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RECOVERING THE HAMILTONIAN FROM SPECTRAL DATA

C. HERIVEAUX AND T. PAUL

ABSTRACT. We show that the contributions to the Gutzwiller formula with
observables associated to the iterates of a given elliptic non-degenerate periodic
trajectory v and to certain families of observables localized near v determine
the quantum Hamiltonian in a formal neighborhood of the trajectory -, that
is, the full Taylor expansion of its total symbol near v. We also treat the
“bottom of a well” case both for general and Schrodinger operators, and give
some analog classical results.
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1. INTRODUCTION AND MAIN RESULTS

It is well known that spectral properties of semiclassical Hamiltonians and dy-
namical properties of their principal symbols are linked. Even when there is
no precise information “eigenvalue by eigenvalue” of the spectrum, the so-called
Gutzwiller trace formula provides information on averages of the spectrum at scale
of the Planck constant i. More precisely, let H(z, hD,) be a self-adjoint semiclassi-
cal elliptic pseudodifferential operator on a compact manifold X of dimension n+1,
whose symbol H(x,&) is proper (as a map from T*X into R). Let FE be a regular
value of H and <y a non-degenerate periodic trajectory of primitive period T’ lying
on the energy surface H = F.

Consider the Gutzwiller trace (see [11])

(1.1) Tr (w (—H(I’ME)”) _E>) :Xijwr (—E(h;_E>

where for r € Z*, ¢, is a C*° function whose Fourier transform is compactly
supported with support in a small enough neighborhood of rT’, and is identically
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one in a still smaller neighborhood containing 7T,. As shown in [14], [15] (L)) has
an asymptotic expansion

s oo
2y T
(1.2) e m 2oy E an i
k=0

In [8] it was shown how to compute the terms of this expansion to all orders in
terms of a microlocal Birkhoff canonical form for H in a formal neighborhood of
. Following earlier results by Zelditch [19,20] and Guillemin [7] in the context of
the high part of the spectrum of the Laplacian, it was also proved in [§] that the
family of constants (aj,)x,renxz+ determines the microlocal (and hence, a fortiori,
the classical) Birkhoff canonical form for H in a formal neighborhood of v; see also
[12] for another proof based on trace formulas for monodromy operators.

In the case of the bottom of a well, the determination of the Birkhoff form by
the low part of the spectrum has been shown in [9]. When it is known in addition
that H(x,hD,) is a Schrodinger operator —h?A + V, it has been shown that the
low part of the spectrum determines the Taylor expansion of the potential V' when
this one is even in all variables [10] or in dimension one under generic assumptions
[], and the potential itself in one dimension under generic assumptions [3]. But
in the general case the Gutzwiller formula will determine only the normal form of
the Hamiltonian, that is to say H(x,hD,) only modulo unitary operators, and its
principal symbol only modulo symplectomorphisms. Of course it cannot determine
more, as the spectrum, and a fortiori the trace, is insensitive to unitary conjugation.

The aim of this paper is to address the question of determining the true Hamil-
tonian from more precise spectral data, namely from the Gutzwiller trace formula
with observables.

Let us point out that, aside from the intrinsic interest (in particular for physical
purposes) of determining a true Hamiltonian and not only its symplectomorphically
(with unknown symplectomorphism in general) conjugated normal form, we will get
as a bi-product of our results the missing spectral information needed to complete
the Schrédinger case, discussed in the preceding paragraph and treated in [3L[4L[10].
Let us also remark that the original problem developed by M. Kac in “Can one
hear the shape of a drum?” [13] also involves the true Hamiltonian through the
boundary of the domain on which the Laplacian acts.

It is well known that, for any pseudodifferential operator O(x,AD,) of symbol
O(z, &), there is a result equivalent to (L2) for the quantity
(1.3)

Tr (0(957 hD, ), (MW)) = 203 0w, hD2)s )i (E %E)

i

(here ¢, is meant as the eigenvector of eigenvalue E; and %, is as before) under
the form of an asymptotic expansion of the form

(1.4) ETTE S af (),
k=0

where aj, are distributions supported on 1.

We will show in the present paper that the knowledge of the coefficients a},(O) for
O belonging to some family of observables localized near 7 is enough to determine
the full Taylor expansion of the total symbol of H(x, hD,) near v, in other words
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RECOVERING HAMILTONIANS 7241

H(xz,hD,) microlocally in a formal neighborhood of «, when ~ is non-degenerate
elliptic (including the case where v is reduced to a point (bottom of a well)).

Let us first remark that, besides the fact that not all observables will be needed
to conclude, the formula (3] gives access only to diagonal matrix elements of ob-
servables between eigenvectors and not to the full knowledge of them. Nevertheless
the asymptotics of (3] surprisingly determine the full Taylor expansion of the
symbol of the Hamiltonian.

Let us also remark that the trace formula with any observable microlocalized
in a small enough neighborhood of v determines obviously its primitive period
T,. We will assume that any multiple of T, is isolated in the set of the periods
of all the periodic trajectories on the same energy shell (let us remark that in
case this condition is not fulfilled, our results remain valid by taking observables
microlocalized in a neighborhood of the non-degenerate elliptic 7). Moreover it
is known ([6,[7]) that the coefficients of the trace formula determine the Poincaré
angles modulo 27Z and we prove in Appendix [B] that, in the case where ~ is not
reduced to one point, any realization of the Poincaré angles as real numbers leads
to a different Birkhoff normal form but gives an explicit symplectomorphism that
conjugates one to another: hence, our reconstruction of the “true” Hamiltonian is
independent of the choice of the realization. We also show that in the “bottom of
a well” case, the 6;’s are determined by the spectrum.

Therefore the only knowledge we will require will be the fact that there exists a
geometric periodic trajectory 7, possibly of dimension zero, which is elliptic non-
degenerate (see the definition below) and whose set of periods is isolated in the set
of periods of the same energy shell.

We will be concerned with three cases:

(1) ~ is a curve;
(2) the general “bottom of a well” case (v reduced to a point);
(3) the “bottom of a well” case when the Hamiltonian is a Schrédinger operator.

Our results will also be of three different kinds:

a. The knowledge of the coefficients of the trace formula for (), or of some of
the diagonal matrix elements (expectation values) between eigenvectors of
the Hamiltonian for (2)),(@), for a family of observables satisfying some alge-
braic properties on v determine some Fermi coordinates (see the definition
below). It is the content of Theorems [[3] 9] LT3

b. The knowledge of the coefficients of the trace formula for (), or of some of
the diagonal matrix elements (expectation values) between eigenvectors of
the Hamiltonian for (2)), [@B]), for another family of observables, expressed on
any (not necessarily the one determined by a.) Fermi system of coordinates,
determines the full Taylor expansion of the total symbol of the Hamiltonian
expressed on these Fermi coordinates (Theorems [} [[L10] [LT4).

c¢. The combination of the two preceding cases, where the family of observ-
ables defined in a. drives the knowledge of the full Hamiltonian. More
precisely, the knowledge of the quantities expressed in a. determines a fam-
ily of observables, which is precisely the one defined in b. expressed in the
Fermi system determined in a., the trace coefficients or some of the diag-
onal matrix elements of which determine the full Taylor expansion of the
Hamiltonian on a determined system of coordinates (Corollaries [[5] [L11]

[CI).
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7242 C. HERIVEAUX AND T. PAUL

Finally we obtain analog classical results as a byproduct of the quantum results
in Section @

Definition 1.1. A periodic trajectory of the Hamiltonian flow generated by H(x, &)
is said to be non-degenerate elliptic if its linearized Poincaré map has eigenvalues
(e*%)1<,<n, 0; € R, and the rotation angles ¢; (1 <i < n) and 7 are independent
over Q.

Definition 1.2 (Fermi coordinates). We will denote by “Fermi coordinates” any
system of local coordinates of T* M near v, (z,t,&,7) € T*(R™ x S'), such that
v ={z =& =7 =0} and on which the principal symbol H,, of H(z,hD;) can be
written for any chosen realization of the Poincaré angles 0; € R as:

(15) Hp(x7t7§77—) :H0($>t7§7T)+H2>
where

n 2 2
(1.6) Ho(r,,67) = B+ 30,5050 ¢
and
(1.7) Hy =0 ((a: +E2 4 |r|)%)

The existence of such local coordinates, guaranteed by the Weinstein tubular
neighborhood theorem ([I8]), was proved in [7|[8[19] under the hypothesis of non-
degeneracy mentioned earlier. However the construction of Fermi coordinates in-
volves the knowledge of the quadratic part of Hy, in a neighborhood of . Our first
result shows that a system of Fermi coordinates can be determined by « only at the
classical level and some quantum spectral quantities (constructed out of a system
of local coordinates near v and some quantum spectral quantities).

Theorem 1.3. Let P]f, E=0,1,...,2n2 + n,p € Z, be any pseudodifferential op-
erators whose respective principal symbols P;f satisfy

Pp(x,t,&,7) =e ™1 and

1.8 _
" Pyl t,6,7) = e 2R (2,6), k=1,...,20° +n,

in a local symplectic system of coordinates (w,t,&,7) € T*(R™ x S') such that
v = {x = ¢ = 7 = 0}, with the property that R*(0) = VR*(0) = 0 and the
Hessians d*R*(0) are linearly independent.

An example of such symbols is given by the family

Q}Jp(x t,E,T) = e Flyg,
o) 02w 167) = e,

ngjp(x tafa T) = e*?lﬂ'ptgigj’

Qplz,t,&,7) = e Hir.

Then the knowledge of the coefficients (a}(PF))o<k<an?4npez in (L3)-CA) deter-
mines (in a constructive way) an explicit system of Fermi coordinates near ~.

Theorem 1.4. Let v be a non-degenerate elliptic periodic trajectory of the Hamil-
tonian flow generated by the principal symbol Hy, of H(x,hD,) on the energy shell

Hp’l(E), and let (z,t,&,7) € R® x S x R"*! be a system of Fermi coordinates near

Y-
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RECOVERING HAMILTONIANS 7243

For (m,n,p) € N x Z, let Oppp, O, be any pseudodifferential operators whose
total Weyl symbols (in this system of coordinates) Opmnyp, Op satisfy

Ol t,6,7) = -zt [T (26)™ (i€ )™
()™ (5"
(1.10) + > O(W'(z* + & + |7]) %),
21+ N=|m|+|n|+1 N
Op(z,t,6,7) = e Wt 32 O (a* + & +17]) *)
2l+N=3

in a neighborhood of yv. Then the knowledge of the coefficients al.(Opmnp) and at (Oy)
in (L3)-@C4) for k < N and m,n,p,q satisfying

(1) [ml+|n| <N,

(2) Vj=1,...,n, m; =0 orn; =0,

() peZ, qelr,
determines the Taylor expansion near vy up to order My in (z,£) and My in T,

of the total Weyl symbol, in this system of Fermi coordinates, of H(x,hD,) up to
order l in h at the condition that 21 + My + 2M5 < N.

Concatenating the two preceding results we get the coordinate free statement:

Corollary 1.5. Let lef be as in Theorem [L3l Then the knowledge of the co-
efficients a ( fjp), a(Qp) forp € Z,1 € Z,1 <i,j < n,k € {1,2,3} determine
observables Oy, Oy out of which the coefficients a,(Omnyp) and ak(Oy), fork < N
and m,n,p,q satisfying conditions (1), (2),(3) in Theorem [[4, determine modulo
a function vanishing to infinite order on v the full symbol of H(x,hD,) in a deter-

mined system of local coordinates near .

Remark 1.6. Tt is easy to see that condition (2) implies that the number of ob-
servables in the transverse to 7 directions (for each Fourier coefficient in ¢) needed
for determining H (x, hD,) up to order N is a polynomial function of N of degree
n — 1, while the number of all polynomial functions in (z,£,7) of order N is a
polynomial in N of higher degree 2n. The fact that not all observables are needed
can be understood by the fact that we know that the Hamiltonian we are looking
for is conjugated to the normal form by a unitary operator and not by any operator
(see the discussion after Theorem [271]). At the classical level this is a trace of the
fact that we are looking for a symplectomorphism, and not any diffeomorphism (see

Section @l).

Remark 1.7. The asymptotic expansion of the trace (3] involves only the microlo-
calization of H(z,hD,) in a formal neighborhood of . Therefore there is no hope
to recover from spectral data more precise information than the Taylor expansion
of its symbol near . The rest of the symbol concerns spectral data of order /™.

