THE MAXIMAL RUNNING TIME OF HYPERGRAPH BOOTSTRAP
PERCOLATION

Ivailo Hartarsky! and Lyuben Lichev?

ITU Wien, Faculty of Mathematics and Geoinformation, Institute of Statistics and Mathematical
Methods in Economics, Research Unit of Mathematical Stochastics, Wiedner Hauptstrafle 8-10,
A-1040 Vienna, Austria, ivailo.hartarsky@tuwien.ac.at
2Jean Monnet University and Institut Camille Jordan, Saint-Etienne and Lyon, France,
lyuben.lichev@univ-st-etienne.fr

October 15, 2023

Abstract

We show that for every r > 3, the maximal running time of the K7 ;-bootstrap percolation in the
complete r-uniform hypergraph on n vertices K, is ©(n"). This answers a recent question of Noel
and Ranganathan in the affirmative, and disproves a conjecture of theirs. Moreover, we show that the
prefactor is of the form r~"e9(") as r — oo.
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1 Introduction

1.1 Background

Bootstrap percolation is a widely studied model for spreading infection or information on a graph. Given
an initial set of infections, this process iteratively adds infections if a certain local pattern of infections
is already present. While the original statistical physics perspective suggests selecting initial infections
at random, interesting computational and extremal combinatorial questions arise when considering de-
terministic instances. The most classical extremal problems are determining the minimal number of
infections necessary for infecting the entire graph and the maximal time until stationarity or complete
infection.

These maximal times have been studied in several settings, including grids [2] and hypercubes [5,[8].
Bootstrap percolation in which one infects the edges of a graph when they complete a copy of a fixed graph
is referred to graph bootstrap percolation or weak saturation. In that setting, the maximal times were
studied in [1,3,/6]. Finally, our setting of interest is the more general hypergraph bootstrap percolation,
where maximal times were recently investigated by Noel and Ranganathan [7].

1.2 Model and result

For a positive integer r > 2 and an r-uniform hypergraph H (or r-graph for short), we identify H with its
edge set and denote by V(H) the set of vertices of H. In this paper, we pay particular attention to the
complete r-graph on n vertices denoted K, especially the r-graph K7, which we denote F}. for short.



For a positive integer r > 2 and an r-graph F, the F'-bootstrap process in K] is a monotone cellular
automaton described as follows. At the beginning, a subgraph Gy of K] is infected. At every step i > 1,
we define

G; =Gi_1U{e € K] : there is a copy F' C K], of F such that e = F'\ G;_1}. (1)

The running time until stationarity (that is, the first step 7 at which G; = G;11) of the F-bootstrap
percolation with initially infected set Gy is denoted by T'(F, Go,n). In [7] it was proved that

r _ r
Grong;({; T(K;, Go,n) =0(n")

for all fixed m > r+ 2 > 5. In this paper, we are interested in the mazimum running time of the

F,-bootstrap percolation 7T, (n) defined as

T.(n) = GI(?Ca%T T(F,,Go,n).

In this case, 7] only established that for all r > 3, T,.(n) > ¢,n"~! for some ¢, > 0. Our work closes
the gap between this lower bound and the trivial upper bound 7 (n) < (:f) More precisely, we answer
Question 5.2 from [7] in a strong sense, and disprove Conjecture 5.1 from the same paper suggesting that

Ts(n) = O(n?).

Question 1 (Question 5.2 from [7]). Does there exist an integer ro such that, if r > ro, then T,.(n) =
O(n")?

Our main result is the following lower bound.

Theorem 2. For every r > 3 and n > 2r%, we have

T

n
or+3,pr < Tr(n) < rr

Let us note that, while our result shows that the constant prefactor is "¢ as r — oo, our

construction has not been optimised for this purpose, but rather for the clarity of the exposition. We also
observe that the condition n > 2r? is imposed mostly for technical reasons and is only used in .

