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at time t + 1 its state becomes •.
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Froböse bootstrap percolation

Geometry: Z2.

State space: {◦, •}Z2
(◦/• =healthy/infected).

If at time t ∈ N site x ∈ Z2 is the only ◦ vertex of a 4-cycle, then
at time t + 1 its state becomes •.
• never becomes ◦.

Ivailo Hartarsky Bootstrap percolation is local



Background
News

Conclusion
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Froböse bootstrap percolation
Previous results
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Froböse bootstrap percolation
Previous results
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Froböse bootstrap percolation
Previous results
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If at time t ∈ N site x ∈ Z2 is the only ◦ vertex of a 4-cycle, then
at time t + 1 its state becomes •.
• never becomes ◦.

Exercise 1.

What is the minimum number of • needed to make an n× n grid all •?

Exercise 2.

What is the maximum number of steps before a configuration on an
n × n grid becomes stationary?

Exercise 3.

Prove that there are (n/(e + o(1)))2n configurations as in Exercise 1.
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at time t + 1 its state becomes •.
• never becomes ◦.
Infection time: τ = inf{t ∈ N : 0 is •} ∈ N ∪ {∞}.

Density of •: p ∈ [0, 1].

Initial distribution: Ber(p)⊗Z
2
.

Low temperature regime: all bounds will hold a.a.s. as p → 0.
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Previous results

[Van Enter’87] For all p > 0 we have τ <∞ a.s.

[Aizenman-Lebowitz’88]
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Froböse bootstrap percolation
Previous results
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Froböse bootstrap percolation
Previous results
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[Van Enter’87] Trivial transition

[Aizenman-Lebowitz’88] For some c,C > 0

Pp

(
exp

(
c

p

)
6 τ 6 exp

(
C

p

))
→ 1.

∞∏
k=1

(
1− (1− p)k

)2
> exp

(
2
∞∑
k=1

log(1− e−kp)

)
>

exp

(
2

p

∫ ∞
0
− log

(
1− e−x

)
dx

)
= exp

(
2

p

∫ 1

0

log(1− y)dy

y

)
=

exp

(
−2

p

∞∑
n=0

∫ 1

0

yndy

n + 1

)
= exp

(
−2ζ(2)

p

)
= exp

(
−π2

3p

)
.
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[Van Enter’87] Trivial transition

[Aizenman-Lebowitz’88] For some c,C > 0

Pp

(
exp

(
c

p

)
6 τ 6 exp

(
π2 + o(1)

6p

))
→ 1.
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[Van Enter’87] Trivial transition

[Aizenman-Lebowitz’88] Scaling

[Holroyd’03] For every ε > 0

Pp

(
exp

(
π2 − ε

6p

)
6 τ 6 exp

(
π2 + ε

6p

))
→ 1.
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[Van Enter’87] Trivial transition

[Aizenman-Lebowitz’88] Scaling

[Holroyd’03] Sharp threshold

[Gravner–Holroyd’08] For every ε > 0 and some c > 0

Pp
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[Van Enter’87] Trivial transition

[Aizenman-Lebowitz’88] Scaling

[Holroyd’03] Sharp threshold

[Gravner–Holroyd’08] Second term upper bound

[Gravner–Holroyd’09] For some c,C > 0

Pp

(
exp

(
π2 − C (log(1/p))3

√
p

6p

)
6 τloc 6 exp
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π2 − c

√
p

6p
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[Aizenman-Lebowitz’88] Scaling

[Holroyd’03] Sharp threshold

[Gravner–Holroyd’08] Second term upper bound

[Gravner–Holroyd’09] Almost matching local upper bound

[Gravner–Holroyd–Morris’12] For some c,C > 0

Pp

(
exp

(
π2 − C (log(1/p))3

√
p
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√
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[Van Enter’87] Trivial transition

[Aizenman-Lebowitz’88] Scaling

[Holroyd’03] Sharp threshold

[Gravner–Holroyd’08] Second term upper bound

[Gravner–Holroyd’09] Almost matching local upper bound

[Gravner–Holroyd–Morris’12] Almost matching lower bound

[Bringmann–Mahlburg’12] For some c ,C > 0

Pp

(
exp

(
π2 − C (log(1/p))5/2

√
p

6p

)
6 τloc 6 exp

(
π2 − c

√
p

6p
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[Van Enter’87] Trivial transition

[Aizenman-Lebowitz’88] Scaling

[Holroyd’03] Sharp threshold

[Gravner–Holroyd’08] Second term upper bound

[Gravner–Holroyd’09] Almost matching local upper bound

[Gravner–Holroyd–Morris’12] Almost matching lower bound

[Bringmann–Mahlburg’12] Slightly better local lower bound

[H–Morris’19] For some c ,C > 0, for a related model

Pp

(
exp

(
π2 − C

√
p

18p

)
6 τ 6 exp

(
π2 − c

√
p

18p

))
→ 1.
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[Van Enter’87] Trivial transition

[Aizenman-Lebowitz’88] Scaling

[Holroyd’03] Sharp threshold

[Gravner–Holroyd’08] Second term upper bound

[Gravner–Holroyd’09] Almost matching local upper bound

[Gravner–Holroyd–Morris’12] Almost matching lower bound

[Bringmann–Mahlburg’12] Slightly better local lower bound

[H–Morris’19] Second term scaling
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State space: {◦, •, ?}Z2
.

