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Nine decades of invariants

BRAIDS KNOTS 3-MANIFOLDS
Burau Burau, 36 Alexander Milnor, 62 Reidemeister
Representation ——— Polynomial Ay +— Torsions
(Burau, 36) (Alexander, 28) (Reidemeister, 35)
[2-Burau (B.A-C., 18) [2-Alexander Li-Zhang, 06 L2-Torsion
maps of braids «——— |pvariant A(K2) — (Carey-Mathai,
(B.A.-Conway, 18) (Li-Zhang, 06) Liick-Rothenberg, '90s)
\ Liick-Schick, 99 I
New Link Hyperbolic
Invariants ? Volume
(B.A., 21) (Thurston, .. .)
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Context and main result

B.A., Conway 2018 : Construction of the L?>-Burau maps Bg%} of
the braid groups B, with t > 0 and ~v: F, - G.

For v: F,, — Gk, relation with T,(<2)(t) the L?-Alexander torsion.

Which other link invariants can be built via det (BQ = Id) ?

Theorem (B.A. 2021)

@ For vy lower than Gy : twisted L?-Alexander invariants.

@ For some other vv: no link invariance.

Method : Apply Markov moves of braids to 15’527)
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Plan of the talk

© Burau representation and generalizations
@ L[°-Burau maps
@ [2-Burau maps and L?-Alexander torsions

@ Finding new link invariants
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Burau representation and
generalizations




The braid group B, is defined by the presentation
(01,...,0n-1 | 0j0i410] = 0110041, 0i0j = ojo; for |i —j| > 2)

and a braid 5 € B, also has a topological description, as a
1-submanifold of D? x [0, 1] with no horizontal tangent.

g
-1

"] o1 02
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Braids and links

The closure 3 of a braid 3 € B, is a link in S3.

B =01 03 H H H 3 = 2-component unlink

Markov moves on braids U,>1B, are:
@ Markov 1, the conjugation: 3 +— a~!Ba, where o, 5 € B,,.
@ Markov 2, the stabilisations: B, > 3 — a,jflﬁ € Bpy1-

Theorem (Markov 1935)

B and /3’ are isotopic links iff 3 and 3 are related by a finite
number of Markov moves.
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The Burau representations

Burau representation:

1-T 1

B:BHBU;*—)Idil@< T 0

) ©1d, i1 € GLy(Z[T, T

Reduced Burau representation:

1 T 0
B:By,3oj — Idjo®|0 —T 0|®ld,_j_» € GL, 1(Z[T,T7Y)
0 1 1

Theorem (Burau 1936)

Let B € B,. Then the Alexander polynomial AB of the link [3
satisfies (up to product by a unit of Z[T, T71]):

AAnI= ll:TTn det (B(B) — Idn_1) -
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Braids and free groups

Free group F, = (x1,...,% | ) = m1(D*\ {p1,...,pn}).
g1 =X1, 82 =X1X2, ..., & = X1 ...X, also generate IF,,.

Artin: A braid § € B, induces an automorphism hz € Aut(F,).

Example: For o1 € By, hyy 0 x1 — X1X2X1_1, Xo > X1,
-1
81— 828, &+ 8.

B, — Aut(F,)
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Fox calculus

0
The Fox derivatives on [, are linear maps 6—: ZF, — ZIF,
Xi

(where i =1,...,n), inductively defined by:

0 0 _ _
aTq(Xf) =6, e (Xj 1) = —07x; 1
0 0
FACK Al Gl

f .

(83()9)) € GL,(ZF,) is the Fox jacobian of f € Aut(F,).
XI' ..
I7./

. . —1 -1
Example: hy, 1 x1 — x1X0X; *, X0 > X1, 81+ 8281 82 Fr .

ahm(xj) _ 1*X1X2X171 1 ahm(gj) _ *g2g171 0
aX,' X1 0 ’ ag,- 1 1 ’

Aut(F,) — GLy(ZF,)
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The change of coefficients x(P,, 7, t)

We construct a ring morphism x(®,,~, t) for
e &,: F, —» 7Z,x; — 1, the augmentation epimorphism,
@ v: F, — G such that ¢, factors through =,
o t>0.