1.3 Outline of the proof

Theorem [2| is proved as follows. We start with a simple construction showing that 73(2(4k —3) +1) >
8k2—12k+4 for any k > 1 (see Section |3|), which reproves the corresponding result of [7]. The construction
(see Fig. |2)) consists of two vertex-disjoint paths, each containing 4k — 3 vertices, and an additional vertex
v3. The edges in the initial graph are: v} together with any 2-edge in some of the paths, v} together
with the initial vertices of the two paths, and some 3-edges that do not contain v3. This is done so that,
firstly, only one edge is infected per time step, secondly, all edges which become infected contain v3 and
one vertex in each path, and moreover, the process is reversible in the sense that, if we replace the edge
joining the beginnings of the two paths by the last edge infected by the process, the same edges become
infected but in reverse order.

Based on this construction, we prove Theorem [2| for r = 3 by gluing 2k — 1 instances of it, as shown
in Fig. [1| (see Proposition . Namely, using an auxiliary vertex v3, we propagate the infection from the
end of the process for the vertex v$ to the end of the same process for a new vertex Ug’ instead of v3,
which will then run the other way around. Repeating this procedure 2k — 2 times, we obtain a cubic
running time. The key feature of this strategy is that no edges that do not contain v{ are created in the
first construction, so we do not alter the configuration induced by the first 2(4k — 3) vertices. Moreover,
the same gluing technique allows us to extend the construction from r to r + 1 by adding a vertex to all
edges, adding all edges that do not contain this vertex, and then gluing copies of this construction that

differ only in this special vertex while keeping the remaining ones unchanged.
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Figure 1: Illustration of the transition between the last step of stage k — 1 for the vertex v and the first
step of the first stage for the vertex vg’. On this intermediate step, only the edge v%kflvgkflvg is infected.
Note that 3-edges are represented by smaller homothetic copies of the corresponding triangles.

2 Proof of Theorem 2

To start with, we fix a positive integer £k = k(n) to be chosen appropriately later. Then, for all integers
1 > 1, we define the vertex sets

Ai:{vivvév”'vvik—3}v A:: UA]

In particular, the sets (A4;);>1 are disjoint while the sets (A});>1 form an increasing sequence with respect
to inclusion. Next, we consider a particular case of F,.-bootstrap percolation where a sequence of edges
can be infected both in the given and in a reverse order under a suitable initial condition.

Definition 3. Let » > 3 be an integer and H be an r-graph with vertex set V(H) C A’ and edge set
E(H). Given a sequence (e;)L of edges in E(H), we say that H is (e;)’_,-sequential if the F,-bootstrap
percolation process in the complete r-graph on V(H) with initially infected r-graph:

(i) H runs for T steps, infecting only the r-edge e; at step i € [1,T];

(ii) H \ {eo} is stationary (does not infect any r-edge);

(iii) (H1U{er})\ {eo} infects only the r-edge er_; at step i € [1,T].
Definition [3|is central in the key construction presented in the next proposition.

Proposition 4. Fiz integers r > 3 and k > 2. Let Ty > 2 be an integer and Hy be an r-graph with
vertices A_; U {v]}. Suppose that Hy is (e;);L,-sequential with v} € NEyeir Forall j € [1,2k — 1], let
Hjj—1 be a copy of Hi\ {eo} obtained by replacing v by vy; . Moreover, define e; = e; \ {v{}, and for
all j € [1,k—1], let

Hyj o ={eC {UZj—?)aUZj—Q?UZj—l} Uep: le| =, {’UZj—37v£j—l} Z e, eq, Z e}

Hyj={eC {UZj—laU£j7U£j+1} Ueg : el =, {UZj—bUZj-i-l} Z eeq £ e}



(see Fig. for an dllustration of Hy with r = 3, one choice of Hy and eq, = {vd,_,v3._ |}, so that Hy =
{vd, _odvd 03, vdud vl vdvd vd viv3}). Let H = U?i}g H;. Then, for T = (2k —1)T1 +4(k — 1),

there exists a sequence of r-edges (e;)_, ewtending (ei)iT:lo such that H is (e;)L_,-sequential.

We prove Theorem [2| by induction on r. The induction step is based on Proposition 4, leading to the
following statement.

Proposition 5. Let k > 2. There exist r-edges ei)iTéo all containing v and a (ei)iTéo-squential r-graph
Hy with V(Hy) = A U{v]} and Th = (2k — 1)"73(8k% — 12k + 6) — 2.

