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Decompose the field as

 Φ = Φ0(1 +  𝜙)

where the mean field Φ0 obeys the GP equation

𝑖𝜕𝑡Φ0 = −
1

2𝑚
𝛻2Φ0 + 𝑉 Φ0 + 𝑔 Φ0

2Φ0.

Assumptions :

• 𝜔𝑧 = 0 condensate homogeneous in z of size L

• ansatz for the atom density 

Φ0(𝑟, 𝑡)
2 ∼

𝑛1
𝜋𝜎2

𝑒−𝑟
2/𝜎2

where 𝑛1 is the constant linear density 𝑁/𝐿.

Valid for 𝑛1𝑎𝑠 → 0,with the scattering length 𝑎𝑠 = 𝑚𝑔/4𝜋

605/07/2021

𝑉 𝑟, 𝑧 =
1

2
𝑚(𝜔⊥

2𝑟2 + 𝜔𝑧
2𝑧2)

with 𝜔⊥ ≫ 𝜔𝑧
Gerbier F., “Quasi-1D Bose-Einstein condensates in the dimensional 

crossover regime.” EPL (Europhysics Letters) 66,6 (2004):771.
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Plug the ansatz Φ0(𝑟, 𝑡)
2 ∼

𝑛1

𝜋𝜎2
𝑒−𝑟

2/𝜎2 into the GP equation. When 𝜔⊥ varies, 𝜎 does 

also as 

𝑚  𝜎 = −𝜕𝜎𝑈(𝜎) with  𝑈 𝜎 =
𝑚𝜔⊥

2 (𝑡)

2
𝜎2 +

1+4𝑛1𝑎𝑠

2𝑚𝜎2

Describe the condensed WF

Obtain 𝝈(𝒕) and 𝚽𝟎(𝒓, 𝒕)

𝜔⊥ 𝑡 =
𝜔⊥,0(1 + 𝐴 sin𝜔𝑡) for  𝑡 > 0

𝜔⊥,0 for  𝑡 < 0

Shake it

𝜔⊥ 𝑡
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Plug the ansatz Φ0(𝑟, 𝑡)
2 ∼

𝑛1

𝜋𝜎2
𝑒−𝑟
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also as 

𝑚  𝜎 = −𝜕𝜎𝑈(𝜎) with  𝑈 𝜎 =
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2 (𝑡)

2
𝜎2 +

1+4𝑛1𝑎𝑠
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Describe the condensed WF

Obtain 𝝈(𝒕) and 𝚽𝟎(𝒓, 𝒕)

Density response of the condensate when the 

transverse trapping frequency varies as

𝜔⊥ 𝑡 = 𝜔⊥,0(1 + 𝐴 sin𝜔𝑡) for  𝑡 > 0
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Plug the ansatz Φ0(𝑟, 𝑡)
2 ∼

𝑛1

𝜋𝜎2
𝑒−𝑟

2/𝜎2 into the GP equation. When 𝜔⊥ varies, 𝜎 does 

also as 

𝑚  𝜎 = −𝜕𝜎𝑈(𝜎) with  𝑈 𝜎 =
𝑚𝜔⊥

2 (𝑡)

2
𝜎2 +

1+4𝑛1𝑎𝑠

2𝑚𝜎2

Describe the condensed WF

Come back to the total field    Φ = Φ0 1 +  𝜙(𝑧, 𝑡)

1. Plug   Φ into the GP equation and keep only 1st order terms in  𝜙(𝑧, 𝑡)

2. Integrate over r and obtain the Bogoliubov-de Gennes equation for  𝜙 ∶

𝑖𝜕𝑡  𝜙 = −
1

2𝑚
𝜕𝑧𝑧  𝜙 + 𝑔1𝑛1(  𝜙 +  𝜙†)

where 𝑔1(𝑡) = 𝑔/2𝜋𝜎2(𝑡)

Obtain the BdG equation for longitudinal excitations

Robertson et al, Phys. Rev. D95, 065020 (2017)
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Describing the background BEC

Phonon pair creation

Non separability of the phonon pair

Shake the system transversally at 

frequency 𝜔

↓

Perturbation field  𝜙(𝑧, 𝑡) follows

𝑖𝜕𝑡  𝜙 = −
1

2𝑚
𝜕𝑧𝑧  𝜙 + 𝑔1𝑛1(  𝜙 +  𝜙†)

with modulated interaction strength 𝑔1 at 𝜔
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Start with the Bogoliubov de Gennes equation,

𝑖𝜕𝑡  𝜙 = −
1

2𝑚
𝜕𝑧𝑧  𝜙 + 𝑔1(𝑡)𝑛1(  𝜙 +  𝜙†)

Fourier transform with   𝜙 =  𝑘
 𝜙𝑘 𝑒

𝑖𝑘𝑧 with   𝑘 ∈ 2𝜋ℤ/𝐿.

i𝜕𝑡
 𝜙𝑘
 𝜙−𝑘
† =

𝑘2

2𝑚
+ 𝑔1𝑛1 𝑔1𝑛1

−𝑔1𝑛1 −
𝑘2

2𝑚
− 𝑔1𝑛1

 𝜙𝑘
 𝜙−𝑘
†

and perform Bogoliubov transformation to deal with phonons

 𝜙𝑘
 𝜙−𝑘
† =

𝑢𝑘 𝑣𝑘
𝑣𝑘 𝑢𝑘

 𝑏𝑘
 𝑏−𝑘
†

 𝜙𝑘 annihilation 

operator for atoms

 𝑏𝑘 annihilation 

operator for phonons
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𝑖𝜕𝑡
 𝑏𝑘
 𝑏−𝑘
† =

