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A generator is an operator with a fixed number of inputs » Given two prographs are prographs with respectively e + ¢’ inputs and s + s’ out-
and outputs. We represent a generator x with e inputs and s S s/ puts and e inputs and s outputs. The second assembly is well
outputs by { o ; f - , defined if and only if s = ¢’
s p and p! Here is an example of prograph with 6 generators, 6 inputs
T Tl T and 7 outputs:
X g é/
1 N J the assemblies BEE
€ o v
/ A
We can combine generators to build prographs. Formally, ) ST i o ..”.‘......:......F..E Y
we define prographs by the following recursive grammar: A PP B R p :
P& P =i p v and T o= ()
» A generator with e inputs and s outputs is a prograph : P P v
with e inputs and s outputs; \J\YLJ/ P ‘ P |
» The wire | is a prograph with 1 input and 1 output; e+ \\é/ — % ‘

For a set of generators G and a triple (e, s,n) € N, we denote by P, ,(G) the set of pro-
graphs with e inputs, s outputs and using exactly n generators from G:

S
Pe,s,n(G) — 7 n 7
e
For example, the progaph (1) belongs to the set
| | | [ | . [ L]
7)6,7,6({ 7<>7 ) * 7‘?‘7‘ }>
| | o o

Given a set of generators G and a triple (¢, s,n) € N, our goal is to count the pro-
graphs of P. ; ,(G). The main difficulty in counting prographs is that the grammar provided
by their definition is ambiguous:

() B
) B

n = 4:

We obtain the sequence 1,1, 2,6, 22,92, 420, 2042, . . .

which is the sequence of rooted tandem duplication trees on n gene segments [OEIS: A264868].

We denote by L., 1 s(G) the set of lattices paths:
» from (0,1, ¢) to (n, k, s)
» using paths U and the paths from the set {w(g), g € G}, where U is the path (0, 1,0)
and

8 ) o
/‘ . ‘\ 1
W g is the path |1 — a | labelled by g
Joe 0 8-«
o ) I

» such that in any point of the paths the ordinate is between 1 and the applicate
(1 S 77y77 S 77 Z??).

For (e,s,mn) € N°, we have | L., s s(G)|

The bijection works as follows:
» We numbered generators by a depth-left first numbering with the additional
condition that a generator can be numbered only if all the generators connected to its

Pe,sn(G)].

inputs are already numbered;

» Then we match in the order, a generator g, to the path U#H9)=1=i w(gr), where iy is
the number of wires on the left of g, and |(gy) is its number of inputs.
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We have a direct recurrence relation on these lattices paths:

"""""""""" \ Proposition
&
Y1 @\\ The sequence |L. ,, 1 s(G)| satisfies the following
______________ N\ recurrence relation:
Oy lifn=0k=1ands =c¢;
_______________ d
e |£e,n,k—1,s(G)’ =+ Z T ‘Le,n—l,k—1+ai,s—ﬁi+ai<G)‘
- 1=1
1 7 ifn>0and 1 <k <s:
1 0 otherwise.
0 1 z

According to Theorem |, it is enough to specialize k£ to s in order to obtain a re-
currence relation satisfied by prographs. The following theorem gets rid of the re-

finement parameter £, so it provides a recurrence relation directly on the prographs.

Let Ap.s = ‘ﬁe,n,s,8<G)‘

P..sn(G)|. It satisfies the recurrence relation:

1 ifn=0and s =e¢;

d
4 s+l—) cpi
=S mi'...ma d
L 14 n—_,s=»_ ci(Bi—)

=1

n

Ap, s = Z(_l)ZJrl Z

/=1 c1+-+cg=Ct

ifn,s>1;

0 otherwise.
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