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Gas of N > 1 particles, temperature T = 571, in domain D C R3.
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Gas of N > 1 particles, temperature T = 571, in domain D C R3.

Potential :
U . DN — R+.

Hamiltonian :

H(x,y) = U(x) + |y2|2
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Gas of N > 1 particles, temperature T = 571, in domain D C R3.

Potential :
U . DN — R+.
Hamiltonian :

H(x,y) = U(x) + |y2|2

Gibbs measure :
pa(dx,dy) = Z le PHY) dxdy.
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Gas of N > 1 particles, temperature T = 571, in domain D C R3.

Potential :
U . DN — R+.
Hamiltonian :

H(x,y) = U(x) + |y2|2

Gibbs measure :
pa(dx,dy) = Z le PHY) dxdy.
Goal :
pp(f) = E(F(X)), X~ us.
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Lennard-Jones potential :

o Ullxi—xl), Ui(r) =4e (% - %) :

ISi#SN

Argon : e = 1.66 + 10721 J, & = 3.405A.

Pressure :

P=yp(f),  Flxy) = Z(fn—x Vi U(x ))

Gabriel Stoltz, An introduction to Computational Statistical Physics.
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Langevin Process

d=3N
U:RY = [0, 00].

CIXt - Ytdt,
CIYt = —VU(Xt)CIt — ’}/Ytdt + vV 2’7/871(3'81_-.

Ergodic!
Jim E(F(Xe, Y2)) = ps ().

Simulation of a large number of (X, Y:) :

, S FXE YE) ~ E(F(Xe, Y) ~ n(F).
k=1

1. D.-P. Herzog and J.-C. Mattingly. Ergodicity and Lyapunov functions for Langevin
dy-namics with singular potentials.Comm. Pure Appl. Math., 72(10) :2231-2255, 2019
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A simpler model

dZt - b(Zt)dt + dBt,

b smooth, derivative of all order bounded, z - b(z) < —f|z|? outside some
compact set.

Euler-Maruyama scheme :

Zni1 = Zn+ 6b(Z,) + VG,

Proposition

Z admits an invariant measure v.
Z admits an invariant measure v for all 0 < § < dp.
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A simpler model

Theorem Talay-Tubaro 90
Vfe P, t >0, 3I(C(t)); explicit such that :

E,(f(Z,)) = E.(f(Z:)) + Ci(£)d + - - - + Ce(t)5% + O(6% L),

where nd = t.
3(D;); of explicit real numbers such that :

I/&(f) = I/(f) +Di6+---+ Dk(sk + O((SkJr]‘)‘

oK, (f (zf,{z)) _E, (f (2;})) — E,(f(Z:)) + 0(5?).
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dXt - Ytdt,
dYt = —VU(Xt)dt — ")/Ytdt + vV 2"}/,8_1dBt.

Process defined on :
D= {xeRd|U(x)<oo}, X =D xR
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dXt - Ytdt,
dYt = —VU(Xt)dt — ")/Ytdt + vV 2'}/ﬁ_1dBt.

Process defined on :
D= {xeRd|U(X)<oo}, X =D xR

° fD e AV dx < .

im MU _
® e voror =

@ Jpp € R\ [-1,0], oo > 1:
p—2 2 242
Coo U™ +doo§’VU| < U™ "m0 + dy.

o Va € N?? :|9oU| < Uk + C,.
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Lyapunov function

Lyapunov function :
LV < —aV + aK,

with L the generator

L=y -Vyx—VU-V, -9y -V, +98714A,.

For all 0 < b < 8, 3 Lyapunov function

V(x,y) = exp(bH(x, y) + o(H(x, y)))-

D.-P. Herzog and J.-C. Mattingly. Ergodicity and Lyapunov functions for
Langevin dy-namics with singular potentials.Comm. Pure Appl. Math.,
72(10) :2231-2255, 2019
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Allowed function :

F= {f LX), Vo € N2 |9°F| < Copefa cop < ﬁ}.

Vf € F,3C,q,b > 0 such that :

|0%(P:f — pu(f))| < Ce™9tePH,

Proof based on hypocoercivity in Sobolev spaces?.

112, e = /X P Viedu

=1

VIVETE + wp | (VR — EVETIV,) hwz)

2. F. Baudoin, M. Gordina, and D.-P. Herzog. Gamma calculus beyond Villani and
explicit convergence estimates for Langevin dynamics with singular potentials.Arch.
Ration.Mech. Anal., 241(2) :765-804, 2021
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Numerical scheme

Simplectic Euler-Scheme :

5<n+1 = )~<n + 5§/n+17
Yoi1 = Yo —6VU(X,) — 67 Yn + V298716 G,
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Numerical scheme

Simplectic Euler-Scheme :

5<n+1 = )~<n + 5§/n+17
Yoi1 = Yo —6VU(X,) — 67 Yn + V298716 G,

Ve >0:
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Numerical scheme

Simplectic Euler-Scheme :

)~<n+1 = )N<n + 5§/n—|—17
Yor1 = Yo — 0VU(X,) — 67 Y0 4+ V276716 G,.

Stopped Scheme :

)_<n+1 - )_<n + :”‘E(;()_(n,\_’n,Gn)EHd(SV”"‘l’
\_/n+1 = Yo+ ]lEé()_(n,Vn,Gn)EHd (—5VU()_(,,) - 57\_/,, + v 27ﬁ715Gn) .

Hd:{H<54}

x+4 (y —oVU(x) — oy + 27B—15g)
y —0VU(x) — dvy + V/2y58~Log

E(S(Xv)/:g) = (
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V0 < b < (5,
Vi, = exp(bH(x, y) + o(H(x,y))),

and a, K > 0 such that V0 < § < do, (x,y) € Hq :

IE‘(x,y) (Vb(xla ?1)) < (1 - ad) Vb(X7y) + adK.
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Proposition
V0 < b < (5,

3V}, = exp(bH(x, y) + o(H(x,¥))),
and a, K > 0 such that V0 < § < do, (x,y) € Hq :

IE‘(x,y) (Vb(xla ?1)) < (1 - ad) Vb(X7y) + adK.

Forall 0 < b< S

sup supkE, (ebH(X"7Y")> < c0.
0<d<do neN

For all a > 0:
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Proposition

V0 < b < (5,
Vi = exp(bH(x, y) + o(H(x, y))),

and «, K > 0 such that V0 < § < do, (x,y) € Hq :

E(x,y) (Vb()_(l, \_/1)) g (1 — aé) Vb(x,y) + OzéK.

Proposition
V0 < < do, J invariant measure g, Vf € F :

1 v o
Nim =S ey (F (e o)) = s (F).
k=1

.
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E; (u (k6, Zn—p) — u((p+ 1)0. Zp—(p+1)))
=0+ 0%E (¢ (pd, Zn-p)) + 6°RY

where

Ry, < C(1+E (etM(Z0))).
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Vf e F, t >0, 3(G); explicit such that :
Egey) (F (Xns Vo)) = Egey) (F (X, Vo)) + Gd + -+ Cud® + 0 (8541,

There exists a family (D;); of explicit real numbers such that :

ps(f) = pp(f) + Do+ -+ Dk5k + O(5k+1).
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THANK YOU FOR YOUR ATTENTION
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