Ω𝑘 −𝑖𝜕𝑡Ω𝑘/2Ω𝑘
−𝑖𝜕𝑡Ω𝑘/2Ω𝑘 −Ω𝑘

 𝑏𝑘
 𝑏−𝑘
† with Ω𝑘

2 =
𝑔1𝑛1𝑘

2

𝑚
+

𝑘2

2𝑚

2

•  𝑏𝑘 is the annihilation operator for collective excitations (phonons)

• When 𝜕𝑡Ω𝑘 = 0 : 𝑘 and −𝑘 modes evolve independently from each other

• When 𝜕𝑡Ω𝑘 ≠ 0 : mixing between 𝑘 and −𝑘 modes
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Why do we create phonons?
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•  𝑏𝑘 is the annihilation operator for collective excitations (phonons)

• When 𝜕𝑡Ω𝑘 = 0 : 𝑘 and −𝑘 modes evolve independently from each other

• When 𝜕𝑡Ω𝑘 ≠ 0 : mixing between 𝑘 and −𝑘 modes

Why do we create phonons?

Define the number of phonons with momentum 𝑘 : 𝑛𝑘 ≡  𝑏𝑘
†  𝑏𝑘

 𝑏𝑘 𝑡 = 𝛼(𝑡) ×  𝑏𝑘 0 + 𝛽(𝑡) ×  𝑏−𝑘
† 0

 ≠ 0 if 𝜕𝑡Ω𝑘 ≠ 0
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𝑖𝜕𝑡
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•  𝑏𝑘 is the annihilation operator for collective excitations (phonons)

• When 𝜕𝑡Ω𝑘 = 0 : 𝑘 and −𝑘 modes evolve independently from each other

• When 𝜕𝑡Ω𝑘 ≠ 0 : mixing between 𝑘 and −𝑘 modes

Why do we create pairs of phonons ?

Define the number of phonons with momentum 𝑘 : 𝑛𝑘 ≡  𝑏𝑘
†  𝑏𝑘

Show that

𝜕𝑡 𝑛𝑘 − 𝑛−𝑘 = 0
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Number of phonons created 𝑛𝑘
as a function of 𝑘 in units of the 

healing length 𝜉 = 1/ 𝑔1𝑛1𝑚.

𝑛𝑘

𝑘𝜉

𝑁𝑜𝑠𝑐 = 60

𝑁𝑜𝑠𝑐 = 30

𝑁𝑜𝑠𝑐 = 15

From Robertson et al, Phys. Rev. 

D95, 065020 (2017)

𝜔⊥ 𝑡

𝑁𝑜𝑠𝑐

𝜔⊥,0
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Describing the background BEC

Phonon pair creation

Non separability of the phonon pair

Oscillations at 𝜔 of the 

transverse trapping 

frequency 𝜔⊥

Oscillations of the 

interaction strength 𝑔1
of the 1D perturbative 

field  𝜙

Exponential creation of 

phonons pairs at 

energy 𝜔/2 and 

corresponding 𝑘.

Summary
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A state of a 2 modes system is said separable if its density matrix can be written as 

 𝜌𝑘,−𝑘 = 

𝑗

𝑃𝑗  𝜌𝑘
𝑗
⨂  𝜌−𝑘

𝑗

• 0 < 𝑃𝑗 < 1 and  𝑗 𝑃𝑗 = 1

•  𝜌𝑘
𝑗

is the density matrix of a single-mode 𝑘 subsystem 

 𝑏𝑘  𝑏−𝑘
2
≤  𝑏𝑘

†  𝑏𝑘  𝑏−𝑘
†  𝑏−𝑘 = 𝑛𝑘𝑛−𝑘

where 𝑛𝑗 ≡  𝑏𝑗
†  𝑏𝑗

Separable state

 𝑏𝑘  𝑏−𝑘
2
≤ 𝑛𝑘𝑛−𝑘 +min{𝑛𝑘 , 𝑛−𝑘}

In general
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In the experiment, we count the number of atoms arriving of the detector and 

compute

𝑔 2 𝑘, −𝑘 =   𝑛𝑘  𝑛−𝑘  𝑛𝑘  𝑛−𝑘

Noting that  𝑛𝑘 =  𝑏𝑘
†  𝑏𝑘 and using Wick contraction

 𝑛𝑘  𝑛−𝑘 =  𝑏𝑘
†  𝑏−𝑘

†  𝑏𝑘  𝑏−𝑘 = 𝑛𝑘𝑛−𝑘 +  𝑏𝑘  𝑏−𝑘
2
+  𝑏𝑘

†  𝑏−𝑘
2

≤ 𝑛𝑘𝑛−𝑘if the state is separable :

𝑔 2 𝑘,−𝑘 > 2

Non separability criteria
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From Robertson et al, Phys. Rev. 

D98(5) 056003 (2018)

Values of  𝑔2 for 

different values of the 

number of oscillations.

Here the nonlinearities 

are taken into account
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• Oscillations of the transverse frequency of a BEC induces 

oscillations of the BEC speed of sound

• Modulation of c creates pair of entangled phonons

• Nonseparability of the phonon pair can be witnessed by the 

value of 𝒈 𝟐 (𝒌,−𝒌)



Thank you for your time
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Validity of the Gaussian ansatz

05/07/2021
Creation and nonseparability of phonon pairs in a 

modulated BEC
20

Relative difference between 

the numerically computed 

density profile and the 

Gaussian approximation. 

𝑛1𝑎𝑠 = 0,01

𝑛1𝑎𝑠 = 0,05

𝑛1𝑎𝑠 = 0,25

𝑛1𝑎𝑠 = 1,25Robertson et al, Phys. Rev. D95, 065020 (2017)