Let us now consider the case where 7 is reduced to one point, namely the “bottom
of a well” case. Let us assume that the principal symbol H, of H(x,hD,) has a
global non-degenerate minimum at zg € T*M, and let d>H,(20) be the Hessian of
H at zp. Let us define the matrix Q defined by d?H,(20)(-, ) =: w, (-, Q7 !+) where
Wy (v, ) is the canonical symplectic form of T*M at zy. The eigenvalues of €2 are
purely imaginary; let us denote them by +i6; with 6; > 0, j = 1,...,n. Let us
assume moreover that 6;,j = 1,...,n, are rationally independent.
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7244 C. HERIVEAUX AND T. PAUL

Definition 1.8. By extension of Definition [[.2] we will also denote by Fermi co-
ordinates any system of Darboux coordinates (x,§) € T*R™ centered at zy such
that:

— 27+ 3
(L11) Hy 0, = ) + 32058 40

The existence of such local coordinates will be proved in Section [, once again
by using the knowledge of the quadratic part of H, near z;. Our next result shows
that one can explicitly construct Fermi coordinates out of the knowledge of some
quantum spectral quantities.

Theorem 1.9. Let P* k = 1,...,2n% + n, be any pseudodifferential operators
whose principal symbols P* are such that P*(z0) = VP*(2) = 0 and the Hes-
sians d*P*(zy) are linearly independent. An example of such symbols is given
by the family

Q}](=’E>§) = xi§j>
(1.12) Q(x,8) = wix,

1<i,57<n,ke {1,273}, in any system (x,§) € T*R™ of Darboux coordinates
centered at zg.

Then, for any € = €(h) > 0, h = o(e(h)) (e.g. € = K1=",n > 0), the knowledge
of the spectrum of H(x,hD,) in [Hy(z0), Hp(20) + €] and the diagonal matriz ele-
ments of P between the corresponding eigenvectors of H(x,hD,) determines (in a
constructive way) an explicit system of Fermi coordinates.

Theorem 1.10. For (m,n) € N?, et O,,, be any pseudodifferential operator
whose total Weyl symbol O, satisfies

(1.13)
Opn(,€) :ﬁ (%‘ +i§j)"” (wj —i§j>"j £ Y o(hre)?)
iV V2 i 1

in a neighborhood of zo and in a system (x,£) € T*R™ of Fermi coordinates centered
at zg.

Then the knowledge of the spectrum of H(x,hDy) in [Hy(z20), Hp(20) + €] with
=% = O(e) for some a > 0, and the diagonal matriz elements of O, between
the corresponding eigenvectors of H(x,hD,,), for:

(1) [m|+ |n| <N,

(2)Vji=1,...,n, mj=0o0rn; =0,
determines the Taylor expansion up to order N of the full symbol of H(x,hD,,) at
2 in the coordinates (x,§).

Corollary 1.11. The diagonal matriz elements of the operators P as in Theorem
determine observables Oy, whose diagonal matriz elements as in Theorem [L10]
determine, modulo a function vanishing to infinite order at zy, the full symbol of
H(z,hD,), in a determined system of local coordinates near zg.
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RECOVERING HAMILTONIANS 7245

Remark 1.12. Although we will not prove it here, let us remark that Theorem [L.1(]
(and also Theorem [[4)) is also valid in the framework of quantization of Kahlerian
manifolds.

In the case where H(z,hD,) is a Schrodinger operator —h?A + V| it is known
[10] that the (actually classical) normal form determines the Taylor expansion of
the potential in the case where the latter is invariant, for each ¢ = 1,...,n, by the
symmetry x; — —x;. The same result holds without the symmetry assumption in
the case n = 1, with assumption V"”(0) # 0, as has been shown in [4].

Now let H = —R2A + V be a Schrédinger operator and let gy be a global
non-degenerate minimum of V. Let us assume that the square-roots (6;)1<i<n
of the eigenvalues of d?V(q) are linearly independent over the rationals. In that
precise case, we will denote by Fermi coordinates any system of Darboux coordinates
(z,€) € T*R™, in which the (principal or total, both notions are equivalent here)
symbol H of our Schrédinger operator can be written as

n

z? + &2
(1.14) H(z,&) = V() + Y 0=+ R(x),
i=1

where R(x) = O(z3). The existence of such local coordinates will also be proved in
Section [3] and Theorem [[.T3] below proves that one can explicitly construct Fermi
coordinates out of any system of local coordinates centered at qg.

Theorem [[.14] shows that the matrix elements of only a finite number of ob-
servables are necessary to recover the full Taylor expansion of the potential in the

general case.

Theorem 1.13. Let P* k = 1,..., @, be any pseudodifferential operators
whose principal symbols are potentials P* such that P*(qo) = VP*(q) = 0 and
the Hessians d*P*(qy) are linearly independent (an example of such potentials
is the family QF;(x) = x;x; in a local system of coordinates centered at qo).

Then, for any e = e(h) > 0,1 = o(e€), the knowledge of the spectrum of H(x, hD,)
in [V(qo),V(qo) + € and the diagonal matriz elements of P¥ k = 1,...,L2+”,
between the corresponding eigenvectors of H(x,hD,) determines (in a constructive

way) an explicit system of Fermi coordinates.

Theorem 1.14. Let (z,£) € T*R™ be a system of Fermi coordinates centered at
(40, 0).

Then the knowledge of the spectrum of H(x,hD,) in [V(qo),V(qo) + € with
R~ = O(e) for some a > 0, and the diagonal matriz elements of the 2" — 1
observables Opo, m = (my,...,my) € {0,1}™ \ {0}, defined in Theorem [LI0]
between the corresponding eigenvectors of H(x,hD,) determines the full Taylor
expansion of V at qo in the coordinates x.

Corollary 1.15. The diagonal matriz elements of the operators P* as in Theorem
[LI3 determine 2™ — 1 observables O,,o whose diagonal matriz elements as in The-
orem [LI4] determine the potential V up to a function vanishing to infinite order at
q0-

Remark 1.16. Note that since we are dealing with observables localized near the
bottoms of the wells, the hypothesis that zg in Theorems and [[LI0 and ¢g in
Theorems [[L13] and [[L.T14] are global minima can be released and the corresponding
results can be formulated in a straightforward way.
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7246 C. HERIVEAUX AND T. PAUL

The proof of Theorem [[.4] relies on two results having their own interest per se:
Proposition [2.13] which shows that the coefficients of the trace formula determine
the matrix elements (¢;, O(z, hD;)p;), where ¢; are the eigenvectors of the normal
form of the Hamiltonian, and Proposition [2.14] which states that the knowledge
of the matrix elements of the conjugation of a given known self-adjoint operator by
a unitary one determines, in a certain sense, the latter.

As a byproduct of Proposition 2.14] we obtain also a purely classical result,
somehow an analog of it: the averages on Birkhoff angles associated to Birkhoff co-
ordinates of the same classical observables than the ones in Theorem [[.4] determine
the Taylor expansion of the (true) Hamiltonian. This is the content of Theorem
below.

The paper is organized as follows. Section [2lis devoted to the proof of Theorems
4, 10, and [I4l In Section Bl we give an explicit construction of some Fermi
coordinates out of any system of local coordinates in both the periodic and “bottom
of the well” case: this is the content of Theorems [[.3] [L9] and I3l In Section @
we show the classical equivalent of our quantum formulation.

Through the whole paper, [[[,m]], | < m, will stand for the set of integers
{l,...,m} and we we will assume, without loss of generality, that the period of 7
is equal to 1.

2. RECOVERING THE HAMILTONIAN IN SOME GIVEN FERMI COORDINATES

Let us start this section by observing that, by microlocalization near -, it is
enough, in order to prove Theorem [[4, to prove Theorem [2.1] below, which is
nothing but the same statement expressed in a local Fermi system of coordinates.

The proof of Theorem [Z T will need a construction of the quantum Birkoff normal
form, given in Subsection LIl The rest of the proof is then a consequence of
Proposition 2Z.T3] (Subsection 2.2]) and Proposition 2.14] (Subsection 2.3]). Subsection
24l contains the proof of the analogs of Theorem [[.4] when + is reduced to a single
point, both in the general and “Schrédinger” cases (Theorems [[I0] and [[I4)).

Theorem 2.1. Let H(x,hD,) be a self-adjoint semiclassical elliptic pseudodiffer-
ential operator on L*(R™ x S'). Let (x,t,&,7) € T*(R™ x S) be the canonical
symplectic coordinates and let us assume that v =S!' = {x = £ = 7 = 0} is a non-
degenerate elliptic periodic orbit of the Hamiltonian flow generated by the principal
symbol Hy, of H(x,hD,) on the energy shell H, ' (E).

Let us assume moreover that Hy, can be written in these coordinates as

(21) Hp(l',t,f,’r) :HO(x,tagvT)—’_H%
where
(22) Hy =0 (22 + €+ |r)?)

and Hy is equal to

(2.3) Ho(x,t,6,7) = E + ;oﬂTgl + 7.
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RECOVERING HAMILTONIANS 7247

For (m,n,p) € N x Z, let Opmpp, O, be any pseudodifferential operators whose
total Weyl symbols Oppp, Op satisfy

Omnp (I, tv §7 T) = 7127Tpt H (I] +Z€] ) ' (Ij\;%gj ) '
%

(2.4) + Z O (a2 + 2+ 7)) %),
214+ N=|m|+|n|+1 N

Op(z,t,&,7) = e @Pir+ S O (22 +&&+|7))?)
24+N=3

in a neighborhood of . Then the knowledge of the coefficients al,(Opmnp) and at (Oy)
in (L3)-C4) for k < N and m,n,p,q satisfying

(1) [m|+ |n| <N,

(2)Vji=1,...,n, mj =0 o0rn; =0,

(3) pez, qeZ,
determines the Taylor expansion near v of the full symbol (in the system of coordi-
nates (z,t,&,7)) of H(x,hD,) up to order N.

The proof of Theorem [2.1] will be divided into three steps: first, we will prove
in Proposition the existence of the quantum Birkhoff normal form in a form
convenient for our computations, especially concerning the discussion of orders. In
Proposition 213 we will show that the trace formula with any observable O deter-
mines the matrix elements of O in the eigenbasis of the Hamiltonian. Finally, in
Proposition [214] we will show that these matrix elements (associated to the family
of operators defined in Theorem 21 determine H(x, iD,,) in a formal neighborhood
of z =& = 7 =0, which will lead to Theorem 211

Let us first fix some notation and standard results. For i € [[1,n]] := {1,...,n},
we define the following operators on L?(R™ x S!):

e a;, = %(-Tz —|—h6wt),
o af = L(x;, — ho,,),

[ \/§ i
[ ] Dt = —ih@t,
o P =1 (-hd? +a?)=ala;+ %
For p € N*, v € Z we will denote by |u, V) the common eigenvectors of Py, ..., P,
and Dy:
1
(2.5) Pilp,v) = (i + §)h|u,u> and Dy|p,v) = 2rhv|u, v).

These vectors are explicitly constructed as follows:

*P«z

0,0)(z,t).

1 )
2.6 0,0 7t = — _h’ , ’ _ 227r1/t
(20 10001 COE v H \//Mhlu
‘We will also need the notation
(27) 1) () := |1, 0)(x,0).

We will not need the explicit expressions of |p, v)(z,t) and |u) () in terms of rescaled
Hermite functions, but rather use the following identities:

a‘i|/‘v V> Y :u‘ih‘:ula N T Rl WY RS TR ’anl/>v
(28) a’:'ﬂu V> =V (Mz + 1)h‘,u/17 ceey him1s i+ 1>Mi+17 cee 7Mn>y>7

[ai, aj] = 6izh, [ai,a;] = 0.
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7248 C. HERIVEAUX AND T. PAUL

n . 2 2
We shall write |u| :== > p4, 2, = xi:}%&, pi == ;gi and denote by Op" (f) the
i=1

pseudodifferential operator whose total Weyl symbol is f. We have
(2.9) op"(z) = ai, Op" (%) =af, Op"Y(2:z) = P;, and Op" (7) = D,.

Finally, we will denote by a, a* or P the n-tuple of operators a;, al, P;, i € [[1,n]],
) n .
and denote for j the n-tuple of nonnegative integers X7 = [] X/'.
i=1

2.1. Construction of the quantum Birkhoff normal form. Our construction
of the normal form, inspired by []], is the content of the following proposition.

Proposition 2.2. Let H(xz,hD,) be a self-adjoint semiclassical elliptic pseudodif-
ferential operator on L?(R™ x S'), whose principal symbol is

(210) Hp(xat7§77—) :HO(paT)_'_HQa

where Ho(p,7) = Y 0;p; + 7 and Hy vanishes to the third order on x = & =7 = 0.

=1
Then for any N > 3, there exists a self-adjoint semiclassical elliptic pseudodif-
ferential operator W< and a smooth function h(p1, ..., pn, T, k) satisfying microlo-
cally in a neighborhood of x = € = 7 = 0 the following statement:

VM >0, 3Cy = Cn(M) > 0,Y(u,v, ) € N* X Z x [0, 1], |uh| + [vh| < M,

(2.11) iVVgN *iV‘v/gN
e " He 7 _h(Pla"'aanDtah) |Mal/>

N+1

< C(|ah| + lvh]) 5.

