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Gibbs measure

Gas of N ≫ 1 particles, temperature T = β−1, in domain D ⊂ R3.

Potential :
U : DN → R+.

Hamiltonian :

H(x , y) = U(x) +
|y |2

2
.

Gibbs measure :
µβ(dx , dy) = Z−1e−βH(x ,y)dxdy .

Goal :
µβ(f ) = E(f (X )), X ∼ µβ.
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Example

Lennard-Jones potential :

U(x) =
∑

1⩽i ̸=j⩽N

Ui (|xi − xj |), Ui (r) = 4ε
( σ

r12 − σ

r6

)
.

Argon : ε = 1.66 ∗ 10−21J, σ = 3.405
◦
A.

Pressure :

P = µβ(f ), f (x , y) =
1

3|D|

N∑
i=1

(
y2
i

m
− xi · ∇xiU(x)

)
.

Gabriel Stoltz, An introduction to Computational Statistical Physics.
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Langevin Process

d=3N
U : Rd → [0,∞].

{
dXt = Ytdt,

dYt = −∇U(Xt)dt − γYtdt +
√

2γβ−1dBt .

Ergodic 1

lim
t→∞

E (f (Xt ,Yt)) = µβ(f ).

Simulation of a large number of (Xt ,Yt) :

1
n

n∑
k=1

f (X k
t ,Y

k
t ) ≈ E (f (Xt ,Yt)) ≈ µ(f ).

1. D.-P. Herzog and J.-C. Mattingly. Ergodicity and Lyapunov functions for Langevin
dy-namics with singular potentials.Comm. Pure Appl. Math., 72(10) :2231–2255, 2019
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A simpler model

dZt = b(Zt)dt + dBt ,

b smooth, derivative of all order bounded, z · b(z) ⩽ −β|z |2 outside some
compact set.

Euler-Maruyama scheme :

Z̄n+1 = Z̄n + δb(Zn) +
√
δGn.

Proposition
Z admits an invariant measure ν.
Z̄ admits an invariant measure νδ for all 0 < δ < δ0.
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A simpler model

Theorem Talay-Tubaro 90’
∀f ∈ P, t ⩾ 0, ∃(Ci (t))i explicit such that :

Ez(f (Z̄n)) = Ez(f (Zt)) + C1(t)δ + · · ·+ Ck(t)δ
k + O(δk+1),

where nδ = t.
∃(Di )i of explicit real numbers such that :

νδ(f ) = ν(f ) + D1δ + · · ·+ Dkδ
k + O(δk+1).

2Ez

(
f
(
Z̄

δ/2
2n

))
− Ez

(
f
(
Z̄ δ
n

))
= Ez(f (Zt)) + O(δ2).
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Context

{
dXt = Ytdt,

dYt = −∇U(Xt)dt − γYtdt +
√

2γβ−1dBt .

Process defined on :

D =
{
x ∈ Rd |U(x) <∞

}
, X = D × Rd .

Hypothesis∫
D e−βU(x)dx <∞.

lim
x→Dc

|∇2U(x)|
|∇U(x)|2 = 0.

∃η0 ∈ R \ [−1, 0], η∞ > 1 :

c∞U2− 2
η∞ + d∞ ⩽ |∇U|2 ⩽ c0U

2+ 2
η0 + d0.

∀α ∈ N2d :|∂αU| ⩽ Ukα + Cα.
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Lyapunov function

Lyapunov function :
LV ⩽ −αV + αK ,

with L the generator

L = y · ∇x −∇U · ∇y − γy · ∇y + γβ−1∆y .

For all 0 < b < β, ∃ Lyapunov function

V (x , y) = exp(bH(x , y) + o(H(x , y))).

D.-P. Herzog and J.-C. Mattingly. Ergodicity and Lyapunov functions for
Langevin dy-namics with singular potentials.Comm. Pure Appl. Math.,
72(10) :2231–2255, 2019
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Allowed function :

F =
{
f : C∞(X ), ∀α ∈ N2d , |∂αf | ⩽ Cα,f e

cα,f H , cα,f < β
}
.

Theorem
∀f ∈ F , ∃C , q, b > 0 such that :

|∂α(Pt f − µ(f ))| ⩽ Ce−qtebH .

Proof based on hypocoercivity in Sobolev spaces 2.

