE, non-stationary case). Assume that Assump-
tions 2—6 hold. the contrast function € has a unique maximum (which is then located at 9* € ©
by Proposition 3.10) and © is compact. Then, the MLE is strongly consistent, that is, for all
initial distributions { and all x € X, the MLE QA;L, x converges Pox -a.s. as n — oo to the true
parameter 0* € 0.

Proof. We start by proving that for any n € N*, the distribution of the non-stationary HMT
process (X’,Y’) on T* is absolutely continuous w.r.t. the distribution of the stationary HMT
process (X, Y) on T*, that is:

Pox o (Xp. € V1. € ) < Pox p, (Xpe € Y7o € 1) = Pgu(X7+ € -, Y7 € 1), (81)
Remind that Assumption 3-(i) implies that mg«+ < A with density dgj* taking value in

[c~,0™"]. Denote by u; and u, the two children vertices of 9. Using Assumption 3, for any
non-negative measurable function f from X? to R,, we get:

/X2 S (Xuy s Xuy) Pox ¢ (X, € dxyy, X)) € dxyy)

= A* f(xupxuz) qo* (Xa, xul)qe* (xa,xuz) /l(dxul)/l(dxuz)é"(dx6)
+\2
< (O-__) / f(xupxuz) ﬂg*(dxul)ﬂ'g* (dxuz)
g X2

2
O.+
= (F) ‘//\)zf(xul,xuz)Pg*(Xu, € dxy,, Xy, € dxy,).

In particular, for any measurable subset A of X”" x YT, we can choose f to be define as:

f(xul’xuz) = Eg*’é‘ []]‘A(X}*’ YZI"*) | letl = Xuy» Xl/dz = xuz]
=Eox [La(Xp+, Y1) | Xuty = Xy Xuiy = X, ]

Hence, we get that (81) holds.

Using (81), we get that Proposition 3.7 also holds Py« ;-a.s. with ¢, (6) replaced by
£}, (0), thatis, in the non-stationary case. Thus, the proof of Theorem 3.11 can be immediately
adapted to the non-stationary case (note that Propositions 3.6 and 3.10 state properties of the
contrast function ¢, which is the same in the stationary and non-stationary cases). This
concludes the proof of the Theorem. m|
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Using a similar argument as for Theorem 5.1, we get, in the non-stationary case, that the
normalized observed information —|Tn|‘1V%)€;l’ «(0,) converges Py« ,-a.s. locally uniformly
to the limiting Fisher information 7 (6*) (which is defined in (54)). Note that the condition
p < 1/2 on the mixing rate p of the HMT process (X, Y) is inherited from Theorem 4.6 in
the stationary case. See the discussion in Remark 1.5 for comments on this condition on p.

Theorem 5.2 (Convergence of the normalized observed information, non-stationary case).
Assume that Assumptions 2—4 and 6-9 hold. Assume that p < 1/2. Assume that © is compact.
Then, for all initial distributions { and all x € X, we have:

lim lim sup

=0 ]P’g*,(—a.s.
60120 g |9-0*| <6

T V5 6L (6) - 1(6%)

In particular, combining Theorems 5.1 and 5.2, we get that the normalized observed
information —|Tn|‘1V%)€n, x(é,,, x) at the MLE én, x 18 a strongly consistent estimator of the
Fisher information matrix 7 (6*).

Before proving the asymptotic normality of the MLE in the non-stationary case, we start
with the following lemma which present a coupling construction for the two processes (X,Y)
and (X', Y’).

Lemma 5.3 (Coupling construction of two HMTSs). Assume that Assumptions 2 and 3 hold.
Further assume that o~ > 1/2. Then, it is possible to construct the two processes (X,Y) and
(X’,Y’) on a common probability space such that there exists an a.s. finite random time N,
which we call the coupling time, such that (X,,Y,) = (X.,Y)) forallu € T,, withn > N.

u>-u

We will denote by Pg+.., the probability distribution that realizes this coupling.
Note that p < 1/2 implies that 0~ > 0% /2 > 1/2 (see Assumption 3).

Proof. We first construct the coupling only for the process X and X’. We define the coupling
construction inductively on the height of the tree. For the root vertex, we use an independent
coupling construction for X5 and X}, which are distributed according to m¢~ and ¢ respectively
(note that it is also possible to use a perfect coupling with probability error ||7gx — ||Tv)-
Then, if the coupling has been constructed up to generation n € N, using the Markov property,
we proceed to construct independently the coupling for each vertices in generation n + 1. Let
u € Gy41.1f the variables were already coupled for the parent vertex p(u), thatis X;(,,) = XI’) ()’
then we choose the new value X,, = X;, according to the transition kernel Qg~. Otherwise,
if Xpu) # XF’) ()’ then using the uniform geometric ergodicity (remind Assumption 3) of the
transition kernel Q g, we know that sup, . x [|Qe+(x;-) = Qo= (x’;-)|lrv < 1 -0, and thus
we can construct a coupling of X,, and X, conditionally on X, # X;,)(u) with exact matching
probability at least 1 — o-~. We have constructing the matching for «, and thus for the whole
generation 7 + 1. Using Kolmogorov’s extension theorem, there exists a coupling measure for
the whole tree T whose finite dimensional marginals are the ones given above. Recall that
Kolmogorov’s extension theorem holds for general Polish spaces and not just the real line (see
(Bogachev, 2007, Theorem 7.7.1 with Theorem 7.1.7)), and also recall that X and Y/, and
thus also X x Y, are Polish spaces.

Remark that the joint process (X,Y) satisfies a uniform geometric ergodicity bound with
the same constant 1 — 0. Thus, the construction above can be extended to the joint process
(X,Y). Denote by Pg«.., the probability distribution of the coupling we have constructed for
the joint process (X, Y).
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Define the random coupling time N = inf{n € N|Vu € G,, X, = X, }, which is the
first generation for which the exact coupling occurs for all vertices (and N = oo is this never
happens). We are left to prove that Pgx..,-a.s. N < co. We say that a vertex u is a special vertex
if X,, # X,,. Note that if u is not special, then all its descendants are also not special. Also note
that special vertices form a Bienaymé-Galton-Watson tree whose (homogeneous) offspring
distribution takes the values: 0 with probability (o-~)?; 1 with probability 20~ (1 — o"~); and
2 with probability (1 — o-~)2. The average of this offspring distribution is 2(1 — o~). Hence,
the number of special vertices if finite Pgx.os-a.s., that is, N is finite Pyx..-a.s., if and only
if2(1 —o7) < 1, thatis, o~ > 1/2. This concludes the proof. |

Remind that the log-likelihood function ¢,, , (resp. é’;,’x), which is a random function
depending on Y7, from the stationary HMT process (resp. on Y7. from the non-stationary
HMT process), is defined in (7) on page 3382 (resp. just before (79) on page 3425). For all
0 € 0O, define:

Dn,x(g) = f;,x(g) - gn,x(e)
= Z 1og po (Vi 1 Yae (o nuyys Xo = %) =108 po(Yu | Yar (u,huy)» Xo = %),

ueT,
where remind that pg denotes possibly conditional density (see (5) on page 3382).