The operators WS N can be computed recursively in the form

n
(2.12) Wen =Wen + (DF + Y PN,

i=1
where

Won= > Wy,

3<g<N
Wy = > ozpjkm(t)ﬁpOpW(szk)Dg”
2p+|jl+|k|+2m=q

(2.13)

with apjkm smooth and Wy symmetric.

Remark 2.3 (Important convention). We are only interested in recovering the
Hamiltonian in a formal neighborhood of ~: every asymptotic expansion is meant
microlocally and we will be rewriting equations such as (211]) simply as:

(2.14)

iWen —iWen
H(e " He g _h(Pla-"aanDtah)>|:u5V>

=0 (Junl+ o))

By abuse of notation, we will identify the same way any operator with its version
microlocalized near ~.

Remark 2.4. We introduce WS ~ in order to gain ellipticity and self-adjointness as
was done in Lemma 4.5 of [§].
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The proof of Proposition will need several preliminaries:

Definition 2.5. We will say that a pseudodifferential operator A on L?(R™ x S!)
is “polynomial of order r € N” (PO(r)) if there exists ayjrm € C*(S!, C) such that
(2.15) A= > pjkem ()RPODY (22 2F) DI
2p-+ |+ k| +2m=r
These operators have the following properties.
Proposition 2.6. Let A be a pseudodifferential operator on L?*(R™ x S'). Then

there exists a family of operators A,, v € N, such that for any r € N, A, is PO(r)
and

(2.16) VN €N, :O((|uh|+ |uh|)%).

N
(A - ZAT> |, )
r=0

Let us define a notion of suitable asymptotic equivalence.

Definition 2.7. Let us introduce for any operator A the notation |A], and |A]<n
which represent respectively the terms of order r and of order smaller than or equal
to N in the expansion ([216]).

If A and B are two operators, we will write A ~ B if |A], = | B], for any r € N.
Also, if (A,)nen is a family of operators, we will write

+o0o
(2.17) A~ Z A,
n=0
if, for any N € N, | A, |<n is zero for n sufficiently large and the finite sum
+oo
(2.18) > 1An]<n = Al <n.
n=0

Proof of Proposition [2.0. Let a be the total Weyl symbol of A. Let us define the
family (cpjrm)(p,m.jk)enz xmn)2 of functions on S! by the Taylor expansion of a
near z=z2=7=h=0, forany N € N:

(2.19)
N 5
Aot 2B =0 D apun (O D00 (WP 4 I7])E 7).
=0 2p+]|j|+|k| p=0
+2m=r
For any r € N| let us note that (z,t,z,7, ) — > g ()P 257 s

2p+|j|+|k|+2m=r
the total symbol of a pseudodifferential operator A,., which is PO(r). And by (23),

23), and ZI9) (see [§]):

N N;l
N+1
wNeN, [(a- Zm) )| = S w0 (bl + whl) T 7
(2.20) ( o =0 ( )
N1
= O ((luhl + lvr) = ).
This concludes the proof. (Il
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7250 C. HERIVEAUX AND T. PAUL

The following lemma will be crucial for our computations.

Lemma 2.8. Let F and G be PO(r) and PO(r’) respectively. Then LISIgyp
PO(r+1r"—2).

Proof. The proof of Lemma [Z.8 will be a direct consequence of the two following
lemmas, whose proofs will be given at the end of this proof.

Lemma 2.9. Any monomial operator of order r, that is, of the form
a(t)hPby ... by D, where:

o forje[[1,1]], b; € {a1,a},...,an,a}},
e 2p+Il+2m=r,
is PO(r).

Lemma 2.10. If F and G are monomials of order r and v’ respectively, then [F;?]

is PO(r +1" —2).

Indeed, any PO(r) is a finite sum of monomials of the same order, hence if F
and G are ~PO(1") and PO(r’) respectively, then % is a finite sum of quantities
of type [Fi’hG] , where F' and G are monomials of order r and r’ respectively. Any of
those quantities are PO(r + r’ — 2) by Lemmas 2.9 and [Z10] and a finite sum of

PO(r+ ' —2) is PO(r + 7' — 2). Lemma [Z8]is proved. O

Let us now prove Lemmas 2.9 and 2101

Proof of Lemma 239 Since for any i,5 € [[1,n]], ¢ # j, a; and af commute with
both a; and aj, it is sufficient to prove that any ordered product b; ...b;, where
[ >1and b; € {a1,a}} for any j € [[1,1]], is PO(r). For any such ordered product,
let us introduce the integer k(by...b;) = 8{m € [[1,1]], b, = a}.

We will proceed by induction on [. Let us define for any positive integer [ the
following assertion:

(A;) “Any ordered product by ...b;, where b; € {a1,a}} for any j € [[1,]]],
is the sum of the operator Op" (2} =k k) (where k = k(by...b)) and of a linear
combination of the operators hH?Op"” (zlzl ) with p > 1, 2p+j+m = I, and
j—m=1-2k"

Ifl = 1, there is nothing to prove since a; = Op" (1) and ai = OpW(Zl). If
=2,

Op ( i)
aj "z ),
ajaj = P1 + 5 = 0p" (z:121) + Z,
atar = 0p" (z171) — &,
and therefore the assertion is proved for [ = 2.

Now, let I be a positive integer, and let us assume (Ay) up to order k =1I. Let
B = by ...bi41 be an ordered product, where b; € {a1,a}} for any j € [[1,1+1]]. If
b = bj1 for any j € [[1,1]], then B = Op" (24*1) or B = Op" (L"), Otherwise,
one can assume that by = a;, and that jo = max{j € [[1,] + 1]],b; = a1} satisfies
1 < jo < I. Then, we have [a!°, a%] = johal®™", so that:

(2.21)

— J — Ji o Jo—1
b1 N bl+1 = aloa’{bjoJrg N bl+1 = a’{alobjoJrg N bl+1 + hjoalo bj0+2 N bl+1.
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Therefore, if one sets k := k(by ...by41), since (l'};l) = (,i) + (kil):

I+1 N o, LN,
< k )bl...bl+1 —<k>ajloa1bj0+2-~-bl+1+ (k_1>a1a71°bj0+2...bl+1

(2.22) I
+ h(k B 1)joa{°_1bj0+2 e bl+1-

(A;_1) gives us that al° 'b;,1o...b;41 is a linear combination of the operators
mPOp" (1 z) with 2p+ j+m=1—1and j —m =1 +1— 2k

Let us now observe that (lzl)OpW(le*kzk) is a sum of (H];l) ordered mono-
mials, which we divide into two parts: the ( ,i) ordered monomials whose first term
is a1, whose sum forms precisely (}C)alopw(zl_kzk), and the (kil) others, whose

sum forms (kil)a{OpW(zl‘H_kik_l). More precisely:

(2.23)
l+1 W i+1—k =k ! W i—k=k ! * VW [ d+1—k ok—1
i Op” (= zZ¥) = k a1 Op™ (27%2%) + ko1 aiOp” (z Z8H)

so that (A;), for ordered products ajl'oflafbjﬁg ...byy1 and a{obj0+2 ...byy, gives
us, by equation that (H];l) b1 ...byyq is the sum of

1
(li)alopw(zl—kzk) n (ki 1)ax1<OpW(Zl+1—kzk—1) _ <H]; )OpW(Zl+1—kzk)

and a linear combination of the operators ”#Op" (2{2{”) withp>1,2p+j+m=
l+1,and j—m=10+1-2k O

Proof of Lemma [ZT0 Tt is sufficient to remark that if F' and G are of the form:
F=a(t)b,...5D" and G = B()b, ... b, D",
where:

e « and (8 are smooth,
e[ +2m=rl'+2m' =171/,
o for j € [[1,1]], for j" € [[1,I"]], b;, b} € {ar, a7},

then [if] is a finite sum of monomials of order r + v’ — 2 since, by Lemma [Z.0]

each of them is PO(r + 7’ — 2). With those assumptions on F' and G, we get:

(2.24)
[F.G] _[a()by... D}, B - .. b, D]
il ih
by... bbb D B(t o
:a(t)ﬂ(t)[ ! lml I]Dt + —i—a(t)bl...bl%b’l...b},Dt

(D", a(t)]

—BOY, . by =y DY

p Lo bl b)) [DPA()] Dy a(t)]

Therefore it is sufficient to prove tha g , , and are
respectively: PO(I +1' — 2), PO(2m — 2), and PO(2m’ — 2) (with the convention
that a PO(j) with j < 0 is 0). For the two last, it is quite obvious, since:

(225) [Dgnzaif(t)} — Z_ <TZ> (ih)mfkflﬂ(mfk)(t)Df.
k=0
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7252 C. HERIVEAUX AND T. PAUL

Now, for j € [[1,I']], let us set ¢; = 1 if b = aj and ¢; = —1 otherwise.

[a1,a3] = h, we get

l
1
by bbb = by bbb —1—%71 S by b by

e —1
+=—h > b beoabra -

2 ;
j=1
bk:af
Hence by induction on j € [[1,1']]:
(2.26)
by ...y, b, ... b, 1
[ o = Z_: 4 Z_: By b by b ibpgr

bk ay

l/
—iy
j=1

s
bk =a;

The right-hand side of ([Z26]) is a finite sum of monomials of order I + 1" —

it is PO(l + !’ — 2) by Lemma 2.9, and Lemma 210 is proved.

l
1
> bbby b by

Since
blb/z ce. ;/
blb/2 ce . ;/ .

/ /
blb]+1 e Up
/ /
blb]+1 e Upre
2, hence
g

Proposition 2.11. Let G be PO(r). Then there exist F', PO(r), and Gi =

G1(P1,...,P,, Dy, k) such that:

[HO(Pa Dt)aF]

(2.27) o

=G+ Gy

Moreover, F is symmetric if G is symmetric, G1 = 0 if r is odd, and Gy is a

homogeneous polynomial function of total order 5 if r is even.

Remark 2.12. If F = > it (1)POP™Y (27 2¥) D™ one can choose

2p+|jl+|k[+2m=r

(2.28) /S1 Oépjjm(t)dt =0.

Indeed, any Op" (27 Z)D* commutes with Ho(P, Dy, h). Tt is the choice we will

make through this article.

Proof of Proposition 211l Let us first assume that G is a monomial of order 7:

G = B(t)by ...y DY, where:

e « is smooth,
e [+2m=r,
o for j € [[1,1]], b; € {a1,a],... ,an,a}},
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RECOVERING HAMILTONIANS 7253

and let us look for F' of the form: F' = «a(t)b;...bD}". We have
[Ho,F} [Ho,a(t)blle{”]

ih ih
B n [Ps,bl bl] m [Dha(t)] m
(2.29) =a(t) ;95 D'+ b1 b D
S [Pob by, .
:Oé(t) Z es#Dt + Oé/(t)bl o .b[Dt .

If we set ks = #{m € [[1,{]],bm = a} and j, = #{m € [[1,1]],b,, = as} for
s € [[1,n]], we deduce from (226) that

[«

P,,by...b .
(2.30) Porbr- b _ i(js — ks)by ... by
ih

Hence,

Hy, F -
(2.31) [ ‘_)’ ] = iZGs(js —kg)a(t)by ... by DT + o/ (t)by ... 0 D},

ih po
where [H;’,%F] = (G admits a solution if there exists a such that
n
(2.32) i 0(js — ks)alt) + o/ (t) = B(1).
s=1

If (¢p(@))pez and (cp(B))pez are the Fourier coeflicients of o and S, it is sufficient
that, for p € Z, ¢,(a) is a solution of:

(2.33) i <Z 05(js — ks) + 27rp> cp(@) = cp(B)

and

(2.34) (@) = 0 <$> .

If the n-tuples j and k are different, the non-degeneracy condition on the 6;’s
i — 1
together with the fact that c,(5) e (Ip\“’ (

existence of ¢, (o), satisfying ([233) and ([234).
If r is odd, 7 and k cannot be equal, hence Proposition 2.I1] is proved in this

case (r odd and G monomial).

If r is even and j = k, there exists a family (cp(a))pez+ satistying (2Z33)) and
(234). Hence, if « is the smooth function with Fourier coefficients ¢,(a) for p # 0
and cp(a) = 0, we get

because § is smooth) gives the

[Ho, F]
ih
From the proof of Lemma [20] we know that c¢o(8)b1 ...b D™ can be reordered as
the sum: G1(P, Dy, k) :=co(B) Y.  aprh?P*D™. Therefore, Proposition 2111

2p+2|k|=1
is proved in the case where 7 is ever|1 lmd G is monomial.
The general case is easily deduced from the case where G is monomial, since G
is a finite sum of monomials of the same order. Also, the form of F' allows us to
conclude immediately that F' is symmetric if G is so. O

(2.35)

=G + Co(ﬂ)bl ce le;n
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7254 C. HERIVEAUX AND T. PAUL

Now we have everything we need for the proof by induction of Proposition

Proof of Proposition 221 Microlocally near x = £ = 7 = 0, H(z, hD,.) satisfies, in
the sense of Definition 2.7]

(2.36) H :=H(x,hD;) ~ Ho(Py,..., Py, Dy)+ Y Hy, Hy:=|H(x,hDy)l,.
q=3
Let us set W< = 0 and construct (W;),>3 and (H?),>3 by induction such that:
e for ¢ > 3, W, is PO(¢) and HY is zero if ¢ is odd, a homogeneous polynomial
function of total order £ if ¢ is even, and
e for any ¢ > 3:

. ! times

) )
ﬁ[qufl,H—Ho}-f— E W[Wﬁq*b""wﬁt]*hH}
1>2 ’

7
ﬁ[an Ho| + Hy +

q
= HY(P, Dy, h).

