DENSE SUBGROUPS WITH PROPERTY (T) IN LIE GROUPS
YVES DE CORNULIER

Abstract.  We characterize connected Lie groups that have a dense, nély gen-
erated subgroup with Property (T).

1. Introduction

Not much is known about the structure of dense subgroups in moected Lie
groups, in contrast to discrete subgroups. However, givendass of groups, it is
natural, and sometimes possible, to study which connectedeLgroups (more gen-
erally, which locally compact groups) contain a dense embaedd copy of a group in
this class. For the class of non-abelian free groups of nitank, this study has been
carried out in [Kur, BrG], and in [BGSS] for surface groups ah more generally, fully
residually groups. In this paper, we study the existence ofedse nitely generated
subgroups of a very di erent type, namely with Kazhdan's Prperty (T).

We begin by recalling relevant de nitions. IfG is a locally compact group and
IS a unitary representation into a Hilbert spaceH , and X G is any subset and
" > 0, the representation is said to have ¥;")-invariant vectors if there exists
v 2 H such that kvk = 1 and sup, gk (g)v vk ". The subsetX is said to
be aKazhdan subset of G if there exists” > 0 such that every continuous unitary
representation having K;" )-invariant vectors actually has nonzero invariant vectas.
The locally compact groupG hasProperty (T) [Kaz, HV, BeHV] if it has a compact
Kazhdan subset. The Lie algebra of a Lie group or an algebragtoup is denoted
by the corresponding Gothic letter.

In this paper, we characterize connected Lie groups that hava dense nitely
generated subgroup with Property (T) (when viewed as a disete group). The
existence of such a dense subgroup is a strengthening of Redp (T); this has
been used by Margulis and Sullivan [Marl, Sul] to solve the Riewicz Problem
in dimensionn 4, namely that the Lebesgue measure is the only mean on the
measurable subsets of tha-sphere, invariant under SQ~;.

We begin by a result that characterizes connected Lie groupgth Property (T).
This is essentially due to S. P. Wang [WangZ2], but we give a derent formulation.
Recall that a connected Lie group is amenable if and only ifgtradical is cocompact.

Proposition 1. Let G be a connected Lie group. Then G has Property (T) if and
only if

(i) Every amenable quotient of G is compact, and

(i1) No simple quotient of G is locally isomorphic to SO(n; 1) or SU(n; 1) for some
n 2
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In Proposition 1, Condition (i) can be shown [Cor2, Proposion 4.5.4] to be
equivalent to: every isometric action ofG on a Euclidean space has a xed point.
As we have embeddings

Isom(R"™!) IsomHE) IsomHP);

we get, as a consequence of Proposition 1, the following getnc characterization
of Property (T) for connected Lie groups.

Proposition 2. Let G be a connected Lie group. Then G has Property (T) if and
only if every isometric action of G on a finite-dimensional complex hyperbolic space
has a fixed point.

Here is the main result of the paper.

Theorem 3. Let G be a connected Lie group. Then G has a dense, finitely generated
subgroup with Property (T) if and only if G has Property (T) (i.e. satisfies (i) and
(i) of Proposition 1), and

(iif) R=Z is not a quotient of G (that is, [G; G] = G);

(iv) SG;(R) is not a quotient of G.

Remark 4. It is easy to check that, for a connected Lie group with Propgy (T),
((iii) and (iv)) is equivalent to: Hom( G; PSL,(C)) = f1g, which means, geometri-
cally, that every isometric action on the three-dimensiorareal hyperbolic space is
identically trivial.

Theorem 3 can be compared to the following result.

Proposition 5. Let G be a connected Lie group. Then G has an infinite, finitely
generated subgroup with Property (T) if and only if G has at least a simple factor
not locally isomorphic to SO(3), SL,(R), SL,(C), SO(4 1), SU(2 1).

Remark 6. In contrast, it is proved in [Cor2, Theorem 4.6.1] that, in S@4; 1) and
SU(2 1), there exist in nite nitely generated subgroups ,suchthat ( ;) has
relative Property (T). Moreover, cannot be chosen normal, and is necessarily
dense.

In some \minimal" cases, an in nite subgroup with Property (T) is necessarily
dense or Zariski dense. For simplicity, let us focus on thes®of non-compact simple
Lie groups with Property (T).