Remind that when Assumptions 1-4 and 6 hold and ® is compact, for all x € X, the MLE
0.« (resp. é;, ,) is arandom variable which depends on Y7, from the stationary HMT process
(resp. on Y}n from the non-stationary HMT process) and is defined in (33) on page 3394 (resp.
in (80) on page 3425).

To prove that lim,, e |Tn|1/2(9;,x - HA,,,X) = 0 Pgxpez-a.s., and thus that 9;,)( and én,x are
asymptotically normal with the same covariance matrix (remind Theorem 4.7), we must first
prove that the function 6 — D, () satisfies some kind of continuity property. Note that we
proved in the proof of Theorem 5.1 that Proposition 3.7 holds both in the stationary and the
non-stationary cases, and thus we have:

lim sup{|T,| "' Dy.x(6)| =0 Pgroeg-as.

n—0 gee

However, we need some kind of continuity property without the normalizing term ||7,,| ™',
which is given by the following lemma.

Lemma 5.4. Assume that Assumptions 2—6 hold. Further assume that p < 1/2. Then, for all
initial distributions ¢ and all x € X, we have:

Tim Dy (6], ) = Dnx(On)| = 0. Poroe-as.

Proof. [The proof of the lemma is a straightforward adaptation of the proof of (Douc, Moulines
and Rydén, 2004, Lemmas 11 and 12).]
Let N be the random time provided by Lemma 5.3. We first prove that Pg«,.-a.s., we have:

Z SUPUnge(YL: |YA*(u,h(u))’ X(/a = x) - logPH(Yu |YA*(u,h(u)), Xy = x)| < 0. (82)
ueT\Ty 9€@
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Note that for all u € T,, and v an ancestor of u (distinct of 1), we have:

PoYu | YA (u,h(u))» Xo = x) = '/X% 80 (Xu, Yu)q o (Xpu), Xu) A(dxy,)

X Po(Xpu) € dxpu) | Xv = X0, Yar (wh(u)=n(v)))
X Pg(Xy € dxy | Yar (u,n(u))» Xo = X),

and similarly for pgo(Y, |Y ’*(u A (u)),Xé = x). Using the fact that for v € T with height
h(v) > N, we have Y, = Y/, and using Lemma 3.2, we have for all u € T with height
h(u) > N:

|pH(Y1; | Y,*(u,h(u))’Xé =x) - po(Yu |YA*(u,h(u))’Xﬁ =x)|
Sth(”)_N_10'+/gg(x,Yu)/l(dx).

Thus, using a similar argument as in the proof of Lemma 3.3, we get:

ph(u)—N—l
11og Po (Yo 1 Yae (1 iy Xo = X) =108 po(Yu | Yar (uh(uy)> Xo = X)| < =5
Hence, the sum in (82) is Pgy~..s-a.s. upper bounded by a constant times ;77 ., 2kpk <
(2p)N*1 /(1 - 2p), and is thus finite Pgxpqr -a.s.

Let £ > 0. Using (82), there exists a random integer N, which Pgx..-a.s. is finite and

satifies (remind that A*(«) = A*(u, h(u))):

sup [log po (Y, | Yy (> X5 = x) —log po(Yu | Yar(u), Xo = x)| < &.

uel\Ty, 9€9

Thus, Pgxws-a.s., foralln > N, we have:

1D (8}, ) = Dux(Bnx)| < 28+ €y (0, ) = . (O]
+ |£Ng,x(é;1,x) - ng,x(én,x)l-

Note that under the given assumptions, the functions 6 +— {’]’VE’X(G) and 0 — {n_ (6) are
continuous Pyx..-a.s. (see the proof of Proposition 3.6). Hence, the proof is complete upon
observing that é;,’x and én, « both converge Py -a.s. to 8* (see Theorem 5.1), and that &
was arbitrary. O

We can now prove the asymptotic normality of the MLE GA;L’X in the non-stationary case.
Remind that the contrast function ¢ is defined in (26) on page 3390.

Theorem 5.5 (Asymptotic normality of the MLE, non-stationary case). Assume that Assump-
tions 2-9 hold. Assume that p < 1/2. Further assume that the contrast function € has a unique
maximum (which is then located at 6* € ® by Proposition 3.10) and that © is compact, 6* is
an interior point of ©, and the limiting Fisher information matrix I (68*) (which is defined in
(54)) is non-singular. Then, for all initial distributions { and for all x € X, we have:

A~ d
T V20— 6%) D NO,7(6%)") underPoe s,
, - :

where N (0, M) denotes the centered Gaussian distribution with covariance matrix M.
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Proof. [The proof of the theorem is a straightforward adaptation of the proof of (Douc,
Moulines and Rydén, 2004, Theorem 6).]

Define £, = |T,|'/?(0,.x — QA;’ ) for all n € N, and remark that it is sufficient to prove that
lim,, 0 &7 = 0 Pgroaz-a.s. Since @;’x is the maximizer of the function 6 — ¢, (), we have
that £}, X(GA;L’X) >0, +(0.x). Thus, using a Taylor expansion of £, , around its maximizer
én,x (for which we have ngn,x(én,x) = 0), we get that there exists r,, € [0, 1] such that:

Dn,x(é;fl,x) - Dn,x(én,x) 2 fn,x(én,x) - gn,x(é;;,x)
1. . N
= _§|Tn| lgzvégn,x(tngn,x + (1 =t4)0n.x)en.

Note that we have lim,—oo tnéjw + (1 - tn)én,x = 0* Pgx»ez-a.s. by Theorem 5.1. Thus,
applying Theorem 4.6, we have:

nh—I}(}o _|Tn|_1vzg€n,x(tné;1,x +(1- tn)én,x) = J(G*), PQ*M{'a-S-

As I (6%) is positive definite, there exits M > 0 such that on a set with Pg«..,-probability one
and for n sufficiently large, we have:

Dn,x(é;q,x) - Dn,x(én,x) 2 Mlgnlz-

Then, the proof is complete by applying Lemma 5.4. |

Appendix A: Ergodic theorem for Markov processes indexed by trees with
neighborhood-dependent functions

In this appendix, we prove generalization of the ergodic theorems in Guyon (2007) and in
Weibel (2025), which give a.s. and L? convergences for branching Markov chains, to allow
for neighborhood-dependent functions. Those ergodic theorems are used to prove the ergodic
convergence lemmas in Section 2.4 which are used in the main body of this article. Remind
that we need those generalization as in the study of asymptotic property of the MLE for the
HMT relies on the study of the likelihood contribution functions hy, x x(6; Ya(u,x)) (defined
in (17) on page 3387) which are neighborhood-dependent.

Remind from Section 2 that if (X, Y) is a HMT process, then the joint process ((X,,, Y,,),u €
T) is a branching Markov chain. Thus, it is enough to prove those ergodic theorems for
branching Markov chains instead of HMT processes.