The existence of such a family is guaranteed by Proposition 211
Let us set, for any N > 3, W<N = Z W, + (|De|* + Z P)
=3

. As H%* is a

homogeneous polynomial function of total order ¢ for any q > 2, we can choose, by
Borel’s lemma, a smooth function A such that, for any N > 2 and in a neighborhood
of p=717=0:

N
(2.37) h(p,7,h) = Ho(p,7) = > _ H*(p,7,h)| = O ((|p| + |7] + [A)"*) .

q=2

We have, for any N > 3:

l times

W =

i —iW, - w
e He— NH+h[WSNaﬂ]+Z%[WSN""’WSN’H]
1>2 ’

~ H + h[W<N,H0] h[WgN,H— Ho)

I times
it = — i~
+Zw[W§N7---7W§N7H} + ﬁ[WgN — Wen, H.
1>2

Since W, is PO(q) and Hy is PO(2) for any ¢ < N, Lemma [2.8 gives us that

)
= _[WmHO]'

(2.38) {%[Wﬁv, HO]J .

q
Since the expansion of H — Hy in PO(r) contains no term of order less than or
equal to 2, Lemma [Z.8 also gives for ¢ < N:

i
7 Weg-1, H = Hol g

(2.39) L%[W<N,H - Ho]J = L

q

Lemma [Z8 finally gives us that since the expansion of H(z, hD,) in PO(r) contains
no term of order less than or equal to 1 and the expansion of W<y contains no
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RECOVERING HAMILTONIANS 7255

term of order less than or equal to 2 for ¢ < N:

I times I times

L il
(2.40) ZW[WSN,...,WSN,H] = ZW[qu,l,...,WSq,l,H] :
1>2 """ 1>2
q

q

and since the expansion of ﬁ//g ~N — W<n contains no term of order less than or
equal to N + 1:
i

(2.41) Lh

[Wen — Wen, H]Jq = 0.

Therefore for any ¢ < N:

(2.42)

L iWen —iWen

e He w J — HY(P,Dy,h) = |h(P, Dy, )],
q

Finally Proposition gives us:

(2.43) ‘

iWe N —iWen
<6 A He % —h(P,Dt,ﬁ)) |, V)

=0 (Junl -+ )™+
which concludes the proof. O

2.2. Recovering the matrix elements from the trace formula. The next
result is the first inverse result needed for the proof of Theorem 211

Proposition 2.13. Let O be a pseudodifferential operator whose principal symbol
vanishes on 7.

(1) There exists a smooth function f wvanishing at (0,0,0) such that for any
N > 3:

Wen —iWen

(2.44) {(p,vle " Oe™ " |u,vy=f ((M—F %)ﬁ, 2wvh, h) +0 ((|,uﬁ| + ‘l/h|)%) .

Moreover let ¢; be a Schwartz function for any integer | whose Fourier
transform is compactly supported in (I — 1,1+ 1), and let (aé(O))lZO be
provided by the trace formula (L4). Then

(2) The Taylor expansion of f up to order N is entirely determined by the
family (aé-(O)), 0<j<N,leN.

Proof. Let us first prove point ([IJ). Let us consider a monomial G = «a(t)b; ... b D},
where:

e « is smooth,

e [+2m=r,

e for j € [[1,1]], b; € {a1,a},...,an,a}}.
Let us set k; = g{m € [[L,]]],bm = a} and j; = H{m € [[1,{]],bm = a;} for
i € [[1,n]].

If j # k or a ¢ C, then (u,v|G|p,v) =0 for any (p,v) € N* x Z. If now j =k
and a € C, then there exist complex numbers oy (0 < ; < j; for i € [[1,n]]), such
that:

(2.45) G= > ahl'P~h  pDP g =a.
0<1:<ji
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7256 C. HERIVEAUX AND T. PAUL

Therefore for any (u,v) € N* x Z:

(2.46) (1, V|Gl vy = > ozﬂi”((;H—%) h)j_l(zmh)m.

0<li<ji
Hence, if G is PO(r), then for any (p,v) € N* x Z:

o (u,v|G|lu,v) =0if r is odd.
e If r is even, there exists a homogeneous polynomial function g of order
such that

(2.47) (u, V|G, v) =g ((,u + %)h, 2nvh, h) .

r
2

By Proposition and Borel’s lemma, we get that for any operator A there
exists a function g such that for any (u,v) € N x Z:

(2.48) <mumm»»—90u+§mzmmﬁ)+0«uh+umww

Hence, the only point which remains to be proved is that the function f in point
(@) does not depend on N. It is therefore sufficient to prove that for any ¢ < N —1,

pay [P0 | o e |
q )

But ([2:49)) is a direct consequence of Lemma 2.8 Indeed,

l times

Wey | —iWey i =
(250) e & Qe & NO-{-Zm[WSN,...,WSN,O]

1>1

and since the principal symbol of O vanishes on v, Lemma[2.8 gives us for any [ > 1
and any ¢ < N — 1:

! times I times
B b= —
(251) w[WSN,,WSN,O] = W[qu+17”'7W§q+hO]
q q

Let us now move on to the proof of point ([2). Since qgl is supported near a single
period of the flow, one can microlocalize the trace formula with observables near -:
(2.52)

27 Tr <O¢l (HgE» Ty (o/ Si(t)p(PL+ -+ Py + |C|)6“HhEdt) +O(h),
R

where p € C§°(R) is compactly supported and p = 1 in a neighborhood of p = 7 = 0.
iVT/SN

Therefore we can conjugate (Z52) by the microlocally unitary operator e %

(00 (5))

.~ . iWe ﬂ'VT/SN
iWe N —iWopn N ite He h —E
=Trlerm O /@@ma+m+m+mw 7 dt
R
+ O(h>).
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Thanks to Proposition 2.2 we can lighten the r.h.s. for any (u,v) € N™ x Z:
(2.53

)
~ e h h
[ Gu0p(Pr - Py oD T )
R
Pt dynvn )~ B4O(uhl4lvh) 3 )
= ( [ 0 (1l + 5 + l2mopi) e n dt ) 1),

As gzgl is smooth and compactly supported, together with the non-degeneracy
condition on the 6;’s, we can assure that if we choose a sufficiently small support
for p, we have for any n > 0:

N+1
h((u+%)h,vh,h)—EJrO(|uﬁ,\+\uﬁr\) 2 )
(/ i®)p (Il + 5 + [2mv|)h) e " dt> )
N+1
h((u+ Yh,vh,h)—E+O(|pkl+|vh]) 2 )
( / it)p ((lul + 5 + 12mv)A") e " t) )
+ O(h™).

Hence, choosing 1 < %

97Tt (0@ (%)) +O(h™)

Won ] .
—Z o v]e Y 06 = ) / GiO)p (1l + 5 + A7) eiEm+0-6t )

it Nt1o N1
cexp | & Z Hq<(u+ )huhh) ((|u|+\u|) > h 2) dt

1<g<N-2

—Z / Gu(t)p (Il + 5 2y )an) efemes. ) G

T
; 1
X 1+thQl(M+§7y7t)
i>1

N+1

Y b+ Sy O,

p>1 |k|+m<p

where for any i < %, Q; is a determined polynomial function of degree in
(u + %, V) less than or equal to ¢ 4+ 1, which depends on the H?’s and the Tay-
lor expansion of exp, and the by, s ((k,m,s) € N**2\{0}) come from the Taylor
expansion at (0,0,0) of the function f defined in the first point of Proposition 2.13]
i.e. for any N > 1:

(2.54) f@y,2)= D bems@y™2 + O (2] + [yl + ).

1<|k|+m+s<N
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Now, let us set:

or eis(arttan)
(2.55) vVt € R*,Va € (R\—Z)",g(t,a) = ———.
¢ (1 — eite)

—

=1

By the non-degeneracy condition on the 6;’s, g is well defined on the compact
support of qgl around a single period, which is precisely .

Therefore we get from the Poisson formula and the Riemann-Lebesgue lemma
that the quantity X,(I) below can be computed recursively on p < % from the
aé(O),j:O,...,p

> b [(—%)m (m (1) 29 a))] (,6)

|k|+m<p

Z Dkmop k| —m [(—i%)m (—i%)kg] (1,6)

|k|+m<p

(2.56)

since gzgl is identically 1 around l

Now, let us set z;(t,a) = ¢’ =t for any ¢ € [[1,n]], any t € R, and any « €
(R\22Z)", and also define the holomorphic function h on C\{—1,1} by h(z) = 1=
for z € C\{-1,1}. We have for any k € N™:

(2.57) (—i%)kg— ﬁ (—itai)ki (houx).

=1

For any ¢ € [[1,n]], an easy induction on k; € N leads to the following, since
h(z) =1 ( L 12) for any z € C\{—1,1} and —i- 22 = FTi:

1—2z 1+ t0a;

. "t0a; o 2’C = (1 — )kttt T (14 )kl )

Now, since —iaa””ti = Stx;, an induction on s; € N shows that

(2.59) ( ) ( taa)ki(howi)

(k + si)lox T4 i
T okitss +1 (1— xi)k:,-—i-si—i-l (14 my)kitsitl |-

Let us now introduce for any n-tuple s such that |s| = m, the multinomial coefficient

m\ m!
s) sillisy!
We have

o\" o \" m\ a\" a \"
2. —f— —f— = —f— —1 hox;).
(2.60) ( zat> ( ztaa) lg_:()]j( Zat> ( ztaa) (how)
Let us use Kronecker’s theorem, whose hypothesis is precisely the non-degeneracy

condition on the 6;’s: for any n-tuple (z1,...,2,) € ST, one can find a sequence of
integers (l,)pez, such that:

Vi€ [[Lnll, 2, 0) —— ;.

p—r—+oo
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Therefore, setting

N (i A+ si)05 x; Z;
(k,m) _ 7 1 1
(2.61) w™™ = Z ( ) H okit+si+1 ((1 — gj)kitsit + (1 _|_Ii)ki+s,¢+1>

|s|l=m =1

for any (z1,...,2,) € (S1\{—1,1})" and (k,m) € N"T! we have that (2.50),
E39), and (Z860) together with Kronecker’s theorem allows us to conclude that
Xp,i= > bk,m,p,w,mu(k’m) is determined by the aé-(O), i=0,...,p
|k|+m<p
Hence, the only thing which remains to be proved is that, if one chooses z; tend-
ing to 1 in a way convenient to us, the |u(k’m)|’s will be neglectable in comparison
to each other. More precisely, let x; tend to 1 in such a way that

(2.62) Vi€ [ — 10,1 — 2 = 0 (|1 — zi1]P).

We have that s; = m gives the leading order in (261]) and therefore

n

1
_ Y (kom) -
(2.63) (1—z1)™u C’g Tz
for some C' > 0. Hence, if one sets m = (m,0,...,0), then
(2.64) ulkm) = g (u<k’vm’>) if ki< kK +m,

where < is the lexicographical order on N". Therefore, for any p € N and (k,m) €
N"*1 guch that |ko|+mo < p, the following quantity can be recursively determined
from X,:

(2.65) Xegmo = D Drmp—fpj—mt®™.
K +m'=k+m

Reversing for example the roles of ¢ = 1 and ¢ = 2 in ([2.62)), and observing that
ke +m # Ky +m' if k+m = k' +m' and (k,m) # (k',m’), one determines
bl m.p—|k|—m from (Z.63) recursively on m. Finally, each by, s with |k|+m+4s < N
is determined by the aé (O), withj =0,...,N and [ € N and the point ([2)) is proved,
which ends the proof of Proposition O

2.3. Recovering the Hamiltonian from matrix elements. In order to finish
the proof of Theorem 2] we will show how the knowledge of the diagonal ma-
trix elements of a given known self-adjoint operator conjugated by a unitary one
determines the latter (in the framework of asymptotic expansion).