The base case r = 3 of Proposition [f] is left to Section

Proof of Proposition [J assuming the case r = 3. We argue by induction on r, the base being established
in Section [3] Assume the induction hypothesis to be true for some r > 3. Then, Proposition (] provides
us with an (e;)Z-sequential r-graph denoted H" with V(H") = A} and

T =2k —1)T +4(k—1) = (2k — 1)"2(8k* — 12k 4 6) — 2.
Let K be the complete (r 4 1)-graph with V(K) = A}. Define the (r + 1)-graph
H' ={eU{v[™}:ec H'}UK.

We claim that Hj ™! is (e; U {v]T})T ,-sequential. To see this, observe that Hj ™'\ {eo U {v[™'}} D K
and proceed as follows.

Fix any (r+1)-graph H' D K with V(H') = A*U{v]™'}. Let H! be the set of (r+ 1)-edges infected in
the F,.11-bootstrap percolation process on the complete graph on V(H') and initially infected (r+1)-graph
H' at step 4. Similarly, let H!" be the set of r-edges infected in the F,-bootstrap percolation process on
the complete r-graph with vertex set A* with initially infected r-graph H” = {e\ {v{*1}: v[*! € e € H'}
at step ¢. Then, by induction on i, it follows from the definition of these processes that

HY = {e\ {v}*'}: e € H\ K.

Applying this to H' € {H{T H T\ {eq U {of ™, (HTT U {er U {07131\ {eo U {v]T1}1}, it follows
from Definition [3| that H ™ is (e; U {v]™'})L -sequential, as desired. O

We are now ready to conclude the proof of Theorem [2}

Proof of Theorem[3. Fix r > 3 and set k = [(n/r+3)/4| > n/(4r) — 1/4. For the lower bound, we apply
Proposition [5| and then Proposition |4/ to obtain an r-graph H” with |A%| = (r—1)(4k —3)+ (4k—3) <n
vertices such that the F.-bootstrap percolation process on the complete graph on A} with initially infected
r-graph H" runs for

3\" n\" 3r\"
— . r—2 2 _ _ > o T > n . > .
T = (2k — 1) (8k% — 12k +6) — 2 > (2k — 1)" > <2T 2) > (*274) (1 >

n
nA\T 3\" n\" 3\ 1/n\r
> (= ) > (= — ) == (=) .
- (27‘) <1 2r> - (2r> (1 2-3) 8 (2r> (2)
steps, since n > 272 and r > 3. Thus, the lower bound of Theorem is witnessed by the r-graph obtained

by adding n — |A}| > 0 isolated vertices to H". The upper bound simply states that the process cannot
run more than () < n"/r! < (ne/r)" steps. O

In the sequel, we call a vertex odd (resp. even) if its subscript is odd (resp. even).



Proof of Proposition[{ First of all, let us show that the process in H \ {eo} is stationary. Suppose for
contradiction that this is not the case, and suppose that some (r + 1)-tuple of vertices f spans exactly r
edges. To begin with, f cannot contain two non-consecutive vertices in A, since they are not contained
in a common r-edge of H. Moreover, f cannot be entirely contained in A_; since otherwise H; \ {eo}
would not be stationary. Two cases remain:

e Suppose that [f N A, = 1. Then the vertex in f N A, must be even (otherwise, we obtain a
contradiction with the stationarity of Hy \ {ep}). However, even vertices in A, are not contained in

edges with » — 1 other vertices in AY_;, so this case is impossible.

e Suppose that fN A, = {v],v], ,} for some i € [1,4k —4]. We further assume that i = 4; is divisible
by 4, the other cases being treated identically. Since the only edges containing ij are those in Hyj,
necessarily f = {v};, vy} Ueg. However, in this case the two edges {vj;} Uey and {vj; 1} Ue;
are both missing, so we obtain the desired contradiction.