Let Q be a transition kernel on (X, 8(X)) where X is a metric space. We assume that Q
has a unique invariant probability distribution 7 and is uniformly geometrically ergodic, that
is, there exists p € (0, 1) and a finite positive constant C such that for all x € X, we have
Q" (x;-) — m|ltv < Cp™. Remind from Lemma 2.3 that this covers the case Q = Qg for any
6 € 0. Let X = (X,,u € T) be a branching Markov chain with transition kernel Q and initial
distribution 7. Denote by P the probability distribution of the process X, and by Ep the
corresponding expectation.

In this section, for a probability measure v on X, a transition kernel Q on (X, B(Z)) and
a Borel integrable function f on 8(Z) where Z = X* for some finite subset A C T, we
will write vQ for the image probability measure (vQ)(-) = f e Q(x;-) v(dx), and Q f for the
Borel function (Q f)(x) = fz f(z2) Q(x;dz). For a probability measure v on X and a Borel
integrable function f on X, we will write (v, f) =vf = fX fdv.



3430 J. Weibel

We will need the following lemma which states geometric convergence bounds for functions
in L?(r).

Lemma A.1 (Convergence bounds when Q is uniformly geometrically ergodic). Assume
that the transition kernel Q has a unique invariant measure n, and that Q is uniformly
geometrically ergodic. Then, there exists finite positive constants a € (0, 1) and M < oo such
that for all functions f € L*>(x), we have:

VneN, suprQ"(Q"f ~ (x. ) = (Q"f = (m. ))* < Ma®"If = {m )2

In particular, the function f satisfies sup,, .y 1Q" f? < .

Note, using Cauchy-Schwarz and Jensen’s inequalities, that sup, .,y 7Q" f> < oo implies
that Q" f, Q" f2, and QX (Q" f x Q™ f) (with n, m, k € N) are well-defined and finite 7-almost
everywhere and are m-integrable.

Proof. Using (Douc et al., 2018, Proposition 22.3.5 and Definition 22.3.1), we get that there
exists finite positive constants @ € (0, 1) and M < oo such that for all functions f € L*(n),
we have 7(Q" f = (t, ) = 10" (f = m, NI, ) < Ma®||f = ¢x, P2, foralln € N.
In particular, we get that sup, .,y 7Q" f? < 0. |

Let k£ € N be fixed. Remind from Section 2.4 the definitions of the subtrees A(u, k), of
their shapes Sh(A(u, k)) (defined in (8)), and of the finite set of possible shapes Ny (defined
in (9)). For simplicity, in this appendix we will write S,, instead of Sh(A(u, k)). Also remind
from Section 2.4 the definition of a collection of neighborhood-shape-dependent functions
(fs: XS > R)ge Ny - Remind that for such a collection of functions, we simply write fa (k)
or fs, instead of fsi(a(u,k))- And also remind that we write fs, (Xa(u,x)) for the evaluation
of fs, = fa(u,k) On Xa(u,k)- Note that up to translation, we may identify XS and X2k for
any u € T \ Tx_1 such that S,, = S.

Remind that any subset A C T, we denote by X4 the gathered variables (X, : v € A). For
a collection of neighborhood-shape-dependent functions f = (fs : X — R)se Ny » define the
empirical average of f over a finite subset A C T\ Ty_; as:

Ma(F) = 1AI7 ) fs, (Xaquk))- (83)
ucA

For a neighborhood shape S € N, let u € G be the unique vertex such that S, = S, and
define the transition kernel Q° on (X, B(X*®)) for any x € X and any Borel function f on
XS = X2® which is in L' (Xa()) = L'(Xs) by:

05 £ (x) = Bo £ (Xaw) | Xo = x|, (34)

That is, from the value x € X of the root vertex v in S, the transition kernel QS returns the
distribution of the Markov process X on S with transition kernel Q conditioned on the value
X,, of the vertex v being x. Note that (84) also extends to any vertex u € T \ Ti—; such that
S, = S, which gives us:

0% £(x) = Bo | f (Xaw) | Xy =1]. (85)

Moreover, using Jensen’s inequality, note that if f € L?(Xs), then QS fisin L?(n) = L*(X5).
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Remind that as 7 is a plane rooted tree, we can enumerate its vertices as a sequence (v;) jen
in a breadth-first-search manner, that is, which is increasing for < (note that uy = 9). Also
remind that, forn > |Tj_1|, if V,, is uniformly distributed over A,, := {v; : |Tx_1| < j < n} =
A(vy) \ Tk—1, then the distribution of Sy, converges to the uniform distribution over Ny as
n — oo,

We are now ready to state the ergodic theorem with neighborhood-shape-dependent func-
tions for branching Markov chains indexed by the infinite complete binary tree 7. Remind that
My, (f) is defined in (83).

Theorem A.2 (Ergodic theorem with neighborhood-dependent functions). Let k € N be fixed.
Let (v})jen be the sequence enumerating the vertices in T in a breadth-first-search manner.
Foralln > |Ti_1|, define A,, = A(vy) \ Ti—1.

Let Q be a transition kernel on (X, B(X)) which is uniformly geometrically ergodic and
has a unique invariant probability measure . Let X = (X,,u € T) be a branching Markov
chain with transition kernel Q and initial distribution .

Let f = (fs : X° — R)se N be a collection of neighborhood-shape-dependent Borel
functions that are in L*>(X). Then, we have:

Ma, (1) — By, ®Eg|fs,, (Xawe)|  in L*(n) = L*(X), (86)

where Uy is uniformly distributed over G and independent of the process X, and Ey, ® Eq
denotes the joint expectation over Uy and X.

As an immediate corollary, we get that the result still holds if A,, is replaced by T}, \ Tk—1.

Remark A.3 (More general assumptions). Note that without changing the proof, we could
replace the subtrees A(u, k) by general subtrees (i.e. a connected subsets) O,, of the the k-
neighborhood By (u, k) :={v € T : d(u,v) < k} of u such that O, contains u. In that case,
we must assume that the distribution of the shape (i.e. when seen up to translation) Sh(Oy, )
converges to some limit distribution. Also note that we could allow more general choices as
in Weibel (2025) for the averaging sets (A,,)nen, for the tree T, and for the transition kernel
Q and initial distribution of the branching Markov chain X.

Proof. First case: we only have constant functions fs = ¢(S) for all S € N;. Then, for

every n € N we have:

lueA,:S,=38|
|An] '

M, (5= D c(S)

Se Nk

(87)

where the right hand side converges in distribution (and thus in L?) as n — oo to Ey, [¢(Su,)]
(remind that the distribution of Sy,, converges to the uniform distribution on G whenn — o0).
This concludes the proof in this first case.

General case: We adapt the proof of (Weibel, 2025, Theorem 2.2) where the single function
is replaced by a family of neighborhood-shape-dependent functions.

