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Introduction to simulated annealing

U:RY—R,.
Goal :

min U.
Rd

Design stochastic process (X;) whose law is close to :
78, (dx) o e AU dx

where 5; — oo0.
t—o0

75, (U(x) > 8) — 0.

t—o0
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Examples of process used in simulated annealing

e Overdamped Langevin Process (OLP) :

dX; = —VU(Xp)dt +1/26; 1dB:.

e Kinetic Langevin Process (KLP) :

dXt - Ytdt
dY: = —VU(Xp)dt — ~; Yedt + 1/ 2737 1dB:.

e Local equilibrium of KLP :
p, (dxdy) o< e FHOY) dxdy

where H(x,y) = U(x) + |y|?/2.
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Cooling schedule and energy barriere

Cooling schedule :
In(ePo 4 t)
Be=—""7>.

Cc
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Cooling schedule and energy barriere

Cooling schedule :

In(e™ +t
Bt = 7( )
c
Largest energy barriere :

c* = sup E(x1, x2),

X1,%2
where

(. 7) = inf { o, V(D) ~ V) ~ V) |-

. N
A

Figure — Example of potential
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Historical review

Theorem (Holley, Kusuoka, Stroock 89)

M smooth compact manifold and U : M — R...

(Xt) OLP with cooling schedule (j3¢).

Then if ¢ > c¢*, U(X¢) — min U in probability.

If there exists p € M, bottom of a well of height greater than c, then
P(inf U(X¢) > U(p)) > 0.
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Historical review

o U:R?Y — Ry, U(x0) = 00, [VU|(cx) = o0,
@ infga |[VU[]2 — AU > —c0.

(Xt) Overamped Langevin Process.

Theorem (Chiang, Hwang, Sheu 87)

If ¢ > 3/2c*, U(X;) — min U in probability.

Theorem (Royer 89, Miclot 92)

If ¢ > c*, U(X¢) — min U in probability.
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Historical review

(Xt) Overamped Langevin Process.

Theorem (Zitt 08)

U:R? — Ry, Ux)=In(|x)™ - C, ||VU|ls < 0,
AU < 0 outside a compact.

Then if ¢ > c¢*, U(X¢) — min U in probability.

Theorem (Fournier, Tardif 21)

U:R? — Ry, U(co) =00, fpge Y < o0
Then if ¢ > c¢*, U(X¢) — min U in probability.
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Historical review and result

(Xt, Yi) Kinetic Langevin Process. H(x,y) = U(x) + |y|?/2.

Theorem (Monmarché 18)

U:RT— Ry, x.VU(x) = r|x]? = M, [|[V?U||eo < 0.
Then if ¢ > c¢*, U(X¢) — min U in probability.

Theorem (J, Monmarché 21)

U:R?Y — Ry, U(co) =00, [pge Y < o0

Then if ¢ > ¢*, H(Xt, Y¢) — min U in probability.

If there exists p, bottom of a well of height greater than c*, then
P(inf U(X:) > U(p)) > 0.
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A basic example

CIXt = —VU(Xt)dt + v 2,8_1dBt,

U quadratic at infinity.

@ 7 stationary measure.

o fy = Law(Xy), hy = %

Oehy = BYAhy — VU.Nhy =: L*hy.
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A basic example

Definition (Carré du champ)

Mf =2 (L = 2fL*f).

N | —

rf=+/28"1|Vf.

He= [ (he = 1)%dms > I = malf
R

H;:—/ M(he)dms.
Rd
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A more basic example

Poincaré inequality

For all h: RY — R, ch, hdmg =1 :

/Rd(h —1)%drs < Aﬁ/ (h)dms.

Rd

Ag satisfies :

E —1 %
ﬂh—>mooﬁ In(Ag) = c*.

H, — /Rd(ht ~ 1)%dns.
Hl = — /Rd [(he)dms < ~A;H.

-1
H, < e s tHy.
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° 3 =p.
Rd
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° 3 =p.
Rd

e U is such that 7g does not satisfy Poincarré inequality.
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° 3 =p.
Rd

e U is such that 7g does not satisfy Poincarré inequality.

@ For kinetic Langevin process :
r(f) =V, fP,

hence no Poincarré inequality of the form

[ =12 < [ TR
Rd Rd
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Generator of the process :

Le=y.Vx— VUV, —7y.Vy, + 7614,

Let f; the law of the process and h; = %.
L} the dual of Ly in L2 (ug,) :

8tht - Ltht - ﬁ;Hht
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Plan of the proof

1 Almost surely, sup, H(X:, Y) < oc.

a Almost surely, liminf,_, o H(X:, Y?).

b For compact set C, there exists K > 0 such that
infCIP(sup H(X:, Yy) < K) > 1/4.
xXe t

2 If X lives in a compact set, there is convergence.
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Return to a compact set

Proposition

Almost surely, liminf:_oo H(X:, Y:) < o00.