Now, for every j € [1,2k — 1] and every i € [0, T1], denote e; j = e; U {vy;_;}. In particular, e;1 = e;.
Further set

Heo = HU{eij:i € [0,T1],5 € [1,2k — 1]} U{{ul; o} Ueq,: 5 € [k — 1]} U{{ol;} Uey: j € [1,k— 1]},

We claim that Ho, is also stationary. As above, the r+ 1 tuple f spanning exactly r edges of H falls
in one of the following two cases.

e Suppose that |f N A,| = 1. Then, the vertex in f N A, must be even as otherwise we obtain a
contradiction with the fact that Hy U {e;1: i € [0,T1]} is stationary (which is true by the definition
of T1). However, even vertices in A, are contained in only one edge with r — 1 other vertices in
AY_,, so this case is impossible.

e Suppose that f N A, = {vj,vj,,} for some i € [1,4k — 4]. Again, we assume that i = 45. Since the
only edges containing vj; are those in Hy; U{{vj,}Uey }, necessarily f = {vj;,vj; 1} Ue, . However,
f already spans a copy of F. in H, which leads to a contradiction.

Moreover, since H C H,, all edges infected by H are contained in H.
From Definition |3{ one may conclude that for every i € [0,T1], the only copies of F,. in H; U {e; }f;l
that e; participates in are spanned by e;_1 Ue; (if i > 0) and by e; Ue; 41 (if i < T1). Moreover, note that:

o for every j € [1,2k — 1], vy, ; is contained in a common edge of Hoo with v, o (if j > 2) and with
vy; (if 7 < 2k —2), but with no other vertex in A,,

e no edge among (em-)gifl participates in a copy of F;. in Ho with any of v3;_, and vy,

e for every j > 2, ep; spans a copy of F, in Hs together with vy, 5 and e; \ eg (if j is odd) or
ery—1 \ er; (if j is even) only; for every j < 2k —2, epy j spans a copy of F in Ho together with vj;
and e, 1 \ ery (if j is odd) or e; \ eg (if j is even) only.

Furthermore, for every odd (resp. even) j € [1,2k — 2], v3; Ues, (resp. vy; Ueq ) spans a copy of Iy in Heo
together with v3;_; and v3; ; only. We conclude that in the sequence of edges

(ei,1); 20,05 Ueq,, (er—i2) 1o, vi Ueg s (€i3) g - - - (e —ion—2)it, Vik_a U g, (Cizh—1)itg,  (3)

every edge except the first one and the last one participate in exactly two copies of F; in H,, one spanned
together with the edge preceding it and another one with the edge succeeding it. Moreover, the first and
the last edges participate in exactly one copy of F;. in H,, spanned together with eq 1 and with e, _1 251,
respectively. Recalling Definition [3] this completes the proof of Proposition 4| since is an enumeration
of all T+ 1 edges in Hoo \ (H \ {e0})- O
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Figure 2: The first stage of the bootstrap percolation process in Hy, where all 2-edges depicted are parts
of 3-edges including v§. The edges in F (defined in ) and the ignition edge eg are represented by black
2-edges. They are infected initially, while red edges are created one by one by the process. Green triangles
represent the 3-edges in &; defined in ); they are all infected initially as well. As in Fig. [I|, we draw a
3-edge as a smaller homothetic copy of the corresponding triangle.

3 The base case—proof of Proposition [5| for r = 3

In order to prove Proposition [5f for » = 3, our goal is to construct a sequential 3-graph H; with vertices
A3 U {v?} and running time 8k? — 12k + 4. For all i € [1,k — 1], define the disjoint edge sets
Ei = {vy; 10707, 1 j € [20 — 1,4k — 2 — 2i]},
Eai = {vjv) 1 vd 1 o; : J € [20 — 1,4k — 2 — 2i]},
E3i = {Vip_1-0:07V 41 1 J € [20 + 1,4k — 2 - 2i]}, (4)
Eai = {vjvj V34, 1 J € [20+ 1,4k — 2 — 2d]},
E=8,U&;UE; Uy,
(see Fig. Ifor an illustration of £1). Also, denote & = U ! &. This is the set of edges with vertices in

A5 that we infect at the beginning.
In addition to £, some edges containing v$ are also infected initially (see Fig. . Denote

~Uu

In other words, the set F consists of all triplets containing the vertex v and a consecutive pair of Vertices
in one of the paths vjvl... v}, 5 and viv3...v2, 5. Finally, we need the ignition edge ey = viviv} to
start the growth process.

vy J+1U?}' (5)

HCM

Lemma 6. The set £ U F contains no 3 edges with a total of 4 vertices.