Using the first case and the linearity in f of the empirical averages, and replacing fs by
fs — (m,0° fs), we may assume that (r, QS fs) = 0 for all S € Ny. For all n € N, we have:

Eo [MAn(f)z] = Z Eo [fSu(XA(u,k))fS\,(XA(v,k)) . (88)
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Using Lemma A.1, as the transition kernel Q is uniformly geometrically ergodic and has
unique invariant probability measure 7, and as the function Q% fs for S € N are all in
L?*(r) (see the comment just after (85)), we have that Cg := SUP,, e 10" (05 fs)? < oo forall
S € Ni. Define C := maxsen, Cs < oo (remind that N is finite). Thus, for u € T, we have:

Bo| fs, (Xai)?| = 7@+ (05 f5,)? < € < .
Hence, for all u,v € T, using Cauchy-Schwarz inequality, we have:
) ) 1/2
Eg [fsu (XA(u,k))va(XA(v,k))] < (EQ [fsu (XA(u,k)) ]EQ [fsv (Xa(v,k)) ])
< C < oo. (89)

Letu,v € T such that d(u, v) > 2k, which implies that A(u, k) NA(v, k) = 0. Without loss
of generality, assume that 4(u) > h(v). Then, we have that A(u A v) < h(u) — k. Denote by
vo the last ancestor of u in A(v, k) U {u A v}. Remark that u A v is an ancestor of vy. Then, we
have:

Eo fSu(XA(u,k))va(XA(v,k))]

=Eg [EQ [ £, (Xa@.i) | Xaew.x)s Xunv] fs, (XA(v,k))]

< (EQ [EQ [ £ (Xa@.0) | Xae.k)s Xunv] ]EQ [fsv (XA(v,k)) ])
S\ 172

<c'”? (EQ [EQ [ £5. (Xauei) | Xuo] ])

<c\”? (EQ [EQ [fs. (Xaquio) | Xw]z])

1/2
— C]/Z (ﬂ,Qh(u/\v) (Qd(uAv’u)_kQS"fSu)z) /

1/2

<cC'/? (max rQ"uAv) (Qd(”’v)_kQst)z)l/z, (90)
SeNk

where we used Cauchy-Schwarz inequality in the first inequality, we used (89) and the Markov

property of the process X in the second inequality, and we used Jensen’s inequality in the

third inequality. Remark that d(u, v) = max(d(u A v,u),d(u A v,v)) is a distance on T that

satisfies d/2 < d < d.

Let U, and V,, be uniformly distributed over A,,, and independent of each other and of the
branching Markov chain X, and denote by Py, v, their joint probability distribution. Using
again Lemma A.1, there exist finite constants M < co and a € (0, 1) such that for all S € N
we have

VmeN,  suprQ!(Q"0Sfs)? < M*a®™". 1)
JEN

Hence, combining (88), (89), (90) and (91), we get for any K > k:

Eo [MAn(f)Z]
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S CPUn,sVn,(CZ(Un’ Vn) S 2K>

- 2
+ C1/2 |An|_2 Z (max ﬂ,Qh(u/\V) (Qd(u,v)—KQSfS) )

p SeNg
u,veA,:d(u,v)>2K
< CPUn,Vn (d(Ul’h Vn) < 4K)

12

+CPAZ L Madhe K (92)
u,veA,:du,v)>2K
< CPy, v, (d(U,,V,) <4K) + C'?MmaX. 93)

Let & > 0. Let K > k be such that C'2MaX < &. Using (Weibel, 2025, Lemma 3.1), we
get that the first term in the right hand side of (93) goes to zero as n — oo. Thus, for n large
enough, the right hand side of (93) is upper bounded by 2¢. This being true for all £ > 0, we
get that lim,, . Eg [1\7[ A, (f)z] = 0. This concludes the proof. m]

We now state and prove a strong law of large numbers for branching Markov chains indexed
by the infinite complete binary tree 7" and with neighborhood-shape-dependent functions.
This result uses the same assumptions as in Theorem A.2.

Theorem A.4 (Strong law of larger numbers with neighborhood-dependent function). Let
Q be a transition kernel on (X, B(X)) which is uniformly geometrically ergodic and has a
unique invariant probability measure nt. Let X = (X,,u € T) be a branching Markov chain
with transition kernel Q and initial distribution .

Let k € N be fixed. Let Uy, be uniformly distributed over G and independent of the process
X, and let By, ® E¢ denote the joint expectation over Uy and X. Letf = (fs : X S 5 R)se N
be a collection of neighborhood-shape-dependent Borel functions that are in L*(X).

Then, we have:

a.s. nlg[go MGn, (f) = nlglgo MTn\Tk—l (f) = EUk ® EQ [fSUk (XA(Uk))] :

Moreover, there exist finite constants Cy < oo and 3 € (0, 1) such that:

Van>k,  Eg < Cop. (94)

(Man (f) = Evy ® Eo| fsy, (Xaw)] )2

Proof. After using (92), the proof is an easy adaptation of the proof of (Guyon, 2007,
Theorem 14).
The case of Mr,\7_, (f) follows directly from the case of Mg, (f) as:

|¥, (f>|<Z|T \T_ Mg, (D).

Thus, it it enough to treat the case of Mg, (f). In the case where all functions fs for S € Ni
are constant, writing MGn (f) asin (87), and using the convergence in distribution of (Sy;, )nen
the uniform distribution over Ny, we get that the sought convergence holds a.s. for Mg, (f).
Thus, without loss of generality, we assume that (r, 05 fs) = 0 for all S € Nj.

Remark that it is enough to prove that 3,5, E[ Mg, (f)?] < o, as then we can immediately
conclude using Borel-Cantelli lemma with Markov’s inequality. Thus, for n > k, using (92)
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with n’ = |T,,| (such that A, = G,,) and K = k, we get:

Eo [MGn (f)Z] < 2 n=2k) L c1/2pg0-2n Z ald(u’v)_k
u,veGy,:d(u,v)>2k

n
=2 (n=2k) L o172y ZQ—(n—j)—ﬂ{pma,j—k
J=k

< 2720 4 c12pp o= (n=k) Zn: 2 kqik

Jj=k
< €27 4 2y 27RO C max(n + 1, (20)"7F)
< 271720 L 12" max((n+1)2- 70 @Ry,

where C’ is a constant whose value only depends on the value of 2@. Hence, there exist
finite constants Cy < oo and 8 € (0,1) such that (94) holds. In particular, we get that
sk E[Mg, (f)?] < co. This concludes the proof of the theorem. m|

Appendix B: Proof of the “backward” coupling Lemma 4.1

We now prove Lemma 4.1.

Proof of Lemma 4.1. The proof relies on a “backward in time” bound from u to u A v, and
then a “forward in time” bound from u A v to v. We divide the proof in two cases: first when
v is an ancestor of u, and then the general case.

For all j < k, define the vertex U; = p/ («) which is random for j > h(u) (in which case, it
depends on U). Write xy;, = x. Forall j € {1,--- , k}, define the random set (which depends
on U):

A" (u, k, j) = (A" (u, ) \ {U}) N (T (Ui) \ T (Uj-1)),

and in particular remark that we have Uy = u ¢ A~ (u, k, j) and Uy = p*(u) ¢ A (u, k, j).