Let WSN be as in Proposition and let Opmpp, Op be as in Theorem 211 By
Proposition 213 there exist smooth functions fy,n, and f, vanishing at (0,0,0) if
(m,n) # (0,0) such that for any N > 3:

(2.66)

W, —iWe

<N 1 N
(™ O™ T 1) = oy (4 ) 20,1 + 0 (] + o) )

and
(2.67)
Wen *LW<N 1 N
(vl 0, v = fy (ot ) 2w ) +0 (] + o) F)

Licensed to University of Oxford. Prepared on Tue Aug 21 19:07:21 EDT 2018 for download from IP 129.67.246.57.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



7260 C. HERIVEAUX AND T. PAUL

Proposition 2.14. The Taylor expansions, at the origin, of the functions fpnp,
fq up to order N — 1, N >3, for (m,n,p,q) € N> x Z? satisfying conditions

(1) 0< |m|+|n| <N,

(2) Vj=1,...,n, mj =0 orn; =0,

() peZ qel,
determine completely W<y .

Proof of Proposition 214l Let us write

Wy = Z ks (H)ROP™Y (29 2F) D
2U+|j|+|k|+25s=N

= E E aujrsahl e 0pW (21 2F) Dg,
2+ |j|+[k|+25=N deZ

(2.68)

where every ay;;so is chosen to be zero by the convention of Remark 2.12]
Since Wy = 0 we can proceed by induction on N > 3: let’s assume W<py_1 is
already determined. Let (m,n,p,q) € N*" x Z x Z* be such that

(2.69) 0 < |m|+|n| <N, Vie][[1,n]], mmn; =0.

Let us also state the following lemma, whose proof will be given after the end of
the present proof.

Lemma 2.15. Let (j,k,s,d) € N*""1 X Z  such that |j| +|k|+2s = N. If j+m =
k+n, then

(1, [ Op"Y (29 2) D5, Oyl |11, v) = —hgjks (1 + 5) hyvh)

(2.70) 40 (52(\,“71\ n |Vh|)N+W;HM|72 At + |Vh|)w+\m\2+m|71)

)

where

n

1 ; kim; — jin; DS
. _ _ max(j,k) 110 il
Gjks ((,u + 2) h, uh) = (2nvh)® (uh)™*v (E =ty _yh>

i=1 :u”Lh
and max(j, k) = (max(j;, ki) )1<i<n- If j+m #k+n ord#p, then
<'u, V‘[eiQﬂdtOpW(ngk)Df7 Omnp”,uq I/> -0 (h2(|uh| + |I/ﬁ|)w72)

(2.71)
+ O (h(|uh] + lvh)

N+\m\2+\n\71)
We also have, if j = k:
(1, VI[E2 0P (272D, Oy, v) = ~2xha(1 + ) (1 + 1/2) B (vh)®

N—-2

(2.72) N1
+0 (H(|uhl + [vhl) =" + h(|uh] + vhl) 5 ) |

and if j £k ord # q:
{1, V][ OpY (27 2%) D, Ol s, v) = O (B3 (|pah] + |vh]) *7*)

(2.73)

+0 (n(|,m| +|wh|)F )
By equation (2.66]), the Taylor expansion of function fp,, up to order N —1
determines modulo o ((Wil + \uh\)N>:

Woon —iWoon

(2.74) (o vle™ " Omnpe™ |1, ) = (1t V| O | 1, 1)
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Since WSQ ~ is a sum of polynomial operators of order greater than 3, we get from

Lemma [2.8] that
(2.75)
| times
it —~ — Nt|m|+|n|—1
> sl Wean, o, Wean, Omnplliss v) = O (] + whl) =57
1>2 ’

Hence, using the notation of Lemma 215 (2774 is equal, modulo known terms and

Net|m|+|n|—1 Net|m|+|n| _
O ((pah] + ) =552 ) 10 (B(lah] + vrl) =552, 1o
. 1
(2.76) | Z 100 kspTiks ((u + 5) h, uh) .
|3+ k| +2s=N+1
Jjtm=k+n

Let us define the set I' = {(j, k,s) € N*"* | |j|+ |k|+2s =N, j+m=k+n}
and let us choose u1(h), ..., un(h), v(h) such that, as i tends to 0,

N-—2
(2.77) N Ly e L iy L VL TS

Let us also define i := min{i € [[1,n]],m; # n;} (it exists since (m,n) # (0,0)
and m;n; = 0 for any ¢ € [[1,n]]). Let us also remark that j; n;, — ki,mi, never
vanishes on I". We have by 2.77) that, for (j,k,s) € I,

. n
) ~ JigMig — kiom’to s max(j;,k
(2.78)  gjns <<u + ) h, Vﬁ) 2 —MO o (2mvh) i|:|1 pih)

0

Let us now define a strict total order < on I' by

(4, k,5) < (7' K, ")
(2.79)
(max(j1,k1), ..., max(jn, kn), s) < (max(ji, k1), ..., max(j,,k.,),s’),

where < is the lexicographical order on N**!, < is asymmetric since the sign of
m; — n; determines whether max(j;, k;) is equal to j; or k; for ¢ € [[1,n]]. 2T1)
and (278) give that

(2.80) (4, k,8) < (§',K',8") = gjns ((u + ) h, uh) K Gk ((u + ) h, Vh)
—

and for any (j,k,s) € I':

N+t|ml+|n| _
O ((|pah] + [vh) + O (R(lah] + vrl) =5 2)

<o (e D) non).

Therefore, the Taylor expansion up to order /N — 1 of the functions f,,, deter-
mines the coefficients (aojksp)|j|+|k|+25=N,j+m=k+n Dy induction on (I, <).

Let (m,n,p) run over all the possible values in N?" x Z while satisfying condition
(2.69). We claim that one can determine every function agjrs with |j|+|k|+2s = N
and j # k. Indeed, for any (j, k,s) € N?>"*1 such that |j| + |k| +2s = N and j # k,
let us choose for any i € [[1,n]]:

(2.81) n; = max(j; — k;,0) and m; = max(k; — j;,0);

N+|m|+|n|—1
2
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7262 C. HERIVEAUX AND T. PAUL

then j +m =k +n and (m,n) # (0,0) while for any ¢ € [[1,n]], m; =0 or n; = 0.

Finally,
n
m| + |n| = 15 — kil < [j] + k[ < N.
i=1
Let us remark that condition j # k is always satisfied if N is odd and |j| + |k| +

2s = N. If N is even, the Taylor expansion up to order % of the function f, deter-

mines modulo known terms and O ((\,uh\ + |vA|) N2+2) +0 (h(\,uh\ + \Vh|)N52):

(2.82) D ionjjeg2mq(l+ s) ((n+1/2) b)Y (vh)*.
2|j|+2s=N

Let us choose u1(f), ..., un(h), v(R) such that, as i tends to 0,
(2.83) VN Ly K K VL R

We have, for any (J, s,¢) such that 2|j| + 2s = N:

O (bl + |wh) %) + O (R(ah] + whl) T ) < ((u+1/2) B (vR)*,
Thus, every aq;jsq is determined by induction on the set {2|j] + 2s = N} ordered
by the lexicographical order. Hence, letting ¢ run over Z*, we finally determine
every qojrsd with |j] + |k| +2s = N and d # 0 if j = k, hence the principal symbol
of WN.

Let us now choose 1 < [j < % and assume that we already determined the
functions ayjgs with 20+ |j|+|k|+2s = N and | < ly. Let (m,n,p,q) € N*" xZx Z*
be such that

(2.84) 0<|m|+|n| <N =2, Viel]l[l,n]], min; =0.

The Taylor expansion of fy,n, up to order N — 1 — [y determines modulo known
terms O ((Iuﬁl + |yh|)%) L0 (hzoﬂ(mm N |Vﬁ|)w,2):

. 1
N (e )
2o +4]+|k|+25=N
jt+m=k+n

Let us choose p1(h), ..., un(h), v(f) such that, as & tends to 0:

N—-lg—2

_ 1
(2.85) yN-lp—-1 <<:U'1<<"'<<,Un<<’/<<h 20p+3

Then for any (j,k,s) such that 2ly + |j| + |k| +2s = N and j +m = k + n,
we baves O ((|uhl + vhl) =577 ) o O (B3 (|u] + Jwh]) =35 72 <

R giks ((u + %) h, Vh). Therefore, every oy, ksp with 2lg + |j| + |k| +2s = N and
j+m =k + n is determined just like before. Letting (m,n,p) run over all the
possible values in N2 x Z while satisfying (2:84)), we determined every ay, jksp With
2lo + |j| + |k| +2s = N — 1 and j # k. The Taylor expansion of f, up to order %
determines the remaining «y,;;sq, and, finally, every function «y,;xs where (4, k%, s)

satisfies 21y + |j| + |k| + 2s = N — 1, which concludes our proof by induction. [
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Proof of Lemma [2I3. The principal symbol of %[e”“dtOszjZkDf, Omnp) is

Ojkds (2,6, 2,T) = {eiQ”dtszkTs, (’)mnp}

(286) = {eizﬂdtzj2k7-57 e*’iQﬂ'pthZn}
lml+n|+N—1
+0 ((|z|2 + T)f) )
Hence,
Ojia(est 2,7) = =i ) () (e
i=1 g i
N N
+1 Z_Zl a_zl (67/27rdtz] sz )a_Zl (e—z2ﬂptzm2n)
O iordi_j O
(287) - 5(6127@2&2]2&7’ )&(6*127"17152771271)

+0 ({22 +7)

\m\+\m+N—1)
2

2iZi T

n .
. _ A in; —k;m;  27ps
—Z@ﬂﬂ(d p)tzj+mzk+n7_s (z :]Z 4 iflbe p >
=1

+0 ({22 +7)

Let us remark that if j + m = k + n, then j + m = k +n = max(j,k). Let
us also remark that if j;n; — k;m; # 0, then j; + m; # 0 and k; + n; # O.
Therefore, the last line in (Z87) can be reduced to a polynomial expression mod-
ulo O ((|Z\2 +T)M> L1e??mdtOp" 29 28 D} Opnnp) has the same princi-
pal symbol as the polynomial operator obtained when replacing each z; by a;,
Z; by a;, and 7 by D, in this polynomial expression. Since the expansion in
POL[e2"Op" 292K D, Opnyp) starts at order N + |m| + |n| — 2, we can hence
conclude that the asymptotic expansions ([Z.70) and ([Z71]) are verified.
Now, the principal symbol of %[eiQWdtOszjEkDf, O] is

Gikds(2,t,2,T) = {ei%dtszkTs, Oq}

_ 27dt j sk, s _—i2mwqt
_ {eimin .

Z°T ,€
9 27 j sk -5 9 —i27
(2.88) :E(eQ dtZJZkT )E(e 2 th)

_ ﬂ (ei27rdtzj2k7_s) % (efi27rqt7_)

or

=i27(d + sq)e? =Dt i ghrs

[m|+|n|+N—1
2 .

modulo O ((\Z|2 + 7)%> Hence, (2Z72) and [273) are verified just as before. [

Theorem 211 is, as has already been said, a direct consequence of Propositions

213 and 214

2.4. “Bottom of a well”. In this subsection, we treat the “bottom of a well”
analogs of Theorem [[.4] namely Theorems [[LI0 and [LT4l The proof of Theorem
[[IQ is a line-by-line analog of the proof of Proposition 214t we omit it here.
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7264 C. HERIVEAUX AND T. PAUL

However, Theorem [[L.14] which needs fewer assumptions in the particular case of a
Schrédinger operator, deserves a proper proof.

Proof of Theorem [L14l In a system of Fermi coordinates, the (principal and total)
symbol of our Schrédinger operator can be written as

n

x2 + &2
289 H@6) = Vi) + Y 0" L k@), @) =06
i=1

n 2 2
Let Ho(z,8) = > 91% Let us state the following lemma, which is a classical
i=1

analog of Propositi:)n 2171 (we therefore omit its proof) and uses the hypothesis of
rational independence of the 6;’s.

Lemma 2.16. Let G € C=°(T*(R"),R) be a homogeneous polynomial of degree
k > 3. There exists a unique couple of functions G3 € C*(R™,R) and F €
C>®(T*(R™),R) such that

and F' is polynomial with no diagonal term when written as a function of (z,z) (i.e.
of the form 2'2').
Moreover:

(1) F is a homogeneous polynomial of degree k and is entirely determined by
the extradiagonal terms of G, i.e. of the form z'z™ (I # m) with z =

(2) G1 is a homogeneous polynomial of degree % if k is even, zero otherwise.
Moreover, G1(z%) is equal to the sum of the diagonal terms of G.

Just as in the proof of Proposition 2.2] one shows recursively, using Lemma [Z.16]
the existence of a family of real numbers (am);men such that if the functions
(Fn)n>3 are defined for N > 3 by

(2.91) Fn(z,2) = Z Q2™
[]+|m|=N

then there exist homogeneous polynomials H® € C*°(R",R) of degree i satisfying,
for N > 3:

[=]

(2.92) Hoexpxr.y(2,6)= ) H'(p)+O0((z,&)"F).
1

vz

i

2 p2 N
Here p = p(z,§) = (IJQFE Ji<i<n, F<n = Y Fy, and xp_, is the vector field
k=1 -

n

OF<n O OF<y 0
(2.93) XFSN:; ot Ox;  Om; 08

+oo

> H* (well defined modulo a flat function) is the classical Birkhoff normal form
i=1

of H.