Proof. Let us first consider 4-tuples of vertices in A5. Note that all edges in £ contain two odd vertices
and one even vertex. Hence, a set of 4 odd vertices in A3 spans no edges, and a set of 4 vertices in A3
with at most 2 of them odd spans at most 2 edges. Finally, a set of 4 vertices in A3 with 3 of them odd
cannot span 3 edges since at least two of the odd vertices are either both in Ay, or both in As, and hence
cannot participate in the same edge as they are not consecutive.

Now, consider 4-tuples containing the vertex ”1 On the one hand, A; and A, are independent sets
in the 3-graph &, and moreover the graph with edges {e \ v3: v} € e € F} contains no triangles. Thus,



every 4-tuple containing v§ and three vertices in A; (respectively in Ay) spans no edges of € and at most
2 edges of F. It remains to observe that every 4-tuple containing v3 and at least one vertex from both A;
and Ay cannot span more than 1 edge of F (so 2 edges in total) since F contains no edges intersecting
both A; and As. ]

We are now ready to conclude the proof of Proposition [5|for » = 3 by showing the following statement,
illustrated in Fig. [2] for s = 1 and in Fig. [I] for s = &k — 1. The proof is a straightforward but tedious
verification.

Lemma 7. The 3-graph Hy = EUF U{ep} is (ei)go—sequential for Ty = 8k? — 12k + 4, ep = viv?v} and
e; defined as follows for every i € [1,T1]. Let s = s(i) € [1,k — 1] be the unique integer such that

1

S

(16(k —j) —4) <i <> (16(k — j) — 4)
j=1

Jj=1

(which clearly exists since T1 = Z;:%(IG(/C —j)—4)). Moreover, define

s—1

a=a(i)=i-Y (16(k—j) —4) € [1,16(k — 5) — 4].

j=1
Then,
o ifa€[l,4(k —s)], then e; = v3,_1v3,_ 1, v3;
o ifa€[d(k—s)+1,8(k—s)], then e; = Vf,_45_140Vik 25 1015
o ifac[8(k—s)+1,12(k—s)— 2], then e; = v} o, 1Vi0r 10s-1_aVis
o ifa€[12(k —s) —1,16(k — s) — 4], then e; = vig_145_3_a V354105

Note that the sequence of 3-edges indicated in Lemma[7]may be alternatively described in the following
more intuitive way (see Fig. . At the beginning, the process first infects the edges v%vj?fu:f for j €
2,4k — 3], then vjl-vik_z,)v% for j € [2,4k — 3|, then vik_gv?v% for j € [3,4k — 4] in reverse order, then
vjl-vgvif for j € [3,4k — 4] in reverse order. At this point, s increases from 1 to 2. The process continues
to propagate in a similar way except that, every time s increases, the “ends” shift two vertices towards
the middle (so v plays the role of v] when s is incremented for the first time).

Proof. To begin with, the F3-bootstrap percolation process on the complete 3-graph with vertices A3U{v}}
and initially infected 3-graph Hi\{eo} = EUF is stationary by Lemma6] Now, set G_1 = EUF, Go = Hy
and let the sequence (G;);>1 be defined as in (1]). We will show by induction on i > 0 that G;\Gi—1 = {e;}.
For i = 0 the statement is clear by construction. Suppose that for some ¢ > 0, the induction hypothesis
is satisfied for i. Then, all edges in G;11 \ G; must span 4 vertices with the edge e;, and in particular
must intersect e; in 2 vertices. We consider 4 cases according to the interval containing o = «(i). For
convenience, we extend the notation by setting s(0) = 1 and «(0) = 0 (so that «(i) = 0 only when
s(i) = 1), which is consistent with ey = v}, ;v3, 1, ,v}).
If a € [0,4(k — s)], then ¢; = v3,_1v3,_; ,v}. One may easily check that the vertices in A} that
complete the pair v3,_;v3,_1,, to an edge in G;_; are
U%era a = 07
v%s—2+a7v§s+o¢ o€ [174(k - 3) - 1]7