Case 1: v is an ancestor of u. We mimic the proof of (Cappé, Moulines and Rydén, 2005,
Proposition 12.5.4). The proof of the first case relies on the observation that conditioned on
ka(u) and Y (u,k), the backward ancestral process X from Uy = u to Uy = pk(u) is a non-
homogeneous Markov chain satisfying a uniform mixing condition. The fact that (Xy,)o< <k
is a Markov chain comes from the Markov property of the HMT (X, Y) (remind the discussion
around (2) on page 3379) which gives for all j € {1,--- ,k}:

L(Xu; | Ya@u.k)s Xues Xrow,-1)) = L(Xu; [ YAk Xues Xu; )
:‘L(XU/ |YA_(u,k,j)9XUk’XUj_1)' (95)
For all integers j € {1, -- -, k}, the backward transition kernel (which depends on U) from
Xu,_, to Xy, is defined as:
By iyawn] o, £) =Bo[f(Xu,) | Yawk) = Yaw.r)» Xve = Xue» Xu,_, = xu,_, |

for any xy,_, € X and any bounded Borel function f on X. By the Markov property (see
(95)), note that BXUk,j [yA(u,k)](xUj_l,f) only depends on yA-(y,«, j) instead of ya(, ). that
is:

By, i [yanlxu; s f)
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=Eo[f(Xv;) | Ya (k) = Yo~ (ko> XU = ¥us Xuy oy = xu; |
~ [ F&u) Po(ya- .y xu; | Xu, = xu)qe (xu;. xu;_,) A(dxy,)
[ PoOa- (k) *u; | Xu, = xu) g0 (xuy xu,_,) A(dxy;)

) (96)

where:

Po(YA~ (u.k.j)»XU; | XUy, = Xu,) =

‘/XA_( k) l_[ q9(xp(w)axw)g0(xw, Yw) 1—[ A(dxy,).
u,Kk,j

weA™ (u,k,j) weA™ (u,k, j)\{U;}

To simplify notations, we will keep the dependence on ya (k) for all indices j. Note that the
integral in the denominator in the right hand side of (96) is lower bounded by:

o / 26 (i y) A(drn),
WeA™ (u,k, ) X

and is thus positive Pg-a.s. under Assumption 3.
Using Assumption 3, we get that those backward transition kernels satisfy the following
Doeblin condition (remind Definition 2.6):

(oA
Vi VA 1) < Bayj[ya o] (o5 1),

where for any bounded Borel function f on X, we have:
Vv i a0 1(f) = Bo [ f(Xu,) | YA~ k) = YA~k f)s XU = XU, |

~ [ F &) Po(ya- .y xu; | Xu, = xu,) A(dxy;)
[ PoOa- (k. jy»*u; | Xu, = xu,) A(dxy,)

’

where note that the only difference with the definition of B XUy [ya@.0](xu,_;5f) is that
the term gq(xy;,xy,_,) has disappeared in both the numerator and the denominator of
Vi, LA ] (f). Thus, Lemma 2.7 shows that the Dobrushin coefficient § (B XUp» ;) (defined
in (4)) of the backward transition kernel Bxy,.j is upper bounded by p =1 — o~ /o™.

Note that the Markov property in (95) (with j = 1) also gives us:

L( Xy, | YA k) Xu» Xuy) = L(Xu, | YA~ (u,k, ) XU Xup)
= L(Xu, | Ya* (u,1)» XUy » Xuy)- 7

Finally, if we write:

Po (X, € - | YA(u,k) = YA(u.k)> XUp = XUy)
= / Po(Xy € | YA~ (u.k,1) = YA~ (u.k,1)» XU = XU Xuy = Xu;) 98)
X Po(Xy, € dxy, [ Ya(u,k) = YA(uk)» XU = XUp),

and we also write (using (97)):

Po(Xy € - | YA* (u.k) = YA* (u,k)» XU = XUy)
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= / Po(Xy € - | YA~ (u.k,1) = YA~ (u.k,1)» XU = Xup» Xuy = Xu;) (99)

X Po(Xy, € dxy, | Ya*(u,k) = YA*(u,k)» XU = XUp),

then the two distributions (for X,) on the left hand sides of those displayed equations can
be considered as obtained through running d(u,v) — 1 iterations of the backward ancestral
conditional Markov chain described above, using two different initial conditions. Therefore,
as the Dobrushin coefficient is sub-multiplicative (remind Lemma 2.5), we get that those two
probability distribution differ by at most 2 p¢®-v)~1
proof of the first case.

in total variation. This concludes the

Case 2: general case. The proof of the second case relies on the observation that condi-
tioned on Xok (u) and Y (y, k), if we consider the process X backward from u to u A v (remind
that v € A"(u, k)) and then forward from u A v to v, we get a non-homogeneous Markov
chain satisfying uniform mixing rate p. Note that as v € T (p¥(u), k) \ {u}, we have that
uAv e {Uy,---,U}. Using the first case, it only remains to check those observations for the
forward segment, which were already proved in the proof of Lemma 3.2.

Hence, if we use the same decomposition as in (98) and (98), which corresponds to run
d(u, v)—1iterations of the backward-forward conditional chain described above (d(u, uAv)—1
backward iterations and d(u A v,v) forward iterations), we get as in the first case that those
two probability distribution differ by at most 2 p¢(¥)=1 in total variation. This concludes the
proof of the lemma. m|

Appendix C: Proof of (35) (used in the proof of Proposition 3.10)

Let m € N* be fixed through this section.

For ease of read, we restate some notation definitions used only in the proof of Proposi-
tion 3.10. For u,v € T* with h(u) = h(v) mod m + 1, we write T(u,m) < T(v,m) ifu < v.
Moreover for u,v € T, we write u < T(v,m) if h(u) < h(v) or h(u) < h(v) + m and for all
w € T(v,m) with h(w) = h(u) (note that such w must exist), we have u < w. Informally u
is “above or on the left of (v, m)”. For all u € T, k € N, define the random subtrees which
depend on U:

A*(T(u,m), k) = U{T(v,m) :v € A*(u, k(m + 1)) such that h(v) = k() mod m + 1},

and A(T(u,m), k) = A*(T(u,m), k)UT (u, m). When h(u) > k(m+1), then those subtrees do
not depend on U, and we simply write A* (T (u, m), k) = A* (T (u, m), k) and A(T (u, m), k) =
A(T (u, m), k) to indicate it. See Figure 5 on page 3396 for an illustration of the “past” subtree
A*(T (u, m), k) of the block subtree T (u, m).