Proposition 7. Let G be a simple, non-compact connected Lie group, and an
infinite, finitely generated subgroup with Property (T). .

If G is locally isomorphic to Sp,(R) or SL3(R), then is either dense, or
discrete and Zariski dense.

If G is locally isomorphic to Sp(2 1), then is either relatively compact, or
dense, or discrete and Zariski dense?.

Otherwise, and also excluding the groups given in Proposition 5, G has an
infinite discrete subgroup with Property (T), that is not Zariski dense.

This motivates the following question, which has circulat® among the specialists
for SL3(R) and seems to be hard to handle.

INote that G is not necessarily algebraic; however this statement makesense if we de ne a
Zariski dense subset as a subset that is Zariski dense modutbe centre.
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Question 8. Does there exist an in nite, discrete subgroup of SIR), Sp,(R), or
Sp(2 1) that has Property (T), but is not a lattice?

Remark 9. Following Shalom [Sha], a locally compact group hasrong Property (T)
if it has a finite Kazhdan subset.

The following implications are immediate:G has a dense nitely generated sub-
group with Property (T) ) G has strong Property (T)) G has Property (T).

Shalom proves that a connected Lie grou@ with Property (T) has strong Prop-
erty (T) if and only if R=Z is not a quotient of G, i.e. if G is topologically perfect.
The most remarkable result is that SQ(R) has strong Property (T); this is actually
a reformulation of a deep result of Drinfeld [Dri].

Remark 10. There is no obvious gengalization of Theorem 3 to all conrted locally
compact groups. For instance, does .. SQy(R) have a nitely generated dense
subgroup with Property (T)? The question makes sense morerggally for the prod-
uct of any sequence of simple, connected compact Lie groupdahensions tending
to in nity. On the other hand, the in nite product KN of afixed compact Lie group
K 6 f1g cannot have any dense nitely generated subgroup with Propty (T). Let
us sketch the argument (for which we thank A. Lubotzky). IfK is not connected,
then KN maps onto the in nite, locally nite group ( K=K )N and therefore has no
dense nitely generated subgroup at all. Suppose now thdt is connected, and let

be a dense, nitely generated subgroup oK N. The density of implies that the
projections p, of on each factor are pairwise non-conjugate. Then Weil'sigidity
Theorem [Weil] implies that, for some (actually all but nitely many) of those pro-
jections p,, we haveH?( ; ,) 6 fOg, where , denotes the adjoint action of on
the Lie algebra ofK , through the projection p,. By a result of S. P. Wang [Wang1]
(see also [HV, BeHV]), this implies that does not have Propey (T).

The only nontrivial point as regards the necessary conditioin Theorem 3 is due to
Zimmer [Zim], who shows that SQ(R) has no in nite nitely generated subgroup
with Property (T). The su cient condition, constructing a d ense subgroup with
Property (T), was proved by Margulis [Mar2, chap. Ill, Propaition 5.7] for G
compact.

Let us sketch the proof of the su cient condition in Theorem 3 We proceed in
six steps. In the rst step, we suppose that is actually algebraic overQ: then we
use a standard argument to project densely a lattice int&, which is similar to that
in [Mar2].

In the second step, we reduce to the case whe@ has a perfect Lie algebra,
and then show, in the third step, that this implies that the sibalgebra obtained by
removing simple compact factors is also perfect.

In the fourth step, we prove the following result, which can & of independent
interest.

Proposition 11. Let g= sn r be a Lie algebra over R, with s semisimple and r
nilpotent. Then there exists a Lie algebra h = sn n, defined over Q, with n nilpotent,
and a surjection p: h! g which is the identity on the Levi factor, and maps n onto
r. If, moreover, [Spc;r] = r, we can impose [Spe; n] = N.

The main ingredient for this proposition is the following reult.
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Theorem 12 (Witte [Wit]) . Every real finite-dimensional representation of a real
semisimple Lie algebra has a Q-form.

Remark 13. Theorem 12 is equivalent to the following statement: ifj is a perfect
Lie algebra overR with abelian radical, then g has aQ-form. The corresponding
assertion is false if we replace \abelian" by \2-nilpotent;' as there exist 2°'non-
isomorphic real Lie algebras with 2-nilpotent radical [Cdr, Proposition 1.12].

In the fth step, we prove Theorem 3 in the particular case whe G is algebraic
overR.