Lemma

For any C*-probability density fy with compact support in R?¢, we have

)

Po(fy) + In(Z,,
supEg (H(X:, Ye)) < & (fo) +In(Zaq)
£>0 Bo — g

where

nﬁo(fo) :/ foln (1 + foeﬁ"H) ) s :/ e~ oH,
R2d R2d

Lucas Journel Kinetic Annealing 15 /28



Proof of Lemma

Writing g = f,e’*H, "entropy"

N(t) :/ geIn(1+ g¢) e PeH
RZd

Formally, using Langevin equation :

1 1
N/ t) = — —1/ 2 + >
( ) FYtIBt R2d ’ .ygt| 1 +gt (1 +gt)2

8t
+ ! Hf,.
/]de ﬁt 1 -+ gt t

Then
N'(t) < BiEg H(Xe, Yr)
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Proof of Lemma

N,(t) < /BgEfoH(Xta Yt)

ftlnftzmaX{/ ftlng;g:de—>R+,/ gzl}-
R2d R2d R2d

With go = e=H /2, , where Z,, = [e H .

N(t) > (Bt — a0)Eq (H(Xe, Ye)) — In(Za).

We conclude with Gronwall lemma.
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Localisation

Proposition

Fix some A > 1. There exist by > 1, K4 > A which depends on A, U, and
¢, but not By such that, for all Sy > ba and all initial condition
zZy € {H < A},

I

on (SUpH(Xt, Yt) < KA) =

>0

Ka=~d4c+ A
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Localisation

Fix K> 1, Lx > 1, Mk = (R/2LkZ)?, such that {U < K} C M.
UK : Mk — R, UK = Uon {U< K}

{dXtK = YKdt

(1)
dYK = -V, UR(X)dt — 4. Y[ dt + /278, 1dB; .

{SUP H(X:, Ye) < K} = {sup Hi (X, Y < K} ,
£0

£>0
where Hk(x,y) = UK(x) + |y|?/2.

,ug(dxdy) oc e PHaY)dxdy .
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Localisation

Lemma

ifc>c*, fix A>1.Set Da=A~+3+4cand Ky = Dj + 1.

There exist C4 > 0 and by that do not depend on By such that, for all
Bo = ba and C>-probability density fy with support in {Hx < A+ 1}, we
have that, for all t > 0

Py, (H (XtKA7 ytKA) > DA) < (ecﬁoc—:-t)T

1/2
P(H(X!, Y{) > D) < ||h |12 (us.(Hk > D))"/

ps,(Hi > D) < Ce=P(P~1)
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Localisation

Hypocoercivity a la Villani -
¢e(h) = |(Vx + Vy)h|* + o h?

with oy = % 4+ 24/77 1B (1 4 [V UK 0o + 7¢)?, we introduce

)= [ oo (R 1) du

=

Differentiating N, one can (formally) check that

2
VhE| duf, -

() < —37(6) + CBL(1+ B
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Localisation

Poincaré inequality : N y
() < A5 T(2)
With : )
—In(Ag) — ¢*
5 ()

B—00

Conclusion :

~ c’ C(l+In(l+1)\ ~
() < <_(1 I T R Ry ) M)
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Position in a compact set

Proposition

If ¢ > c*, then for all K > 1, all C*°-probability density fy with compact
support in Mk x R? and all § > 0,

Py, (HK(XtK, YY) > 5) 0.

P (Hic (X[, ) > 8) < 1B 12 (s (Hic > 6)/2
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Non-convergence for fast cooling schedule

What we showed :

P <SupH(Xta Yt) g H(X07.y0) +4C> >0
t>0
What we want :
P (SLIP H(Xh Yt) < H(X07y0) +c+ 6) >0

>0

Lucas Journel Kinetic Annealing 24 /28



Non-convergence for fast cooling schedule

[hellz = Nl hell o
C

P(H(Xt, Ye) > ¢+ 6) < [[he|loopp.(H > c +6) = (1 + t)L+0/2¢

H*-hypocoercivity. C.Zang 20
h—1l|;~ < C|lh—-1
A= 1]l I HHm@go)

< CelMilp — 1||Hm(MK)-
Bt
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Figure — Example of potential
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Non-convergence for fast cooling schedule

dXK = VW (Y)Yt — o (Yo) VUK (XE)dt + /20 (Y[) B HdB,
dyK = —vUK(xX[)dt — v vW(Y[)de + Md&

Fix K> 1, let WK o: My — R, be such that :
o Hx = UK+ WK =H - H(x) on {H - H(x) < K}
o {VZWK £ 14} C {o >0}
o{HK K} Cc {oc =0}
c*(Hk) < c
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