The goal of this section is to prove (35) for all # € ® and x € X, which we restate here for
ease of read:

Jim Eq/ ® g+ [10g po (Y1, | Ya* (£y.10)» Xpkomen) () = X) | = |Tn] £(6).
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C.1. Decomposition of the log-likelihood into subtree increments
Following (16), forallu € T, k € N, x € X and 6 € O, using the conditional probabilities

formula, define:

Po(YAT (u.m).k) | Xpku) = X)

Hr (u,m) 1,5 (0) = (100)

PoYA (T (uum) k) | Xpkuy = X)

= / Po(Yrum) | Xu = xu) Po(Xu € dxy | Yo (7 (u,m) k) Xpk-nome) () = X)),
where:
pG(YT(u,m) | Xu = xu) = / gH(xu, Yu) 1—[ gé)(xw’ YW)QH(xp(w),xw) /l(dxw)

XITGeml weT (u,m)\ {u}

We then define the log-likelihood contribution of the subtree T (1, m) with past over k € N
subtree generations (that is, k(m + 1) (node) generations) as:
hT(u,m),k,x(a) = IOg HT(u,m),k,x(H)

For all n € N*, we decompose the tree T}, (;+1)-1 into subtrees of height m (such as 7},),
and we order those subtrees according to <. Hence, using (6), (7) and (100) and a telescopic
sum argument, the log-likelihood of the observed variables Y7, ., _, can be rewritten as:

n—1
bamiy-1x(0) = D" > W (um) ko (6). (101)

k=0 uEGk<m+1)

C.2. Construction of the log-likelihood increments with infinite past for subtrees

In this subsection, we construct the log-likelihood increments with infinite past for subtrees.

To construct the limit of the functions hy(, ).k x(6) we first prove the following lemma
which states some uniform bound about the asymptotic behavior of those functions when
k — oo.

Lemma C.1 (Uniform bounds for hz(,,m) k,x(6)). Assume that Assumptions 2-3 and 4-(ii)
hold. For all vertices u € T and all integers k, k' € N*, the following assertions hold true:

(kAR (me1)=1

sup sup |07 um) kx(0) = hrum) ko2 (0)] S =, (102)
€0 x,x’eX (1 —p) m
sup sup sup [hr )k x(0) < (ITwllogh®) V| > log(c™b™(¥u))]. (103)

0e® keN* xe X weT (u,m)

Proof. [The proof of the lemma is a straightforward adaptation of the proof of (Cappé,
Moulines and Rydén, 2005, Lemma 12.3.2) using Lemma 3.2 for the coupling.] Let k* > k >
1, and write v = p*0"*D) (), v/ = p*¥ ("+1) (). Then, write:

/XW - l_l 86 (X, Yw)qo(Xp(w), Xw)A(dxy,) (104)

weT (u,m)

Hr (u,m) i, x(0) = /

X2
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X Po(Xp(u) € Axpu) | YA (T(u,m) k)» Xv = Xy) X 6x(dxy),

and using the Markov property at X,,, write:

HT(u,m),k’,x’(e) =L2 /{;T(u,m) 1—[ gb’(xw’ Yw)qé)(xp(w)axw)/l(dxw)

weT (u,m)
X Po(Xp(u) € Axp(uy | Ya* (T (u,m) k)» Xv = Xy) (105)
X Po (X, € dxy | YA* (7 (uym) K NA(T (usm) k) » Xor = X7).

Applying Lemma 3.2, we get (note that the integrands in (104) and (105) are non-negative):
|HT(u,m),k,x(9) - HT(u,m),k',x’ (9)|

< phimh-1 supx/ 1_[ 86 (Xw, Yw)qo (Xp(w)» Xw)A(dxy)
Xp(u) €

weT (u,m)
< pk(m+1)_l(0'+)|Tm| l_l / go(xw, Yy )A(dxy,). (106)
weT (u,m)

The integral in (104) can be lower bounded giving us:

Hakx(0) 2 (7)™ [] / 20(xw, Y)A(dx,,), (107)

weT (u,m)

where the right hand side is positive by Assumption 3-(ii); and similarly for (105). Combining
(106) with (107), and with the inequality |logx —logy| < |x — y|/(x A y), we get the first
assertion of the lemma:

pk(m+l)—1

[T
ot k(m+l)—-1 _
|hT(u,m),k,x(9) - hT(u,m),k’,x’(6)| < (0__) P - (1 _ ,O)lel '

Combining (100) and (107), we get:

[ b () < Hrwomxx(®) < 69,

weT (u,m)

which yields the second assertion of the lemma (remind that 5~ (Y,,) > O for all w € T* by
Assumption 3-(ii)). m]

We are now ready to construct the limit of the functions hz(, ).k« (#) and state some
properties of this limit. Note that this result is stated for every u € T, but we will only need
it for # = 0. Remind that we are in the stationary case, and that the HMT process (X,Y) is
defined on 7.

Proposition C.2 (Properties of the limit function hr ().« (0)). Assume that Assumptions
1-4 hold. For everyu € T and 6 € ©, there exists h(y,m),(6) € L' (Pq ® Pg+) such that for
all x € X, the sequence (hr(y,m) k,x(6))ken converges Pqy ® Pox-a.s. and in L' (P ® Pg»)
fo hT(u,m),OO(Q)-

Furthermore, this convergence is uniform over 6 € ©® and x € X, that is, we have that
limg—co SUP e SUPxex INT () kox (0) = W (um).c0(0)] = 0 Pqy ® Pgx-a.s. and in L' (Py ®
Pg*).
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Note that the limit function hz(, m),(#) in the proposition can be interpreted as
1og po (Y7 (u,m) | YA* (T (u,m),0))> Where A*(T'(u,m),0) = {v € T : v <q¢ T(u,m)} is a
random subset of vertices. Note that hr (), () is a function of the random set of variables
(Yy,v € A(T(u,m), )), where we define A(T (1, m), o0) = A*(T (u, m), c0) U T (u, m), and
thus implicitly depend on U trough A(T (u, m), o).

Proof. Fix some u € T. Note that (102) shows that (hz(, m).k,x(0))ken is Cauchy sequence
uniformly in 6 and x, and thus has Pq; ® Pgx-almost surely a limit when k — oo which
does not depend on x; we denote this limit by hz(,,m), (6). Furthermore, we get from (103)
that (hr(u,m),k,x(6))ken is uniformly bounded in L'(Pgy ® Py«), and thus W7 (u,m),00(6) i
in L'(P¢; ® Pg+) and the convergence also holds in L' (P¢; ® Pg+). Finally, as the bound in
(102) is uniform in 6 and x, we get that the convergence holds uniform over 6 and x both
Pq; ® Py«-almost surely and in L' (Pg; ® Pyx). O

C.3. Properties of the contrast function

As the functions h7(y,m),0(6) are in L'(Pq; ® Pg+) under the assumptions used in Propo-
sition C.2, we can now define the contrast function €™ (which is deterministic) for block
subtree of height m as:

€' (9) = By ® Egx |hy,, 0 (0)],

where remind Eq; ® Eg~ is the expectation corresponding to Pq; ® Pg~. We prove under the
L? regularity assumption Assumption 5 the convergence of the normalized log-likelihood to
this contrast function.