Finally, in the sixth step, we prove the general case; we aclly have to deal with
an extension of a real algebraic group by an in nite discreteentre.

2. Proofs of the results

The de nition of Property (T) will not appear in the proofs below: what we will
need are the following standard properties.

If G;H are locally compact groupsf : G! H is a continuous morphism
with dense image and ilG has Property (T), then H has Property (T). This

is immediate from the de nition.

If G is a locally compact group with Property (T) and is a closed sibgroup

of nite covolume (e.g. a lattice), then has Property (T). T his is due to
Kazhdan [Kaz], see also [HV, BeHV].

If G is alocally compact group with Property (T), and ifG is another locally
compact group lying in a central extension1 zZ! G! G! 1,thenG

has Property (T) if and only if its abelianization G, is compact. The \only

if" part follows from the fact that non-compact amenable graps do not have
Property (T). The \if" part is due to Serre, see [HV, BeHV].

We will also use S.P. Wang's characterization of connectedelLgroups with Prop-
erty (T), encoded in Proposition 1.

Proof of Proposition 1. If the connected Lie groupG has Property (T), then Con-
ditions (i) and (ii) are satis ed, since non-compact amenae groups, and connected
Lie groups locally isomorphic to SQf; 1) or SU(n; 1) for somen 2 do not have
Property (T) (see [HV, x6.d]).

Conversely suppose thaG does not have Property (T). Denote byR its radical,
and by S, the sum of all noncompact simple factors in a Levi factor. 16 does
not have Property (T), then by S. P. Wang's characterization|Wangz2], either (1)
Shc does not have Property (T), or (2)W = S,[Si; R]\ R is not cocompact inR.
In Case (1), (ii) is not satis ed. On the other hand, it is eady seen thatW is a
normal subgroup ofG. So, in Case (2), taking the quotient, we can suppose that
W = 1. So G is locally isomorphic toS,. R, where R, denotes the amenable
radical RS, = frsjr 2 R;s 2 S.g, and S, \ R = 1. This implies that G is actually
the direct product of R and S,.. So eitherR or S, does not have Property (T),
giving either the negation of (i) or (ii).

Proof of Theorem 3. If G has a nitely generated dense subgroup with Property
(T), then G has Property (T) (indeed, Property (T) is inherited by morphism with
dense image, as follows immediately from the de nition); i) is also clearly satis ed
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(because has nite abelianization), and also (iv) by [Zim](see also [HV, Chap. 6,
26]). We must show that, conversely, these conditions are sient.

First step : suppose thatG = H(R),, whereH is a linear algebraic group de ned
over Q (the subscript 0 means the connected component in the Hausdtopology).

It is well-known that H(R)o is an open subgroup of nite index inH(R) [BoT,

Corollaire 14.5]. Consider the normal subgroupV = S, [Sic;R] of H, where S,

denotes the sum of all simpld -isotropic factors in a Levi factorS. Then W(R) is

cocompact inH (R) (since H(R) has Property (T)). The hypotheses (iii) and (iv)

then imply that H=W is, modulo its nite centre, a product of simple factors of
C-rank 2. This implies that S[S;R] = H, and that (H=R)(C) has Property (T).

By [Wang?2], this implies that H (C) has Property (T).

Now x a number eld of degree 3 overQ, not totally real, and O its ring of
integers: for instance,0 = Z[2'*%]. Then, sinceH is perfect, by the Borel-Harish-
Chandra Theorem [BoHC],H (O) embeds as an irreducible lattice irH (R) H(C),
which has Property (T). So its projection onG = H(R) is a dense subgroup with
Property (T). This proves the case of the rst step.

Let g be the Lie algebra ofg. Sets = g=r, wherer is the radical. Lets,. be the
sum of all factors of positiveR -rank of s, and let g, be the preimage ofs,. in g:
this is an ideal ofg.

Second step: we reduce to the case where the Lie algebgais perfect.

Seth = | _,D"g, where Dg means the derived subalgebra of. Then h is
an ideal in g, generating a normal Lie subgrougd (not necessarily closed) oG.
Moreover, G=H is solvable, hence trivial by the assumption (iii). This meas that
H is dense inG. Accordingly, since any dense subgroup &f is dense inG, we can
replaceG by H and thus suppose that is perfect.