U%s—?—i—a? U%s a = 4(k - S)'



The vertices that complete the pair vi, v} to an edge in G;_1 are

2 1 —
{(023—1+j)j6[0,a—1]7v23 s =1,

2 1,1 2
(V35—145)j€l0,a—1] V2ss V2s—25 (V3j_1)je[2,s— 1|URk—s+1,2k—1] S = 2.
Finally, the vertices that complete the pair v3,_;,,v} to an edge in G;_; are

2 —
V2s+a o = 0,

(V3;-1)jell,s— 1U[2k—s41,2k—1]> V3s_2qr Vasia @ € [1,4k — 5],
U%s—2+o¢ a =4k — 4.
Then, the only vertices that complete at least two pairs are
v3 a =0,
v%s—&—a?”%s—i—a o€ [134(1{: - 5) - 1]a
U%s+a7 U%s o= 4(k - 8)'
However, for a # 0, {v3, , ta) Ue; already spans a copy of F3 in G, so the only edge that is generated
from Gj is e;41.
If o € [4(k — s) +1,8(k — s)], then e; = v§,_4;_14aVik_0s_1V;- One may easily check that the vertices
in A3 that complete the pair vés_4k_1+avzk_28_1 to an edge in G;_1 are

1 1
v6s—4k—2+a’ U65—4k+o¢ « 7é S(k - 8)7
1 2 _
Uik—2s—27 Vak—2s—2 a=8(k—s).
The vertices that complete the pair vés_4k_1+avi)’ to an edge in G;_1 are
v} a=8k—38
4k—4 .
2 1 1 :
(”21‘—1)j€[2,sfl]U[2kfs+1,2k*1]’ VUgs—ak—2+a> Vos—akta Otherwise.
Finally, the vertices that complete the pair Uikd sflvif to an edge in G;_1 are
1 2 _
(v5—4k+j)j€[4(k—1),a—1]7U4k_4> s = 11
1 1 2 2
(U6sf4k71+j)j€[4(k—s),a—l]7 (Uijl)jE[l,s—l]U[Qk—s-l—l,%—l]’v4k—2572’v4k72s s # 1.
Then, the only vertices that complete at least two pairs are
1 2 _
Uik—25—2) Vak—25—2 a=8(k—s),
1 1
Ugs—ak—2+ar Ugs—thsa @ 7 S(k —5).

However, {vé s—4h—_24+a) U € already spans a copy of F3 in Gj, so the only edge that is generated from G
1S €541-

If o € [8(k—s)+1,12(k —s) — 2], then ¢; = ,Uik72sflvf2k710sflfavil)" One may easily check that the
vertices in A3 that complete the pair vik_%_lv%%_los_l_a to an edge in G;_1 are

{Uik—2s—2’vgs+2 a=12(k - s) - 2,
Vlok 10s-2-ar Viok-_10s—a @ F 12(k —5) = 2.

The vertices that complete the pair Uik72 sflvif to an edge in GG;_1 are

2 2 1 _
{(vmk11j)j€[8k—87a—1}av4k37 Vik—45 s =1,

2 2 1 1
(U12k7103717j)j€[S(k—s),a—l]’ (U2j—1)j€[2,8]u[2k—8,2k—1}7v4k—25—2’ Ygk—2s S 7 1.

8



The vertices that complete the pair U%Zkimsflfav:f to an edge in GG;_1 are

1 2 2
(UQj—l)jE[LS}U[Qk—s—H,Qk—l]’ V12k—10s—2—a’ Y12k—10s—a-

Then, the only vertices that complete at least two pairs are

{vimsz, Vi o =120k —s) — 2
Vlok105-2-0r Viok—10s—a @ F 12(k —5) = 2.

However, {’U%Qkflo <ot Ue; already spans a copy of F3 in G, so the only edge that is generated from Gj
is ejy1.

If o € [12(k — s) — 1,16(k — s) — 4], then €; = vig_145_3_aVss+1V5. One may easily check that the
vertices in A3 that complete the pair v}6k_148_3_av§5+1 to an edge in G;_1 are

vl a=16(k—s)—4,s=k—1,
U%s+2a”%s+2 a=16(k—s)—4,s#k—1

1 1
Vigk—145—4—a> Vlok—14s—2—a & 7F 16(k —s) —4.