Proposition C.3 (Ergodic convergence for the log-likelihood). Assume that Assumptions 1-5
hold. Then, for all x € X, the normalized log-likelihood |Tn(m+1)_1|_1€n(m+1)_1’x(9) con-
verges Pgx-a.s. to the contrast function £ (6) as n — co.

|Ton|
M " by mi1)-1.x(0) = €7V (0)  Por-as. (108)
n—eo |Tn(m+l)—l|
In particular, we get that €™ (6) = |T,,|€(6).
Proof. Let 6 € ® be some parameter. Fix some k € N* and x € X. Remind (101). Applying
(102) for each vertex u € G j(pe1) With j € {k,--- ,n— 1}, we get:

n-1

|Ton|
= | fn(m+l)—1,x(9) - Z Z hT(u,m),k,x(g)

T (ma1)-1 Tucbiin

pk(m+1)—1 |Tm| k—1
. ¥ Iz (umy .. (0)]. (109)
(1 - p)le| |Tn(m+1)—1| Z Z T(M m) Js.X

jZO uEGj(m+1)

Note that by (103), we have that |hz(, m),j.x(0)| < co Pg«-as. for all j € N* and u €
G j(m+1)- For u = 8, we have hy, o .(6) = log pe(¥Y1,, | X5 = x) which is finite Pg«-a.s. by
Assumption 3-(iii).

The definition of the shape from Section 2.4 can straightforwardly be adapted to the
(deterministic) subtrees A(7(u, m), k) for vertices u € G j(+1) With j > k, where u is seen
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as a distinguished vertex of A(T (u, m), k). Following (8) (on page 3383) in the initial vertex-
by-vertex decomposition setting, for a vertex u € G j(ue1) With j > k, let v, € G(me1) be
the unique vertex G (n+1) such that A(T(u,m), k) and A(T (v,, m), k) have the same shape.
Then, we have:

hT(u,m),k,x (0; YA(T(u,m),k) = yA(T(u,m),k))
= hr(um) kox (05 YA(T (vom) k) = YA(T(wom).k)))-  (110)

Moreover, using (103) together with Assumption 5, we get for every u € Gj(u41) With
J = k that the random variable hr(, )k, x (65 YA(T (u,m),k)) 1S In L*(Pg»). Hence, applying a
straightforward modification of Lemma 2.11 for subtree blocks T'(u, m) to the collection of
neighborhood-shape-dependent functions (hr (v m) k,x(0; YA(T(v.m)) = *))veGy(m,, (remind
that indexing functions with G (,,+1) or with the set of possible shapes is equivalent by (9)),
and using (110) and (14) (in Remark 3.1), we get:

| T

n—1
m Z Z hT(u,m),k,x(G) n::o Eq,{ ® Eg* [hTm’k,x(H)] Pg*—a.s. (111)

J=k u€Gjmar)

Using (102) with Proposition C.2, we get:

pk(m+1)—1

(1= p)Tnl”
Thus, combining this bound with (109) and (111), we get Py+-a.s. that:

|Eq,( ® Eg* [hTm,k,x(e)] —Eq @ Eg» [hTm,m(Q)” <

pkim+D)-1

(1= p)lTnl’

As the left hand side does not depend on k, letting k — oo, we get that (108) in the lemma holds.
Lastly, as the limit must be the same as in Proposition 3.5, we get that £ (6) = |T,|€(6).
This concludes the proof. a

. |Ton|
lim sup —mfn(m+l)—1,x(0) —Eq ® Egx [hTm,oo(G)] <2

n—oco |Tn(m+l)—1|

We are now ready to close this section by proving that (35) holds.

Proposition C.4. Assume that Assumptions 1-5 hold. Then, (35) holds for all 6 € © and
x e X.

Proof. Applying Proposition C.2, we get that the left hand side of (35) is equal to £(™) () =
Eq ® Egx [h1(6,m),(6)], which is equal to |T,,,|€(6) by Proposition C.3. |

Appendix D: Details of the proof of Proposition 4.5

Remind that the proof of Proposition 4.4 can be straightforwardly adapted to Proposition 4.5
except for Lemma 4.8. In Section 4.2.2, for brevity, we have only presented the adaptation of
Lemma 4.8 to the terms I, x . (0). In this appendix, we present all the details of the adaptation
of the rest of the proof of Proposition 4.4 to the terms I', . x(6).

The following lemma gives an exponential bound on the L?(Pgx) norm uniformly inx € X
for the the average of the quantities I, ;(,),(0*) over u € T,,.
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Lemma D.1. Under the assumptions of Proposition 4.5, for all x € X and 6 € Oy, there exist
finite constants C < oo and a € (0, 1) such that for all n € N* we have:

,11/2

Z Cun(u).x(0) = Bqy @ g [T, (6)] < Ca". (112)

ueT,

1
Egx |sup
xeX ITnl

Proof. Letx’ € X and 6 € . Using Minkowski’s inequality and Jensen’s inequality, for all
n, k € N*, we get:

)11/2

1
Eg» |sup T Z Cun(u),x(0) = Eqy ® Egx [To,00(0)]
n

xeX ueTy,

,11/2

1
< Egx | sup |—
x,x'eX |Tn|

Z I—‘u,h(u),x(g)

n
uel;_,

,11/2

1
+ Egx sup |/ Z Fu,h(u),x(e) - l—‘u,k,x/ (9)
x,x'eX | nl ueT \Tx_ (113)

,71/2

Z Tk (8) — By ® Bgx [Tk, ()]
u€Tp\Ti-1

1
7|

+ Eg*

+Eqs ® Bg+ [IDo k.0 (6) - To . (OF].
Using Lemma 4.17 together with (49) on page 3403 (which, remind, are both immediate
consequences of Lemma 4.2), there exists a finite constant C < oo and 8 € (0, 1) such
that the first term in the right hand side of (113) is upper bounded by C2~*=%) (note that
% < 2=(m=Kk)) "and the second and fourth terms in the right hand side of (113) are both
upper bounded by CB*/2.

We now give an upper bound for the second term in the right hand side of (113). For a
vertex uin T\ Ty_1, let v, € G be the unique vertex that satisfies the shape equality constraint
(8) (on page 3383), then we have:

Uit (63 YA k) = YA@uk)) = Do keox (05 YA(v,) = YA@u,k))- (114)

Moreover, using the definition of I', x (6) in (63) together with the assumption on ¢¢ in
Proposition 4.5, we get that the random variable I';, i x' (65 YA(u,k) = YA(u.k)) 18 in L?(Py+) for
every u € T\ Ty_;. Thus, we can apply Lemma 2.11 (see in particular (11)) to the collection of
neighborhood-shape-dependent functions (I'y, x,x'(6; YA(v) = *))veG, (remind that indexing
functions with G or with Ny is equivalent by (9)). Using (11) in Lemma 2.11 together with
(28) and (14) in Remark 3.1, we get that there exist y € (0, 1) and a finite constant C’ < oo
(note that they both do not depend on k and n) such that for all n, k € N* with n > k, the
second term in the right hand side of (113) is upper bounded by C’y"~*.
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Hence, taking k = [n/2], we get that the left hand side of (113) is upper bounded by
2CB™M* + C’a™? + €27/2*1 and thus decays at exponential rate as desired. This concludes
the proof. m|

Lemma D.1 implies as a corollary the convergence Pg+-a.s. and in L*(Pgy«) uniformly in
x € X for the the sum of the quantities I', j,(,) < (6*) over u € T,,.

