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Magmatic operad: definition
Set of binary trees:

, , , , , , , · · ·



Provided with a set of algebraic operations {◦1 , ◦2 , ◦3 , · · · }:
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Quotient of Magmatic operad: Mag
/
〈A1≡A2〉

p

A1

s1 sn· · ·

≡

p

A2

s1 sn· · ·
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As operad: Mag
/〈

≡

〉
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As operad: Mag
/〈

≡

〉

∗

∗

x y

z =

∗

∗

zy

x

(x ∗ y) ∗ z = x ∗ (y ∗ z)
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As operad: Mag
/〈

≡

〉

≡ ≡ ≡ ≡

Hilbert series: HAs(t) =
∑

n≥1
#As(n) tn

= t + t2 + t3 + t4 + · · ·
= t

1−t
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Generalization of As operad: CAs(d)

CAs(d) := Mag
/〈

d
≡(d)

d
〉

Relation:
(· · · ((x1 ∗ x2) ∗ x3) · · · )∗xd+1 = x1 ∗ (· · · (xd−1 ∗ (xd ∗ xd+1)) · · · )

Remark: CAs(0) ∼= CAs(1) ∼= Mag and CAs(2) = As

Hilbert series:
HMag(t) = t + t2+ 2t3+ 5t4+ 14t5+ 42t6+ 132t7+ 429t8 . . .

HAs(t) = t + t2+ t3+ t4+ t5+ t6+ t7+ t8 . . .

HCAs(3)(t) = t + t2+ 2t3+ 4t4+ 8t5+ 14t6+ 20t7+ 19t8 . . .
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CAs(3): Rewriting rule: →(3)

(3)

(3)

- Not confluent!

- Compute a completion.

- Need a reduction ordering.
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Reduction order: prefix order

99K

Prefix traversal: 22022000200

>lex

22020020200
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Reduction order: prefix order

99K

Prefix traversal: 22022000200 >lex 22020020200
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Confluent rewriting system of CAs(3)

→ , → , → , → ,

→ , → , → , → ,

→ , → , → .
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Confluent rewriting system of CAs(3)

→ , → , → , → ,
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Hilbert series of CAs(3)

HCAs(3)(t) = G {
; ; ; ; ; ; ; ; ; ;

}

HCAs(3)(t) = t(1−t+t2+t3+2t4+2t5−7t7−2t8+t9+2t10+t11)
(1−t)2

= t + t2 + 2t3 + 4t4 + 8t5 + 14t6 + 20t7 + 19t8 + 16t9 + 14t10 +
∑

n≥11
(n + 3)tn
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Rewriting system for CAs(d≥4)?

Remark: Almost 3.000 rules at degree 40 provided by completion
for CAs(4) using prefix order.

Every order:

(4)

(4)

Conjecture: There is no finite, confluent and terminating
rewriting system of CAs(d) with one generator when d ≥ 4.
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Operad morphism

Definition: f : O1 → O2 is an operad morphism if

∀x ∈ O1, |x | = |f (x)|
∀x , y ∈ O1, f (x ◦i y) = f (x) ◦i f (y) where 1 ≤ i ≤ |x |

Proposition: If f : CAs(d ′) → CAs(d) is a morphism then it is
surjective and unique.

Proof: f
( )

=
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Existence of operad morphism

Theorem: There exists a morphism f : CAs(d ′) → CAs(d) if and
only if (d − 1) | (d ′ − 1)

Remark: f exists iff
d ′

≡(d)
d ′

Proof: if d ′ = 1 + k(d − 1) then

d ′

=

d-1

d-1

k
→(d)

d-1

d-1

k-1

d-1

→(d) · · · →(d)
d ′
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Existence of operad morphism

Definition: g

 An

A1

n
 := n

Proposition I: If A→(d) B then g(A) ≡ g(B) [d − 1]

Proof: An

A1

n

→(d)
An

AiA1 Ai-1

n-d+1

d-1

Proposition II: If A ≡(d) B then g(A) ≡ g(B) [d − 1]
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Existence of operad morphism

Theorem (recall): There exists a morphism
f : CAs(d ′) → CAs(d) if and only if (d − 1) | (d ′ − 1)

Proposition II (recall): If A ≡(d) B then g(A) ≡ g(B) [d − 1]

Contraposition: If (d − 1) 6 | (d ′ − 1) then
d ′ − 1 = r + k(d − 1) where 1 ≤ r ≤ d − 2.

So g

 d ′
 = r + k(d − 1) + 1 ≡ r + 1 [d − 1]

However g

 d ′
 = 1 6≡ r + 1 [d − 1]
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CAs(2)

CAs(3) CAs(4) CAs(6) CAs(8) CAs(12)

CAs(5) CAs(7) CAs(10) CAs(11)

CAs(9) CAs(13)

Mag
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1

2 3 5 7 11

4 6 9 10

8 12

0
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