The vertices that complete the pair U%Gk_MS_?’_aU‘;’ to an edge in G;_1 are

2 1 1
(”23'71)j€[2,s]U[2kfs,2k71]a V16k—14s—4—a> V16k—14s—2—a"

Finally, the vertices that complete the pair v3,, v} to an edge in G;_; are

1 1 2 2
(U16k—145—3—j)j€[12(k—s)—2,a—1}, (U2j—1)je[l,s]U[Qk—s—f—l,%—l] y Uogy Vgg42-
Then, the only vertices that complete at least two pairs are

vl a=16(k—s)—4,s=k—1,
v%s+27vgs+2 o= 16(k - S) - 475 7£ k— 17

1 1
Vigk—145—d—a> Vlok—14s—2—a @ 7 16(k —s) — 4.

However, {U%Gk_l 1s—2—ot U € already spans a copy of F3 in Gj, so the only edge that is generated from
G, is e;j4+1, and the process stops when it infects er, .

It remains to show that the F3-bootstrap percolation process on the complete 3-graph with vertices
A3 U {v3} and initially infected 3-graph & U F U {er, } infects the edges (ei)iT:lgl in reverse order. Notice
that in the process started from Gy, every copy of F3 that becomes completely infected contains two edges
in £ UF and the edges e; and e;41 for some ¢ > 0. Therefore, starting from £ U F U {er, }, the edges
that do become infected are exactly (ei)iTéo. Moreover, all copies of F3 in G'7y are spanned by some of the
vertex sets (e;—1 U el-)lT:ll, which implies that the bootstrap percolation with initial condition £ UF U{er, }

infects the edges (ei)?:lal in the reverse order. O
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Note. A few days after the current article appeared on arxiv, an independent proof of a version of
Theorem [2| was found by Espuny Diaz, Janzer, Kronenberg and Lada [4].



References

1]

J. Balogh, G. Kronenberg, A. Pokrovskiy, and T. Szab6, The mazxzimum length of K,-bootstrap percolation, Proc. Amer.
Math. Soc. (To appear).

F. Benevides and M. Przykucki, Mazimum percolation time in two-dimensional bootstrap percolation, SIAM J. Discrete
Math. 29 (2015), no. 1, 224-251 pp. MR3304258

B. Bollobas, M. Przykucki, O. Riordan, and J. Sahasrabudhe, On the mazimum running time in graph bootstrap perco-
lation, Electron. J. Combin. 24 (2017), no. 2, Paper No. 2.16, 20 pp. MR3650265

A. Espuny Diaz, B. Janzer, G. Kronenberg, and J. Lada, Long running times for hypergraph bootstrap percolation,
European J. Combin. 115 (2024), 103783, 18 pp. MR4623913

1. Hartarsky, Maximal bootstrap percolation time on the hypercube via generalised snake-in-the-boz, Electron. J. Combin.
25 (2018), no. 3, Paper No. 3.10, 12 pp. MR3853862

K. Matzke, The saturation time of graph bootstrap percolation, arXiv e-prints (2015), available at larXiv:1510.06156.

J. A. Noel and A. Ranganathan, On the running time of hypergraph bootstrap percolation, Electron. J. Combin. 30 (2023),
no. 2, Paper No. 2.46, 20 pp. MR4602722

M. Przykucki, Mazimal percolation time in hypercubes under 2-bootstrap percolation, Electron. J. Combin. 19 (2012),
no. 2, Paper No. 41, 13 pp. MR2946099

10


http://www.ams.org/mathscinet-getitem?mr=3304258
http://www.ams.org/mathscinet-getitem?mr=3650265
http://www.ams.org/mathscinet-getitem?mr=4623913
http://www.ams.org/mathscinet-getitem?mr=3853862
https://arxiv.org/abs/1510.06156
http://www.ams.org/mathscinet-getitem?mr=4602722
http://www.ams.org/mathscinet-getitem?mr=2946099

	Introduction
	Background
	Model and result
	Outline of the proof

	Proof of Theorem 2
	The base case—proof of Proposition 5 for r=3