Third step : let us show that if g is perfect, and if (i) and (iii) are satis ed, then
Onc IS also perfect, that is, §,c;r] = r.

Consider the adjoint action ofG on the quotientg=Dg,.. This de nes a morphism
f :G! GL(g=Dgxnc), such that f (G) is amenable. Therefore, the Lie group(G) is
also amenable, hence compact. This implies thgt=Dg, is a compact Lie algebra
[Hel, Chap. 2,x5], that is, the direct product of an abelian Lie algebra and a
semisimple compact Lie algebra. Sincg is perfect, this implies that g=Dg, is
semisimple. Sinca,.=Dg, is an abelian ideal ing=Dg,., we conclude thatDg,. =
Onc-

Fourth step . We begin with the following standard lemma.

Lemma 14. Let g be a Lie algebra, and n a nilpotent ideal. Let denote the
projection: g ! g=[n;n]. Let X g satisfy: (X) generates g=[n;n]. Then X
generates g.

Proof. Argue by induction on the length of the descending central ges of n. If

n is abelian, the result is trivial. Otherwise, letz be the least nonzero term of the
descending central series of By induction hypothesis, X generategg moduloz. On
the other hand, zis contained in p; n], that is, zis generated by some elements of the
form [n; nY, for somen;n=2 n. Sincezis central in n, these elements can be chosen
modulo z, so that they can be taken in the subalgebra generated by. This implies
that zis contained in the subalgebra generated by, so that X generatesg.
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Proof of Proposition 11. Let v be a complementarys-subspace ofrf r] in r. By [Wit],
we can x a Q-form of s, together with a Q-form of v, so that the representation
of sonv is de ned over Q. By Lemma 14,r is generated byv as a Lie algebra.
Let m be such thatr is m-nilpotent, and let n be the freem-nilpotent Lie algebra
generated by the vector space. The action of s on v, which is de ned over Q,
extends naturally to an action onn, also de ned overQ. On the other hand, by
the universal property of the embeddingv ! n, the identity map v ! v extends
to a Lie algebra morphism ofn onto r, which is actually a morphism ofs-modules:
indeed, everys 2 s gives a derivation onn, whose image is a derivation of which
coincides, in restriction tov, with ad(s). Sincer is generated byv, this implies that
they coincide on all ofr. Therefore, the surjectionn ! r extends to a surjection
snn! snr.

If [s;r] = r, the condition [s,.;n] = n is immediate, since theng,.;n] contains
V.

In view of the second and third steps, the hypotheses are nog. is perfect, and
g has no simple factors isomorphic toso(3), so(n; 1) or su(n; 1).

Fifth step : suppose thatG = H(R)o, whereH is a connected linear algebraic
group de ned overR such thath = gis perfect. Choose:fi! has in Proposition
11, and letp i h be its graph. Using [Bo, Corollary 7.9] twicefi is the Lie
algebra of a simply connected linear algebraic grou de ned over Q, and p is the
Lie algebra of aR -closed subgrouf® K H. Sincep\ h = f0g, by [Bo, Corollary
6.12],P \ H is nite. Since p is onto, the projection of P(R) into H(R) is Zariski
dense; thusW = P\ H is normal in H. ReplacingH by H=W if necessary, we
assume thatW = f1g. Since the projectionp! fi is onto, the projection of P (R)
on K (R) contains an open subgroup for the Hausdor topology, but tts topology
is connected since we have choséh simply connected. Hence® is the graph of a
morphism of } onto H, still denoted by P.

By the rst step, H(R) has a nitely generated dense subgroupwith Property
(T). It follows that P() \ G is a dense subgroup with Property (T) inG.

Sixth step . We now conclude. We have reduced to the case wheyés perfect.
Therefore, we have to show that every connected Lie group sdying the hypotheses
recalled before Step 5 has a dense nitely generated subgpowith Property (T). As
these hypotheses only depend on the Lie algelgawe can suppose thaG is simply
connected. Indeed, otherwise we can project a dense subgrauth Property (T)
from its universal covering. Since is perfect, there exists a linear algebraiR -group
H with Lie algebra g, so that there exists a discrete, central subgroug of G such
that G=Z is isomorphic toH(R)o. By the fth step, H(R)o = G=Z has a dense
subgroup with Property (T).

