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Contribution [1]
We show weak error expansion of a numerical
scheme with rejection for the Langevin pro-
cess in the case of a singular potential. In or-
der to achieve this, we provide estimates on the
associated semi-group of the process. The class
of admissible potentials includes the Lennard-
Jones interaction with confinement, which is an
important potential in molecular dynamics and
served as the primary motivation for this study.

Motivation
Hamiltonian:

H(x, y) = U(x) +
|y|2

2
.

Gibbs measure:
µβ(dx, dy) = Z−1e−βH(x,y)dxdy.

Goal: compute
µβ(f) = E(f(X)), X ∼ µβ .

Kinetic sampler:{
dXt = Ytdt,

dYt = −∇U(Xt)dt− γYtdt+
√
2γβ−1dBt.

Splitting scheme with rejection:{
X = X̄n + δȲ ,

Y = Ȳn − δ∇U(X̄n)− δγȲn +
√

2γβ−1δGn.

If H(X,Y ) ⩽ δ−l,

• (X̄n+1, Ȳn+1) = (X,Y ),

else,

• (X̄n+1, Ȳn+1) = (X̄n, Ȳn).

Assumptions
Assumptions on U :

•
∫
D e−βU(x)dx < ∞.

• lim
U→∞

|∇2U(x)|
|∇U(x)|2 = 0.

• ∃η0 ∈ R \ [−1, 0], η∞ > 1:

c∞U2− 2
η∞ +d∞ ⩽ |∇U |2 ⩽ c0U

2+ 2
η0 +d0.

• ∀α ∈ N2d:|∂αU | ⩽ Ukα + Cα.

Assumptions on f : f ∈ F iff

• f ∈ C∞({U < ∞}).

• |∂αf | ⩽ Cα,fe
cα,fH , cα,f < β.

Example from statistical physics:
Lennard-Jones:

U(x) =
∑
i̸=j

Ui(|xi−xj |), Ui(r) = 4ε
( σ

r12
− σ

r6

)
.

Pressure:

P = µβ

(
1

3|D|

N∑
i=1

(
y2i
m

− xi · ∇xi
U(x)

))
.

Semi-group estimates
Semi-group: Ptf(x, y) = Ex,y (f (Xt, Yt))

Theorem 1. ∀f ∈ F , ∃C, q, 0 < b < β such
that:

|∂α(Ptf − µ(f))| ⩽ Ce−qtebH .

Idea of proof: For all 0 < b < β, ∃ Lyapunov
function

V (x, y) = exp(bH(x, y) + o(H(x, y))).

Hypocoercivity in Sobolev spaces:

∥h∥2mHk =

∫
X
h2V0dµ

+

∫
X

r∑
p=1

(
p−1∑
i=0

ωi,p|∇i
x∇p−i

y h|2
)
(1 + εpVp)dµ

+

∫
X

r∑
p=1

ωp|
(
∇p

x − ξ∇p−1
x ∇y

)
h|2 (1 + εpVp) dµ.

H1 case done in [2].

Lemma 2. ∀h ∈ C∞({U < ∞}),

⟨h, Lh⟩2mHk ⩽ −c∥h∥2mHk .

Proof based on generalised Gamma calculus.

Cv of the numerical scheme
Why rejection ? If (X̃n, Ỹn) scheme without re-
jection:

E
(
f
(
X̃n, Ỹn

))
= ∞,

for f ∈ F \ L1
loc.

Lemma 3. ∀0 < b < β,

∃Vb = exp(bH(x, y) + o(H(x, y))),

and α,K > 0 such that ∀0 < δ < δ0, (x, y) ∈
Hd:

E(x,y)

(
Vb(X̄1, Ȳ1)

)
⩽ (1−αδ)Vb(x, y)+αδK.

Lemma 4. ∀0 < δ < δ0, ∃ invariant mea-
sure µβ,δ, ∀f ∈ F :

lim
n→∞

1

n

n∑
k=1

E(x,y)

(
f
(
X̄k, Ȳk

))
= µβ,δ (f) .

Theorem 5. ∀f ∈ F , t ⩾ 0, ∃(Ci)i explicit
such that:

E(x,y)

(
f
(
X̄n, Ȳn

))
= E(x,y) (f (Xt, Yt))+

k∑
p=1

Ckδ
k+O

(
δk+1

)
.

There exists a family (Di)i of explicit real
numbers such that:

µβ,δ(f) = µβ(f) +

p∑
p=1

Dpδ
p +O(δk+1).

See also [3, 4, 5].

Numerical experiments
Toy model:

U(x) =
1

x
+ x2, β−1 = 15.0, γ = 1.

Figure 1: The potential.

Figure 2: Typical trajectory of the empirical aver-
age without rejection for δ = 10−2.

Fix K = 1000, T = 150000, compute K inde-
pendent copies of

Sn =
1

n

n∑
k=1

U(Xk),

with n = ⌊T/δ⌋. The following graph represents
the proportion of copies that have more then 1%
error.

Figure 3: Failure probability.
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