A 4-cycle with one ◦ and three ? becomes four ?.

• with a ? neighbour becomes ?.

Initial condition A ∼ Ber(p)⊗Z
2
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State space: {◦, •, ?}Z2
.

A 4-cycle with one ◦ and three ? becomes four ?.

• with a ? neighbour becomes ?.

Initial condition A ∼ Ber(p)⊗Z
2
.

◦ ?
? ?

→ ? ?
? ?
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Local Froböse bootstrap percolation
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State space: {◦, •, ?}Z2
.

A 4-cycle with one ◦ and three ? becomes four ?.

• with a ? neighbour becomes ?.

Initial condition A ∼ Ber(p)⊗Z
2
.
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Local Froböse bootstrap percolation

State space: {◦, •, ?}Z2
.

A 4-cycle with one ◦ and three ? becomes four ?.

• with a ? neighbour becomes ?.

Initial condition A ∼ Ber(p)⊗Z
2
.

Ivailo Hartarsky Bootstrap percolation is local



Background
News

Conclusion
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Local Froböse bootstrap percolation

State space: {◦, •, ?}Z2
.

A 4-cycle with one ◦ and three ? becomes four ?.

• with a ? neighbour becomes ?.

Initial condition A ∼ Ber(p)⊗Z
2
.

τloc = inf
{
t ∈ N : ∃a ∈ A, 0 is ? at time t for ?{a} •A\{a}◦Z2\A

}
.
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Theorem (H–Teixeira’24+)

Pp

(
1 6

τloc
τ
6 exp

(
log19(1/p)

))
→ 1.

Theorem (H–Teixeira’24+)

Pp

(
τloc = exp

(
π2

6p
− π

√
2 +
√

2
√
p

+
O(log2(1/p))

3
√
p

))
→ 1.

Theorem (H–Teixeira’24+)

The same holds for two-neighbour bootstrap percolation with

π2/6 π2/18, π

√
2 +
√

2 7.0545.
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The same holds for two-neighbour bootstrap percolation with

π2/6 π2/18, π

√
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Locality

Definition (Internally filled rectangle)

R is IF, if • in it are enough to make it completely •.

Lemma

R is IF, iff ∃S ,T ( R disjointly IF such that S ∨ T = R.
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Lemma

R is IF, iff ∃S ,T ( R disjointly IF such that S ∨ T = R.
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R is IF, if • in it are enough to make it completely •.

Lemma

R is IF, iff ∃S ,T ( R disjointly IF such that S ∨ T = R.
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c

d

T

s

tR
Pp(S is IF)Pp(T is IF)

Pp(R is loc. IF)
� 1

Pp(T is IF)

Pp(S → R)
� 1
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R is IF, if • in it are enough to make it completely •.

Lemma

R is IF, iff ∃S ,T ( R disjointly IF such that S ∨ T = R.
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t
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T
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R is IF, if • in it are enough to make it completely •.

Lemma

R is IF, iff ∃S ,T ( R disjointly IF such that S ∨ T = R.
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t
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Locality

Definition (Internally filled rectangle)

R is IF, if • in it are enough to make it completely •.

Lemma

R is IF, iff ∃S ,T ( R disjointly IF such that S ∨ T = R.

S

c

c T

s
t

Pp(S → (S ∨ T )) > (1− (1− p)c)s+t−1
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R is IF, if • in it are enough to make it completely •.

Lemma

R is IF, iff ∃S ,T ( R disjointly IF such that S ∨ T = R.

S

c

c T

s
t

Pp(S → (S ∨ T )) > (1− (1− p)c)s+t−1 ≈ (cp)s+t−1
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Locality

Definition (Internally filled rectangle)

R is IF, if • in it are enough to make it completely •.

Lemma

R is IF, iff ∃S ,T ( R disjointly IF such that S ∨ T = R.

S

c

c T

s
t

Pp(S → (S ∨ T )) > (1− (1− p)c)s+t−1 ≈ (cp)s+t−1

Lemma (A priori bound)

Pp(T is IF) 6 (2sp)s+t−1.
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Algorithm: why is locality useful?

0 1 1 2

width

height

. .
.

Λ = log(1/p)
p

time Λ2

memory Λ

highly parallelisable

store logs, ea + eb = ea∨b(1 + e−|a−b|)
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f (x) = − log(1− e−x)

q = − log(1− p) ≈ p

(1− (1− p)b) = e−f (bq)

W (γ) =
∫
γ f (y)dx + f (x)dy
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= (1− p)b(1− (1− p)a)p = e−f (aq)−f (bq)ef (bq)−bqp

ef (x)−x =
1

ex − 1∫ ∞
0

dx√
ex − 1

= π
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