Licensed to University of Oxford. Prepared on Tue Aug 21 19:07:21 EDT 2018 for download from IP 129.67.246.57.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RECOVERING HAMILTONIANS 7265

Let us define af, = %OB‘I;LR (0) for k € N™ and |k| > 3. We observe that, for

ke N™:
(2.94) o= (T/L;Y \/}kl “ mz;N]Hl( )
I+m=k

Let us also define K = {k € N",|k| > 3} \ 2N". By Lemma [2T6] there exists a
unique homogeneous polynomial of degree |k| > 3 with no diagonal terms, such
that:

I ifkelk,

2.95 Ho, I = T (,F i "
(2.95) {Ho, In}(2,6) = | 40 _ a1l (o5) 12IFif k€ 2N,
=

Functions (Fy)n>3 and (H i)iz 1 are constructed recursively as follows: let N > 2
and assume that we have already constructed F3, ..., Fy (Fo = 0) and Hy, .. ., HL%)

(H1(p) = > 6;p;). Let us set
i=1

L2 ]

(2.96) Gn41(2,6) = Hoexpxroy(z,€) — ) H'(p) + O(|(z, &)
1

vfz

K2

and define Fiyy1 and, if N is odd, HS by Lemma 2,16

Gni1(x,€) if N is even,
GN_H(J?,f) — H™> (p) if N is odd.

297)  {HoFys1}(o:€) = {

We remark that, in our case, (z,€) = Gni1(z,8) — Y. apz is a sum of terms
k|=N+1

that depend only on Fcy, (Hi)1giﬂ§]a and (ag)g<n. Therefore, we get by

induction that the function(s)

(2.98)

- 2l;
Fyni1— Z arly and, when N is odd, H 2 (p) — Z 2_2H< ) :

|k|=N+1 |21

depend only on (ay)k<n-

Now, let us define, for k¥ € N", (Ix,my) € N?" by their components: for i €
[(L,n]l, (k)s = [ 5], (mk)i = ki — | %]. k — (Iy,mx) is a bijective correspondence
between K and the set A defined by:

(2.99) A={(l,m) e N*" | m —1€{0,1}"\ {0}, ]l| + |m| > 3}.

Moreover, for k € K, Ij is entirely determined by (233) and is equal in z, z
coordinates to:

(%)
0.(1—m)

1
(2.100) Ii(2,2) = — Z 2Em
\/5‘ | (I,m)eN™ )
l+m=k
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7266 C. HERIVEAUX AND T. PAUL
Therefore, if k € K, |k| = N + 1, we get by (2.98) that

o AL (1 72)

(2.101) Yl = V2H 0.(le = my,)

depends only on (a)kj<n-
Now if k € 2N" and |[k| = N + 1, and if we write H™ 2 (p) = 5. bp', then

=23+
we get by (29]) that

(2.102) Ik\ lj (k /2)

depends only on (a)|kj<n-

Therefore we get by (2I0I) and (2I02) that the family (ax)k—n+1 can be
determined from the terms of order N + 1 in the Taylor expansion of the classical
Birkhoff normal form, the family (cu,m, )|kj=n+1, and the family (ag)kj<n-

So we just proved, by induction, that for any N > 3, (ax)jx<n is determined by
the Taylor expansion of the classical Birkhoff normal form up to order N and the
family (Qm) 1,m)en,jij+im|<N-

As shown in [9,[10], the Taylor expansion of the classical Birkhoff normal form
is determined by the spectrum of H(z,hD,) in [V(q),V(qo) + €], € > 0. In fact
it is obvious that one can take € in the fi-dependent form given in Theorem [[LT4]
(and Theorem [[.I0) since the proof goes along the trace formula argument, and
eigenvalues above this value of € give an A*° contribution to the trace formula.

Moreover we have for N > 2 and m € {0,1}"™\ {0}

Ormo © €XP X Fey 11 (2,€) = Opo (2, €) + {F<n+1, Omo}Hz, &) + O((z, )N 1™

n
=2 D anlel Y kimi e+ O((2, VM),

(LE)eA i=1

U]+|k|=N+1

k—l=m
where ... stands for extradiagonal terms and terms which depend only on
(alk)(l,k)eA,\l|+|m\§N~ Therefore, the diagonal matrix elements of an observable
Onmo are equal, modulo terms depending only on (Oélk)(l,k)eA,|l\+\k|§N7 to

(2.103) S auluhl" Y kimi + O(h) + O(uh| ~™).
(Lk)EA 1=1
[l +|E|<N+1
k—Il=m

This shows, as in the proof of Theorem 2] that the oy, (I,m) € A, are all
determined, so the full Taylor expansion of R, hence of V', near qq, is completely
determined. ]

3. EXPLICIT CONSTRUCTION OF FERMI COORDINATES

In this section we prove Theorems [3] [L9] and [[I3] using Lemmas [A] [A.2]
and [A4] on linear and bilinear algebra. We start by the “bottom of a well”, toy

model for the periodic trajactory case.
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3.1. General “bottom of a well” case.

Proof of Theorem [LA. Let (x,&) € T*(R™) be a system of Darboux coordinates
centered at zy. d?H,(zo) is a positive bilinear form on T}, (T*M), therefore, by
Lemma [AT] there exists a local change of variable ¢, symplectic and linear in the
Darboux coordinates, such that

(3.1) Hy o0 ¢(z,€) = Hy(zo) +Ze +0(||<x OI%).

We will prove that the diagonal matrix elements of the family of pseudodif-
ferential operators P* in the system of eigenvectors corresponding to eigenvalues
of H(x,hD;) in [Hp(20), Hp(20) + €(h)] provide an explicit construction of such a
symplectomorphism ¢ (which is not unique).

We first start with the case where the family (Pk)1§k§2n2+n is realized by the
example (LI2]).

Let S be the matrix of d¢,, in the basis (8%1, 8%1, A %, %) We have for
(i,5) € [[1,n]]? and s € {1,2,3}:

Qi jo0(z,8) = (Z Sis ok—1%k + Sis,Qkﬁk) (Z Sjs ok—12k + Sjs,2k§k>

k=1 k=1

n n
E Sis 2k—15js 2k —1TKThr + E Sis 218 2k —1 kTR

k=1 k=1
(32) n n
+ E Sis ok—1555 ok Trpr + E Sis 2S5 206 EkER
k=1 k=1

n
= Z [Sis 2k—15j5 2k—1 + Sis 2855 ok] 2x 2k + R,
=1

where, for (i, ) € [[1,n]]?,

. 2 —1 ifse{l,2}, . 2j if s € {1,31,
Z:{m ifs:g, o 3:{25—1 ifs:{2, }

and R is a linear combination of terms of the form z,z ((k, k') € [[1,n]]) and zj Zx/
((k, 1) € [[1,n]], k # K.

Let Ay be any Fourier integral operator implementing locally d¢,, and |u) de-
fined by ([Z7)). The condition that A;1| w1y belongs to the spectral interval defined
in Theorem [[.9 reads as |uh| < e. We get from [B2) that
(3.3) (/L|A¢Qf,jf4;1|#> = Z [Sis 2k—15j5 26—1 + Sis 2155+ 2k] <,uk + > h+ O(h),

k=1
with the term O(%) coming from the subsymbols contribution (let us recall that we
are microlocalized in a bounded neighborhood of z). Therefore B3] for |uf| < e
with the condition & = 0(e) determines the values of S; ox—1.5j2k—1 + Si 215} 21 for
(i,4) € [[1,2n]]? and k € [[1,n]].

As claimed by Lemmal[A.2] the preceding quantities are independent of the choice
of a symplectic matrix S satisfying ([BI]). Since, as we already said, such a matrix S
is not unique, it is not possible to determine S out of the preceding matrix elements.
However, by Lemma[A2] the family (Si,gkflsj’gkfl +Si,2ij,2k)(i,j)e[[1,2n]]2,k€[[1,n]]
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7268 C. HERIVEAUX AND T. PAUL

(determined by the preceding matrix elements) allows us to construct explicitly a
suitable matrix S, hence a suitable symplectomorphism ¢.

This ends the proof in the case where the family (Pk)1§k§2n2+n is realized by
the example (II2]). Let us now consider the general case. The family of Hessian
matrices (d*P*(20))1<k<2n24+n forms a basis of the space of 2n x 2n symmetric
matrices. Hence, each d*Q; ;(z0) for (i,7) € [[1,n]]* and s € {1,2,3} is a linear
combination of the matrices d*P*(2y), 1 < k < 2n%+n. Since P*¥(29) = VP*(z) =
0, there exists a family (/\fjs)(i,j,s,k)e[[l,n]]2x{1,2,3}x[[1,2n2+n]] of complex numbers
such that for any (4, j,s) € [[1,7n]]? x {1,2,3}:

on? +n
(3.4) Q; ;(x Z Ajis PR, €) + O(|l(2, O
and therefore
2n? —+n
(3.5) (1| As Qs AL ) = Z X5js ([ Ag PE AL ) 4+ O(h) + O(|puhl?).

Hence, the family (Si,%_lsmk_l +Si72k:S'72k:)(i’j)e[[1,2n]]2’k€[[1’n]] is determined just
as before, and this ends the proof in the general case. |

3.2. The “Schrodinger case”.

Proof of Theorem [L13l Let x € R™ be any system of local coordinates centered
at go € M, and let (z,£) € T*(R™) be the corresponding Darboux coordinates
centered at (go,0) € T*M. Since d?V(qp) is a positive bilinear form on T, M,
there exists, by Lemma [A4] a local change of variable u, linear and orthogonal in
the Darboux coordinates, such that

(3.6) Vou(x Z 07x7 + O(x

where the ?’s are the eigenvalues of d*V (qp).

Let us denote by U the matrix of du,, written in the basis (%, ce %), and
define a symplectomorphism ¢ locally by its expression in the Darboux coordinates:
¢(z, &) = (Uz, UY).

If ¢ is the symplectomorphlsm sending (z, &) to (W’ . %, V011, .. V€
and H is the (principal and total) symbol of the considered Schrodinger operator,
then

n

2 2
(3.7) Hododo(n,€) = V(g) +Zei¥ + 0@,
=1

Just as in the proof of Theorem [[L9] the diagonal matrix elements of the family of
the pseudodifferential operators (Q?j)lgi,jgn in the system of eigenvectors corre-
sponding to eigenvalues of H(z,hD,) in [V (qo), V (qo) + €(h)] determine the family
(UirUjk)1<i,j,k<n- An orthogonal matrix U such that (B.7) is verified is not unique,
therefore it is not possible to determine the matrix U from the preceding diagonal
matrix elements. However, by Lemma [A4] the family (U;xUjk)1<i jk<n does not
depend on the suitable matrix U (i.e. orthogonal and satisfying (87)), and as we
just saw it is determined by the preceding matrix elements. Therefore, one can
determine the absolute values of the coefficients of any suitable matrix U, and also,
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for any k € [[1,n]], an index i € [[1,n]], such that U;, # 0. The choice of the
sign of U;,  then determines the sign of every other coefficient of the kth column.
Therefore, one can determine the 2™ suitable matrices, corresponding to n choices
of signs, as claimed by Lemma [A4l Choosing one of them determines (explicitly)
a suitable symplectomorphism ¢. O

3.3. The periodic trajectory case.

Proof of Theorem [[3. Let X, H(x, hD,), E,~ be as in Theorem [[.3] We first recall
[7[8,[18T9] that there exists a (non-unique) symplectomorphism ¢ from a neigh-
borhood of S! in T*(R™ x S') in a neighborhood of v in T*(X) such that

(38) Hp © d)(I, tv §7 T) = HO + H2 and ’Y(t) = ¢(Oa tv Oa 0)7

with Hy and Hy defined as in (I6) and (L7]).
It is easy to check that, in a local system of coordinates (z’,&’,¢',7') near ~ such
that v = {2/ = ¢ = 7/ =0}, ¢ can be chosen in the following form:

(39) ¢(l‘,t,€,7’) = (bS(xatvgaT) = (S(t)(l‘,f),t’q- + QS(tvxag))'

Here, for any t € S!, S(¢) is a linear symplectic change of variable (identified with
its matrix in our system of coordinates) and, in order for ¢g to be symplectic,
qs(t,-,-) is the quadratic form associated to the matrix

(3.10) M(t) = tS(t)J,S(t),
where S(t) = 4 S(t) and J, is the antisymmetric matrix ( OI 161 )
—in
For (i,5) € [[1,n]]?, p € Z, and s € {1,2,3}, let Ag be any Fourier integral
operator implementing ¢g. We have
(3.11)

- = (e} o o o 1
(1, V\AspfAsl\% v) = Zcp (SiS,Qk:flSjsJk:fl + Si5,2ijs,2k:) (Nkr + 5) h+ O(h),
k=1

where ¢, () maps a function to its pth Fourier coefficient, o is the permutation
defined by ([A.H), S° is defined by conjugation by the permutation matrix associated
to o just as in (AG), and where, for (i, 5) € [[1,n]]?,

. 2i—1 ifse{l,2} . 27 if s € {1,3}
s __ ) ) s _ 5 5
Z_{Qi if s =3, and ‘7_{2j—1 if s = 2.