∥h∥2
mHk =

∫
X
h2Vkdµ

+

∫
X

r∑
p=1

(
p−1∑
i=0

ωi ,p|∇i
x∇p−i

y h|2 + ωp,p|
(
∇p

x − ξ∇p−1
x ∇y

)
h|2
)

(1 + εpVk−p) dµ.

2. F. Baudoin, M. Gordina, and D.-P. Herzog. Gamma calculus beyond Villani and
explicit convergence estimates for Langevin dynamics with singular potentials.Arch.
Ration.Mech. Anal., 241(2) :765–804, 2021
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Numerical scheme

Simplectic Euler-Scheme :{
X̃n+1 = X̃n + δỸn+1,

Ỹn+1 = Ỹn − δ∇U(X̃n)− δγỸn +
√

2γβ−1δGn.

∀ε > 0 :
E
(
eεH(X̃n,Ỹn)

)
= ∞, ∀n ⩾ 1.
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X̃n+1 = X̃n + δỸn+1,

Ỹn+1 = Ỹn − δ∇U(X̃n)− δγỸn +
√

2γβ−1δGn.

Stopped Scheme :X̄n+1 = X̄n + 1Eδ(X̄n,Ȳn,Gn)∈Hd
δȲn+1,

Ȳn+1 = Ȳn + 1Eδ(X̄n,Ȳn,Gn)∈Hd

(
−δ∇U(X̄n)− δγȲn +

√
2γβ−1δGn

)
.

Hd =
{
H ⩽ δ−l

}
,

Eδ(x , y , g) =

(
x + δ

(
y − δ∇U(x)− δγy +

√
2γβ−1δg

)
y − δ∇U(x)− δγy +

√
2γβ−1δg

)
.
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Proposition
∀0 < b < β,

∃Vb = exp(bH(x , y) + o(H(x , y))),

and α,K > 0 such that ∀0 < δ < δ0, (x , y) ∈ Hd :

E(x ,y)

(
Vb(X̄1, Ȳ1)

)
⩽ (1 − αδ)Vb(x , y) + αδK .

For all 0 < b < β :

sup
0<δ<δ0

sup
n∈N

Ez

(
ebH(X̄n,Ȳn)

)
<∞.

For all a > 0 :
P(x ,y)

(
H(X̄n, Ȳn) ⩾ a

)
⩽ Ce−ca.
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Proposition
∀0 < b < β,

∃Vb = exp(bH(x , y) + o(H(x , y))),

and α,K > 0 such that ∀0 < δ < δ0, (x , y) ∈ Hd :

E(x ,y)

(
Vb(X̄1, Ȳ1)

)
⩽ (1 − αδ)Vb(x , y) + αδK .

Proposition
∀0 < δ < δ0, ∃ invariant measure µβ,δ, ∀f ∈ F :

lim
n→∞

1
n

n∑
k=1

E(x ,y)

(
f
(
X̄k , Ȳk

))
= µβ,δ (f ) .
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Method

t = nδ, u(t, x , y) = Pt f (t, x , y), Z̄n =
(
X̄n, Ȳn

)
:

Ez

(
f
(
Z̄n

))
− Ez (f (Zt)) = Ez

(
u
(
0, Z̄n

)
− u (nδ, z)

)
=

n−1∑
p=0

Ez

(
u
(
pδ, Z̄n−p

)
− u

(
(p + 1)δ, Z̄n−(p+1)

))
.

Ez

(
u
(
kδ, Z̄n−p

)
− u

(
(p + 1)δ, Z̄n−(p+1)

))
= 0 + δ2E

(
ψ
(
pδ, Z̄n−p

))
+ δ3Rδ

n−p,

where
Rδ
n−p ⩽ C

(
1 + E

(
ebH(Z̄n−p)

))
.
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Theorem
∀f ∈ F , t ⩾ 0, ∃(Ci )i explicit such that :

E(x ,y)

(
f
(
X̄n, Ȳn

))
= E(x ,y) (f (Xt ,Yt)) + C1δ + · · ·+ Ckδ

k + O
(
δk+1

)
.

There exists a family (Di )i of explicit real numbers such that :

µβ,δ(f ) = µβ(f ) + D1δ + · · ·+ Dkδ
k + O(δk+1).
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THANK YOU FOR YOUR ATTENTION
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