Let “be the preimage of in G. De ne Z, as the kernel of the natural morphism
D"(7 ! D"(), so that we have, for all n, an exact sequence:

1! z,! D"(3! D"() ! &

Then (Z,) is a decreasing sequence of subgroupsZof Moreover, since has Prop-
erty (T), for every n, D"() has nite index in . Accordingly, for each n such that
D"(y =D"*1(7Yis in nite, we have rk( Z,+1) < rk(Z,) (where the rank of an abelian
group A is by de nition the dimension of the vector spaceA ; Q). This implies
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the existence ofm such that D"() has nite abelianization. Therefore, by Serre's
Theorem on central extensions [HV, Treoeme 12]D" (7} has Property (T). We

nally claim that D"(7 is dense in G: this follows from the fact that ~is dense in
G and G is topologically perfect. The proof of Theorem 3 is now congte.

Proof of Proposition 5. Suppose thatG has such a simple factof; through a Levi
factor, S embeds inG as a (non-necessarily closed) subgroup®@f If S has Property
(T), then it has a dense (hence in nite) subgroup with Propety (T) (this follows
from Theorem 3, since we have excluded SO(3)). Otherwisg,s locally isomorphic
toSU(n;1) (n  3)or SOMN;1) (n 5). Then S has a compact subgrouK locally
isomorphic to SUQ) (n  3) or SO(N) (n 5). By [Mar2, chap. Ill, Proposition
5.7] (or Theorem 3),K has a dense (hence in nite) nitely generated subgroup with
Property (T).

Conversely, ifG contains an in nite subgroup with Property (T), then, sinc e
is not virtually solvable, the projection of modulo the radical is in nite, so that
we are reduced to the case wheB@ is semisimple; we assume this now. Similarly,
the projection of modulo the centre is in nite. So now we supose thatG is a
connected, centre-free semisimple Lie group, hence a dingoduct of simple factors.
The projection into at least one factor, sayS, must be in nite. It then su ces to
show that S cannot be locally isomorphic to one of the ve groups quotecithe
proposition. Since each of these ve groups has the HaagerBpoperty [HV, x6.d],
i.e. acts properly on a Hilbert space, must be contained in anaximal compact
subgroup. Thus embeds in SQ(R), and this is in contradiction with Zimmer's
result already used above [Zim].

Proof of Proposition 7. Let G be a simple connected Lie group, locally isomorphic
to SL3(R), Sps(R), or Sp(2 1), and an in nite nitely generated subgroup with
Property (T). Projecting modulo the centre, we can supposehait G in center-free
and thus is algebraic. LetH be the Zariski closure of

First case: suppose thaH 6 G. Then H has a simple factorS that is not one of
the ve groups quoted in Proposition 5.

Observe that dim(S) < dim(G). If G is SLy(R), then this implies dim(S) < 8
and thus S is one of the ve groups quoted in Proposition 5, contradictin. If G is
Sp,(R), then dim(G) = 10 and we must have dim@S) = 8, otherwise we contradict
again Proposition 5. But passing to the complexi cation, weget an embedding of
the simple 8-dimensional subalgebral; into the simple 10-dimensional simple Lie
algebrasp,(" sos), and this does not exist (the root systenf\, does not embed in the
root systemB), a contradiction. If G is Sp(2 1), then H has the Haagerup Property
(see [Corl, Theorem 1.10 and Remark 4.5]), i.e. has a unitampresentation with
almost invariant vectors, whose coe cients vanish at in nity. This forces to be
relatively compact.

Second case: suppose that is Zariski dense. Then the Lie alija of its Hausdor
closure is normalized by all ofG, hence is either trivial or all ofg, i.e. is either
discrete or dense.

Finally, suppose that G is non-compact with Property (T), and is not locally
isomorphic to Sp(21), SL3(R), or Sp,(R). If G hasR-rank one, then it is locally
isomorphic to Sp; 1) (N 3) or F4—20 and therefore contains a proper, closed
subgroupH locally isomorphic to Sp(21). If G has rank at least 2, then it follows



8 YVES DE CORNULIER

from the classi cation of root systems thatG contains a closed subgroupl locally
isomorphic to either Sig(R) or Sp,(R). In all cases,H contains a lattice : this is
an in nite non-Zariski dense, discrete subgroup with Propy (T) of G.

Acknowledgments. | thank Alain Valette for a careful reading of the paper and
useful corrections.
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