Corollary D.2. Under the assumptions of Proposition 4.5, for all x € X and 6 € O, we
have:

1
lim sup |— Z Cuhu),x(0) —Eq ® Egx [Fa 00(9)] =0, Pgx-a.s.andin L*(Pg+).
R TP ’

Proof. The convergence in L*(Py+) follows immediately from Lemma D.1. Moreover, using
again Lemma D.1, we have:
2

1
Z Eg+ |sup T Z [00(0) —Eqy ® Eg+ [T9,00(0)]| | < 0.
n

neN* xeX uely,

Hence, Borel-Cantelli lemma and Markov’s inequality imply that the convergence in the
lemma also holds Pgx-a.s. |

The following lemma gives some continuity properties of the function 6 — I’y i x(6).

Lemma D.3. Under the assumptions of Proposition 4.5, for all x € X and k € N, the random
Junction 0 — T'p i x(6) is Pqy ® Pyx-a.s. continuous on ©y. Moreover, for all 6 € O, we
have:

lim Eq/ ® Eg- sup ITo.x.x(6") = Taxx(0)*| =0.
6—0 0'€00:]|0'-0] <5

Proof. We mimic the proof of (Douc, Moulines and Rydén, 2004, Lemma 14).
For all v € T, define the random variable:

[¢"llo = sup sup [dg(x",x,11)].
0'e@g x,x'eX
Remind that under the assumptions of Proposition 4.5, the HMT process (X, Y) is stationary
and the random variable ||¢?||« is in L*(Pg+). Thus, for all v € T*, the random variable
|#” |0 is in L*(Pg«). Remind from (12) on page 3386 that A(9, k) is a random subtree of the
deterministic subtree 7% (p* (), k). Then, note that we have:

2

sup [Cosx(@ <4l > 11¢le]

9<8o VeT=(pk(d),k)

where the upper bound is a random variable in L?(Py«) (and thus in L?(P¢; ® Pg+)) which
depends on Y7« () 1) but not on Y. Hence, to prove the lemma, it suffices to prove that for
all vi,va € T®(p*(u), k) \ {p*(8)} and € € {0, 1}, we have Pq; ® Pg-a.s. :
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. 2,
lim sup Eo/[fb(g, 51) v | YA@.00) Xpr(a) = %]
6-0 g/c@y:||67-6] <6 T
2,
—-Ey [¢§J,VE|,)V2 | YA([),k)s ka(a) = x] =0,
where:

2,
¢(0’,51),v2 =der (XP(VI)’ Xo, Yo)0or (Xp(v)> X Y,)€.

Denote x,x (5, = x, and write:

2,
Eg [gb(e,jl),v2 | Ya(0,k)s Xpk(a) = X]

2,
_ fxlA(ﬁ,kn—l ¢£)' E)(XP(VI)"XVI’YVl’xP(VZ)’xVZ’YV2) lIJ(dXA(a,k)\{p"(é’)}). (115)

/XMa,k)\{pk(a)) 1 lP(d’CA(ﬁ,k)\{p"(0)})

where:

Y(dxa(s,0)\(px(a)}) = l_[ G0 (Xp(w)> Xw)ga (X, Yip)A(dxy).
weA(d,k)\{p*(8)}
Using Assumptions 2—4 (which are part of the assumptions in Proposition 4.5), we know
that the integrand in the numerator of the right hand side of (115) is continuous w.r.t. § and
is upper bounded by the random variable ||¢"! ||O<J(||¢V2||o<,)f((J'erJ’)|Tm(pk(“)’k)|‘1 (remind
that c* > 1 and b* > 1). And similarly, the denominator is continuous w.r.t. 6, and, using
Assumption 3-(ii), is lower bounded by the random variable:

o~ (}nl“@/ggf(xw,Yw)/l(dxw) > 0.
’e
weA(8,k)\{p* ()}

Hence, using dominated convergence, we conclude that Pq; ® Pg«-a.s. the left hand side of
(115) is continuous w.r.t. 8. This concludes the proof. m]

As a corollary of Lemma D.3, we get that the function 6 — I’y (6) is continuous in
L% (Pg+).

Corollary D.4. Under the assumptions of Proposition 4.5, for all 6 € @y, we have:

sup IT.00(6") = T.00(6)]*| = 0.

lim E(L[ ® Eg*
6—0 0'€@y:]|0' -0 <5

In particular, the function 6 — Eq; @ Egx [['5,(0)] is continuous on ©y.

Proof. Using Minkowski’s inequality and Lemma 4.17, there exist a finite constant C < oo
and 8 € (0, 1) such that for all x € X and k € N*, we have:

1/2
Eq ® Eg+ sup [Tae(8) - Fa,oo(9)|2]
0'€0y:||0'-0||<5
1/2
< 2CBF? +Eq ® E g sup ITox(8) = Toxx(OF| . (116)
0€0:||0"-0] <6
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Using Lemma D.3, we get:

1/2
limsupEq; ® Eg» sup IT5.00(8") = T.00(0) <2082,
6—0 0’'€0p:]|0'-0]| <6
and taking k — oo, the upper bound vanishes. This concludes the proof. O

We now prove a locally uniform law of large numbers for the quantities I', x x(6).

Lemma D.5. Under the assumptions of Proposition 4.5, for all x € X, we have:

. 1 ,
lim lim sup — Z Cunu),x(0) —Eq ® Egx [[9,00(0)]| =0, Pyx-a.s.
601> g or-0| <o | | Tnl S

Proof. First, write:

l 7
sup D Tty x () = By ® Bgr[T,0(6)]
0'e0y: [|0—0l<s || Tnl e
1 ’
< sup |Fu,h(u),x(0 ) - Fu,h(u),x(0)|

|| T 0001110~ 0]1<5
(117)

1
+ > Ty x(6) = By @ Bgx [To.o(6)]].
n eT*

Then, we use the exact same argument as in the proofs of Lemma D.1 and Corollary D.2
where for all u € T*, the random variable I',, x . (6) is replaced by the random variable:

sup |Fu,h(u),x(0’) - 1—‘u,h(u),x(g)|’
6'€@g: |0'-0]||<5
which are in L?(Pg«) using the assumptions of Proposition 4.5. This gives us that the first
term in the upper bound of (117) converges Py+-a.s. as n — oo to:

Ey ® Eo sup  [Fg,0(0) — T ()],
0:110-0| <6
which, by Corollary D.4, vanishes when § — 0. Corollary D.2 implies that the second term
in the upper bound of (117) vanishes Pg~-a.s. when n — oo. This concludes the proof. m|

Combining the previous lemmas in this appendix and Lemma 4.17, we are now ready to
prove Proposition 4.5.

Proof of Proposition 4.5. Applying Lemma 4.17, for all u € T, we have that the sequence
(Ty.k.x(6))ren= is a Cauchy sequence uniformly w.r.t. 6 € ©¢ in L?(Pq; ®Pgx) that converges
to some limit I',, o, (@) (that does not depend on x). By Corollary D.2, we have that Py«-a.s. the
convergence for the the average of the quantities I', ;,,),x(6™) over u € T,; holds uniformly
in x € X, that is, (66) in Proposition 4.5 holds. By Corollary D.4, we have that the function
0 — Eqy ®Eg+['9,00(0)] is continuous on Oy. Finally, the last part of the proposition is given
by Lemma D.5. |
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