Now, just as in the proof of Proposition 2.13] the coefficients (all (P;f))lez de-

termine ¢, (S{’S’%_lSﬂ)Qk_l + S{ﬂ)2kSgg’2k> for any k € [[1,n]]. Therefore, if the

coefficients a} (P}) are given for any | € Z, (i, j) € [[1,n]]?, p € Z, and s € {1,2, 3},
then the functions

(3.12) Ak = 87 ok_157 ak—1 + S5 2555 2k

7

are determined for any (4,5) € [[1,2n]]? and k € [[1,n]].

An easy adaptation of the proof of Lemma [A.2]shows that, once the set of func-
tions (A j k)@, el 2n]]2,ke[1,n)] 18 given, one can construct explicitly a particular
smooth function S! 5 ¢ +— Sp(¢) with values in the set of symplectic matrices,
such that equality (B12) holds. We also get that any matrix S? such that equality
[B12) holds is related to Sy by the equality S7 = SJU, where t — U (t) is a smooth

Licensed to University of Oxford. Prepared on Tue Aug 21 19:07:21 EDT 2018 for download from IP 129.67.246.57.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



7270 C. HERIVEAUX AND T. PAUL

function that takes its values in the set of block diagonal matrices whose diagonal
blocks are 2-by-2 rotations.

Now let us consider this particular Sy and let U be any smooth function that
takes its values in the set of block diagonal matrices whose diagonal blocks are
2-by-2 rotations. Let us finally define S by the relation S = S§U. Since for any
t €S, qs(t,-,-) is quadratic, we have

Py o ds(a,t,6,7) = e 2T 4 e gt 1, €)

_ _ 0? 0? _
= e 2imply 4 o 2impt Z ( 8:5: + —(%q;) (t)zrzk + R,

(3.13)

where R is a linear combination of terms of the form e=2""tz; 2y, ((k, k') € [[1,n]])
and e 2Ptz z (K, k') € [[1,n]], k # k).

Just as before, the coefficients (af (PY)) determine the family of functions

l,pEZ
£+ onl (d qs 4 0 qs) .
(of ¢ only) + 52 ) (il
Now, we get from equation ([B.I0) that, for k € [[1,n]] and t € S*:
9%qs 0? qS
t i+n +n n t 7 n t
6%() (%k ;5+k k(t) + Sit Jetn (8)Si k4 (1)

(3.14)
- Z Si k() Sisn k() + Sikin(t)Sitn kin(t).

For k € [[1,n]] and t € S', let us denote by Ux(t) = (Z?ﬁgk((g _C(S)lsnﬁelzg)) the
k k

kth diagonal block of U(t). Then, for j € [[1,2n]], k € [[1,n]], and t € S!:

Sj,k(t) ot S ,j,k(t)
(3.15) (Sﬁm(t)) = "Ui(t) (Soj',k+n(t)).
Therefore,

(3.16) ( St )) _ (.So,jw) )) O ( So.5.(1) ) |

Sktn(t So..k4n(t So,jk+n (1)
Let us now observe that for k € [[1,7n]], and any ¢ € S':
. 0 -1
(3.17) Ur(t) 'U(t) = (1 0 ) )

Therefore, since Uy (t) is an orthogonal matrix and Sy(¢) is a symplectic matrix for
any k € [[1,n]] and t € S, we get from equations (BI6]) and BI7) that

9*qs qs &gs, 9*qs ;
3.18 t t) = (¢ & () + 20, (t).
Since the function ¢ — 8;’15 )+ %(t) has been determined above, and the func-
k

2
tion t 88Z§0( t) + 83250( ) is entirely determined by the explicitly constructed
k

function t — Sy, equation ([BI8) then determines the function 0;. Therefore, the
function ¢t — U(t), hence the function ¢ — S9(t), is determined up to right mul-
tiplication by a constant block diagonal matrix Uy whose diagonal block matrices
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are 2-by-2 rotations. It is now sufficient to observe that if two functions t — Sy (t)
and ¢ — So(t) are related by the equation

(3.19) S5 = 87Uy,
where Uj is a constant matrix, then
(320) ¢52 = ¢S1 © (bUg*l

and, if Uy is a constant block diagonal matrix whose diagonal block matrices are
2-by-2 rotations,

(3.21) H® o ¢y 1 = Hy.

Finally, the choice of Uy in the determination of ¢ — S(¢) does not change the
validity of equation B8] for ¢ = ¢g, and Theorem [[3 is proved. O

4. CLASSICAL ANALOGS

In this section we prove a classical result, analogous to our preceding quantum
results, and motivated by the following straightforward lemma.

Lemma 4.1. Let O be a polynomial operator on L*(R™ x S') whose Weyl symbol,
expressed in polar and cylindrical coordinates, is the function O(A,T,¢, 7). Then

(4.1) s.v/Olpsv) = [ Oluh,vh o, tdpd +0(0),
T xSt

where x; +i&; = \/Aje'i for any j=1,...,n.
We concatenate analogs of Theorems [[L3] and [L4] in the following.

Theorem 4.2. Let v be a non-degenerate elliptic periodic trajectory of the Hamil-
tonian flow generated by a proper smooth Hamiltonian function H. Let 735 be
functions satisfying

Pg(x,t,f,T) = e 2Pl gnd

(4.2) Pﬁ(x,t,f,T) = e HIRF (2 6), k=1,...,2n% +n,

in a local symplectic system of coordinates (w,t,&,7) € T*(R™ x S') such that
v ={x = & = 1 = 0}, with the property that R¥(0) = VR¥(0) = 0 and the
Hessians d*R*(0) are linearly independent.

Let @ be the formal (unknown a priori) symplectomorphism which leads to the
Birkhoff normal form near v and (A, T,¢,t) the corresponding (formal and also
unknown a priori) action-angle coordinates such that v = {A = 7 = 0}. Let us
define near A =1 =0 the “average” quantities

— k
(4.3) Pr(A, 1) = /H‘"xsl P, o ®(A, 7, ¢,t)dedt.

Then the knowledge of VP_Z’)“(O,O) for k =1,...,2n% +n determines (in a con-
structive way) an explicit system of Fermi coordinates near 7.
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7272 C. HERIVEAUX AND T. PAUL

Moreover, now let (z,t,&,7) € T*(R™ x St) be any system of Fermi coordinates
near v and let Opnp, Op for (m,yn,p) € N> x Z be functions satisfying in a
neighborhood of :

(4.4)

Omnp(xa t, ga T)

—izmpt 77 (2iti& " (@& \™ Im|t[nl+l
e I (=55) 7 (20) o (a1 1))
Opla,t,€,7) = e"2wir 4 0 (4] + |7)F).

Then the knowledge of the Birkhoff normal form near v and of the Taylor ex-
pansion at A =71 =0 up to order N of Oppp, Oq, defined as in @3) for

(1) 0 <|m|[+n| <N,

(2) Vji=1,...,n, mj =0 orn; =0,

(3) pez, qeZ,

determines the Taylor expansion of the “true” Hamiltonian H up to the same order
in the picked-up system of Fermi coordinates.

Proof. Let us first prove the second part of Theorem Let (z,t,&,7) €
T*(R™ x S') be a system of Fermi coordinates near 7. Let, for N > 3, Fi be
the principal symbol of Wy. With the notation of Proposition we write

(4.5) Fn(z,t,2,7) = Z Qs (t)e2 P LI ZR TS
|5 14|k|+2s=N
Let F satisfy

—+oo
(4.6) F~ > Fy.
N=3

With the notation of the proof of Proposition 2.2, we have
(4.7) H oexp(xr)(x,t,&,7) ~ h(p,,0).

Let N >3, (m,n,p,q) € N>* x Z x Z*, and (j,k, s) € N>"T1 satisfy:
(4.8) 0<|m|+n| <N, myn;=0Viell,n], |jl+ |kl +2s=N.

and o2

Then, as seen in the proof of Lemma 215 if o} ks

: ! it g are the symbols of
{aoks ()€™ 232875 Oy b and {agjrs(1)e? P23 2075 O, } respectively, we have,
ifj+m==~k+n,

(4.9)

n

; kim; — jing 2
/ Ujl’/cs (A, 7, ¢, t)dpdt =ic, (O‘Ojks)AmaX(j,k)Ts (Z = " ﬂps)
Tn xS1

—1 Az T
1=

NA|m|+|n|—1 )
2

+0 ({14 +17))
and if j +m # k + n,
@o) [ ohudmtdedt =0 ((14] + 1)
Tn xSt
We also have, if j = k,

A1) [ A e e = iey (e 2ng(1+9) 4070 (141 + ) F)
T xSt

N+\m\+\n|—1)
2
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and if j # k,
(4.12) / 02 (A, 7,0, t)dipdt = O ((\A| + \ﬂ)%) .
T xSt

Now, let us set F5 = 0 and assume that the function F<y_; has been de-
| times

—
termined for some N > 3. Then for { > 2, {F<n,{...,{F<n,Omnp}}} and

I times
{F<n,{ .., {F<n,0,}}} are determined modulo O((|A\ + ‘T|)w> and
@) ((|A| + |TD¥> respectively.

Therefore, by equalities @J) and @IU), Omnp(A,7) is equal, modulo
O (1] + ™57

and known terms, to

n

. max(j s kim; — ging | 2mps
(4.13) Z icp (s ) AP0 1 (Z A + - )

|4 +|k|+2s=N =1
j=m=k+n

and by equalities (1) and [@I2), O,(A,7) is equal, modulo known terms and
O ({141 +17)"#*), to

(4.14) > icg(angjs)2mg(l+ s) AT,
2|j|+2s=N

Thus, just as in the proof of Proposition 214 let (m,n,p,q) € N?" x Z x Z* run
over all possible values under condition ([A.8). We determine every function agjs,
l7] + |k| + 2s = N, hence Fl, which concludes the proof of the second part of
Theorem

The proof of the first part of the theorem follows the same strategy with respect
to Theorem [[.3] as the proof of the second part with respect to Proposition 214 O

The last result of this paper will be the classical analog of Theorems [[.I0] and
ine!

Let us recall [10] that in the case where H(z,£) = €2+ V(z) the classical normal
form determines the Taylor expansion of the potential when the latter is invariant
by the symmetry z; — —z; for each ¢ € [[1,n]]. In the general case the Taylor
expansion of the averages, in the sense of ([3]), of a finite number of classical
observables are necessary to recover the full potential.

Let us assume H € C*(T*M,R) has a global minimum at zy € T*M, and
let d>H,(z0) be the Hessian of H at z. Let us define the matrix Q defined by
d>Hy(20)(-,) =t ws,(,Q71), where w,,(,-) is the canonical symplectic form of
T*M at zg. The eigenvalues of 2 being purely imaginary, we denote them by
+i6; with 6; > 0, j € [[1,n]]. Let us assume that 6;,j € [[1,n]], are rationally
independent.

Theorem 4.3. The statement of Theorem remains valid verbatim by replacing
v by zo and ignoring the variables t,T.
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7274 C. HERIVEAUX AND T. PAUL

Let us now enunciate the classical analog of Theorem [[L14] in the case of a
Schrodinger operator with potential V' € C*° (M, R):

Theorem 4.4. Let qg be a global non-degenerate minimum of V. on M. Let us
assume that the square roots of the eigenvalues of d*V (qo) are linearly independent
over the rationals.

LetPF k=1,..., @, be smooth functions on M such that P*(qy) = VP*(qo)
=0 and the Hessians d*P*(qy) are linearly independent (an evample of such
potentials is the family Q;;(x) = z;x; in a local system of coordinates centered at
q)-

Then the knowledge of the Birkhoff normal form near qy and of the Taylor ex-
pansion at A = 0 up to the (finite number of ) “average” P¥(A) determines (in a
constructive way) an explicit system of Fermi coordinates.

Moreover, let (x,£) € T*R™ be any system of Fermi coordinates centered at
(go,0) and let O,,0 be defined in Theorem [LI4l

Then the knowledge of the Taylor expansion at A =0 up to order N > 3 of the
(finite number of) “average” quantities O as in [@E3) together with the Birkhoff
normal form itself, determines the Taylor expansion up to order N of V at qo in
the picked-up system of coordinates.

In line with the proof of Theorem the proofs of Theorems .4l and are
easy adaptations of the proofs of Theorems [[L14] and [[T0l We omit them here.

APPENDIX A. LEMMAS ON LINEAR AND BILINEAR ALGEBRA

Lemma A.1. Let q be a positive quadratic form on R?™. Then there exists a canon-
ical endomorphism ¢ on R?", and an n-tuple of positive real numbers (A1, ..., \p),
defined as the imaginary part of the eigenvalues of the positive imaginary part of
the endomorphism defined by

(A.1) (a())g =w(),
where (-; )4 is the scalar product associated to g and w is the canonical symplectic
form on R?™, and such that:

n

(A2) V(z,6) € R™, q(d(x,€)) =Y Ni(af +&).
i=1
Moreover, if the real numbers A1, ..., A\, are pairwise different, and ¢' is an en-

domorphism of R?", then ¢’ is canonical and satisfies (A2) if and only if there
exists an orthogonal isomorphism u on R?™ whose restriction to the plane spanned
by (%, aia) (for any i € [[1,n]]) is a rotation, such that ¢’ = ¢ o u.

Proof of Lemma [AJl a is antisymmetric with respect to ¢, and therefore there

exists a g-orthonormal basis of R*" (uy, ..., up,v1, ..., v,) and an n-tuple of positive
real numbers (A1, ..., A,) such that, for j € [[1,n]],
(A.3) Aja(u;) = —v; and Aja(v;) = u;.

Now let us set, for j € [[1,n]],

(A4) ’l~Lj = 4/ )\j’le and 6j = 4/ )\j'Uj-

Then (@, ..., 1n,01,...,7,) is a g-orthogonal basis of R?" satisfying, for j €
[[1,n]], q(a@;) = A; and ¢(9;) = A;, and the preceding properties together with
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(AJ) imply that it is also a symplectic basis, which concludes the proof of the first
part of Lemma [AT]
To prove the second part of Lemma[A.T] let us consider another symplectic and

orthogonal basis (u,...,uy,vq,...,v,), where, for j € [[1,n]], the gnorm of w]
and v} is Aj. Then, by (A2), for any j € [[1,7n]], a(u}) is orthogonal to any vector
of the basis but v} and (v}, a(u})), = w(v},u};) = —1, therefore \ja(u};) = —v} and,

by the same argument, \ja(v}) = uj.

Therefore, the plane spanned by (u;,v;) and the plane spanned by (u},v}) are
both the kernel of a2 + )\? (2-dimensional since we made the additional assumption
that the \;’s are pairwise different). Therefore, if ¢ and ¢’ are the endomorphisms
which send the canonical basis of R?" to the basis (i1, ..., tn, 91, - .-, 0,) and the

basis (u}, ..., ul,v],...,v,) respectively, then the restriction of ¢ ~Lo@’ to any plane

r n

spanned by (52-, 8%_) (for any i € [[1,n]]) is an orthogonal symplectomorphism from
the plane to itself, which is a rotation. O

Let o be the permutation of [[1,2n]] defined by:

(A.5) Vi € [[1,2n]], o(i) = { ;Ei__ln) gi § Z7+ 1,

and let M, be the associated permutation matrix (i.e. for any (i,7) € [[1,2n]]?,

(M5)ij = bo(i).5)-
Now, let us set, for any matrix S € Ma,(R),

(A.6) S, = M;*SM,.
Let us also denote by Lg ; x for (i,k) € [[1,2n]] x [[1,n]] the vector of R? defined

by Lsix = ( Egogliz_l > € R2. Then, for (i,k) € [[1,n]]?, s; will be the matrix

of size 2 whose first line is *Lg ;1 and second line is *Lg o; .

Lemma A.2. Let A be a positive matriz of size 2n. Let S be the (non-empty by
Lemma [B)) set of symplectic matrices satisfying

D 0

t _ A

(A.7) SAS = ( 0 | Dy >,

where Dy is the diagonal matriz with (\,...,\,) an n-tuple of positive diagonal

elements, which we assume pairwise different. Then:

(1) The family ((Ls,i,k; Ls,j k)i, el1,2n]]2,ke][1,n]] i independent of matriz S €
S.

(2) Once the preceding invariants of S are given, one can construct explicitly a
particular matriz of S (hence all of them by Lemma [AT]).

Proof of Lemma [A&.2l Let us first prove the first point. Let (S,7) € S?. By Lemma
[A1l there exist n matrices belonging to SO5(R) and denoted by Oy, ...,0,, such
that:

O, 51,101 -+ 51,0,
(A.8) T, =S5 =
On 5n,lOl e 5n,n0n
and (A]) is equivalent to:
(A9) V(Lk‘) € [[1,2n]] X [[1,n]],LT,i’k = tOkLs’i’k.

Licensed to University of Oxford. Prepared on Tue Aug 21 19:07:21 EDT 2018 for download from IP 129.67.246.57.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



7276 C. HERIVEAUX AND T. PAUL

Hence ((Ls,ik; Ls,j,k))i,5)e[[1,2n]]2,k€[[1,n)] d0es not depend on the matrix S € S
and the first point of Lemma is proven.
Now, let S € S, and let (asjx) (i j)e[,2n])2,ke[[1,n]] Pe the family defined by

(A.10) V(i, ) € [[1,2n]]%, VEk € [[L,n]],aije = (Ls,ix; Lsj)-

Let us assume that this family is given. Two vectors u and v of R? are independent
if and only if: (u;v)? < (u;u)(v;v). Since the matrix S is invertible, one can choose,
for any k € [[1,n]], a couple of indices (i, ji) € [[1,2n]]? such that

2
(A.11) gk < Gigipk Gy gk
Let k € [[1,n]] and let us choose a vector v;,, whose norm is /a;, ;. > 0. The
system of equations with unknown v € R?,

s { o) e
(v;v) = Qjrjiks
admits exactly two solutions (by (A1), denoted by U;; , and v, obtained from
one another by orthogonal symmetry Ry, of axis the line spanned by v;, .
Let us set v, = U;'];k = v;, k. Since the families (v;:k,v]'.:k) and (v; ., v; ;) are
two bases of R?, for any i € [[1,2n]] \ {ik, jx}, each one of the two systems

(A.13) <Ui+kk;v> = Qiyik, and <vijk;v> = Qi ik,
(U k3V) = Qjgiks (Vi ¥) = @ik,

admits exactly one solution denoted respectively by v;; and v;,, and satisfying
relation v;, = Rkv;,rc.

We are now able to construct 2" matrices (T'a)acp((j1,n))) defined, for A €
P([[1,n]]), by

(A.14) (i, k) € [[1,2n]] x [1, n]], Lz ip = { vk if k€ A,

v;;, if else.

In order to prove the second point of Lemma [A2] it is sufficient to prove the
following assertions:

(1) There exists at least one set A € P([[1,n]]), such that T4 € S.
(2) There is at most one set A € P([[1,n]]), such that T4 is symplectic.

Indeed, once those two assertions are proved, there will be exactly one set A €
P([[1,n]]) such that T4 is symplectic, and it will be an element of S, constructed
from the values of the family (aijx) (i j)e[[1,2n))2,ke[[1,n]) ODLY-

Let us prove the first assertion. Let Oy be the unique element of SO5(R) for any
k € [[1,n]], such that Lg;, x = Okv;,x (where S is a particular matrix of S).

The system (A12) is equivalent to

Lsik; Orv) = aiyjpn

A15 < sk R kIR

(A.15) { (Okv; Opv) = @ik

which admits exactly two solutions: v;-; y and v; . Hence, for any k € [[1,n]]:
(A16) LS,jk,k = Okvj;k or LS,jk,k = Okvj_kk'

Let us define the set A by
(A17) A= {k eN |LS,jk,k = Okvﬁk}.

Licensed to University of Oxford. Prepared on Tue Aug 21 19:07:21 EDT 2018 for download from IP 129.67.246.57.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RECOVERING HAMILTONIANS 7277

Since each system (AJ3) admits a unique solution, we obtain

V(i k) € [[1,2n]] % [[1,n]], Ls.ix :{ Oy if k€ A,

(A.18) Orvy, if else,
=OrL7, ik,
that is,
01
(A.19) Tao =15,
O,

and T4 € S by Lemma [A Tl
In order to prove the second assertion, let us use the following lemma.

Lemma A.3. For any symplectic matriz B of size 2n, we have

n
(A.20) Vk € ([1,n]], D det(b) = 1.
i=1
If A; and Aj are two parts of [[1,n]], we get from (A14) and relation vy, = Ryv}
that
. S Rk:LTA ik if ke A1AA2,
(A.21) V(i k) € [[1,2n]] x [[1,n]], L1, ik = { LTAl,ich if else.

where A1AAs is the symmetric difference of A; and As: A1AA; = (A \ Az) U
(A2 \ A1). Hence,

(A.22) Vk € [[Ln]], > det ((ta,)ix) = ex Y det ((ta,)i)
i=1 =1

where, for k € [[1,n]], ¢, = —1if k € A;]AAs, e = 1 if else. Since A;AA; = ) if
and only if A; = Aj, there exists at most one part A of [[1, n]] such T4 is symplectic.
The second assertion, hence the second point of Lemma [A3] is proven. O

Proof of Lemma [A3l Since B is a symplectic matrix, the matrix B, satisfies
(A.23) 'ByJ, By = J,.

It is sufficient, for k& € [[1,n]], to read equality (A23) at line 2k and column
2k — 1 to obtain:

(A24) zn:det(bi’k) =1.
i=1

O

Lemma A.4. Let A € M, (R) be a positive matriz whose eigenvalues are pairwise
different. Let D be a diagonal matriz, similar to A. Then there exist exactly 2"
orthogonal matrices conjugating A to D, and they are obtained one from another
by a possible change of the sign of each column.

Proof of Lemma[A4l. As A is positive, there exists an orthogonal matrix @; such
that

(A.25) Q7'AQ = 'Q1AQ, = D.
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7278 C. HERIVEAUX AND T. PAUL

Let Q2 € GL,(R). Then Q; is orthogonal and satisfies: Q5 AQ2 = D if and only if
Q5 1@ is an orthogonal matrix which commutes to D, that is, because the diagonal
elements of D are pairwise different, if and only if Q5 '@, is an orthogonal diagonal
matrix. Finally, ()2 is orthogonal and satisfies: Q5 ' AQ, = D if and only if Q5 1o,
is diagonal and its elements belong to {—1,1}, that is, if Q2 is obtained from @1
by a possible change of the sign of each column. O

APPENDIX B. REALIZING THE POINCARE ANGLES

B.1. The periodic trajectory case. In this section we indicate how different
systems of Fermi coordinates and different Birkhoff normal forms exist for any
realization of the Poincaré angles as real numbers and we show how those normal
forms are linked to each other. Thus, our results are independent of this ambiguity.

Proposition B.1. Under the hypothesis of Theorem I:IEI_, the knowledge of the coef-
ficients of the trace formula determines the quantities €% i =1,...,n. Moreover,

let us denote by By, .. o, (x,&,7) = E + Z 0; +£l + 74+ O0((x? + &2 + |7])?) the
Birkhoff normal form of H, associated t0 a given choice of angles 0;. For k € Z",

let hi(x,&) = Y mki(x? + £2) and let @y be the symplectomorphism defined, wzth
the notation of ([2.93), by

(B.1) Dp(w,6,t,7) = (exp(txn, ) (@€, 6,7+ 7 kila? +€7)).
Then By, .....0, © Pr = Bo,12k17,....0,+2knr-

Proof. The first part of the assertion belongs to Fried [6]. The fact that @y is a
symplectomorphism can be checked directly. Moreover one sees immediatly that
it conjugates the quadratic in (z,£)/linear in the 7 part of By, . g, to the one of
Bo,+2kyx,...,00+2k,x- Moreover By, . . o®y is a function of 7 and xf —i—{“f only and
it is easy to verify that the algorithmic constructions of the two normal forms are
covariantly conjugated by ®;. Therefore, it is equal to By, y2i;x,...,0, + 2k - O

B.2. The “bottom of the well” case.

Proposition B.2. Under the hypotheses of Theorems[L10 and [L14), the knowledge
of the spectrum of H(z,hDy) in [Hy(20), Hp(20) + €], h = o(€), determines the 6;’s
up to permutation.

Proof. By the quantum normal Birkhoff form construction we know that the bottom
n
part of the spectrum is {H,(z0)+ > 0; (i +1/2)h+O(h?), |uh| = O(e)}. Therefore,

i=1
the bottom part of the spectrum determines the set A = {>_ 0;(u; +1/2), u € N"}.
i=1

Let us now assume that the 6;’s are arranged in increasing order. 61/2 is then equal

to the minimum of A. By induction, if 64, ..., 0 are known for some k, 1 < k < n,
k
let us define Ay, = {> 0;(p; +1/2)}. Let us set App1 := min AN AL, We easily see
i=1
k
that Ox+1 = 2Mg+1 — Y. 0;, which concludes the proof. O
i=1
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