We define k(®,,7,t): ZF, — RG by g — t?@&)~(g).

Example: For n =2 and v = T%2: (Fo — TZ={T" mc Z})

-1
o L. [1—Xx1x0xq 1 1—tT 1
K(P2, T2, t): < O) — ( T 0 (Burau),

X1

-1
—&28 0 —tT 0
( 1 1) > ( 11 (reduced Burau).

k(®n,7,t) induces GL,(ZF,) — GL,(RG).
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A family of maps between Artin and Burau

Artin

B, " Aut(F,) &% 6Ly (ZF,) VY 6L (RG)

F, We consider the maps
4
\ Ohal(x:
o TSe o e ()
///’ Oxi 1<ij<n
7" for different v: F, — G.

(reduced: with gj, g; and < n — 1 instead)
@ v = Idy, : jacobian of the Artin action, always injective.

11—t x1x2xl_1 1)
)

B 1
 xq 0 By > 01 (—t gogy )

Bz 501 <
e v = T®: Burau representation, non injective for n > 5.

1—tT 1
B,>01 — < T 0)’ By > 01— (—tT).
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[2-Burau maps
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The general idea of [%-invariants

X C(X) 1(X)
topological space, ——— C-vector spaces, —— Numerical
cellular structure operators over C” invariant

® C
Clm1(X)]
X C(X)
Universal —— C[m(X)]-modules,
covering operators over C[m(X)]

l” & F(m(x)
()]

c@(x) 1)(X)
m1(X)-Hilbert modules, ——— |2 jnvariant

operators over £2(m1(X))
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An L2 point of view

Artin

B, " Aut(F,) &% 6Ly (ZF,) VY 6L (RG)

Problem : Extracting info from M,(RG) if G is not abelian.
~~ On (2(G) there is the Fuglede-Kadison determinant.

We replace the algebra RG by the Hilbert space
C(G):=9) Mg | Mg €C D NP <0
geaG geG

Typical bounded G-equivariant operators:
Ry: 12(G) — (*(G), g — gh,
the right multiplication operator by h € G.

The operation R. induces GL,(RG) — B (£?(G)").
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L?-Burau maps of braids

Artin

B, " Aut(F,) X GLy(zF,) ") 6L (RG) & B (2(6)"),

The L2-Burau map associated to t > 0 and v: F, — G is:

Ohg(x;
> ,with A = k(P,,7,t) <M> )
B = Ra i ) 1<ij<n

Fathi Ben Aribi Link invariants from L2-Burau maps of braids



L?-Burau maps of braids

Artin

B, " Aut(F,) X GLy(zF,) ") 6L (RG) & B (2(6)"),

The L2-Burau map associated to t > 0 and v: F, — G is:

@. (Bn = B(RG)")\ .. . Ohs(x;)
Biy: (ﬁ o R, ,with A= k(®p, v, t) “ox 1<;,j<n‘

The reduced [?-Burau map associated to the same t, 7 is:

o 2 n—1 h .
BEL%)’ : <Bn —B (6 (G) )) ,Wlth A/ — I"i(q)n, v, t) <8ﬁ(gj)> ,
, B R ogi 1<ij<n—1

where g1 = x1, & = x1X2, ..., &) = X1 ...X, also generate F,,.
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Multiplicativity and computations

(Anti-)multiplication formula: Vo, 5 € B,

2 2 2
BN (aB) = BEA(B) 0 BL),, ().
Consequence : The more injective v: F,, — G is, the less Bg?
looks like an (anti-)group representation.

Bﬁ) is an (anti-)rep. of the subgroup {5 € B,,y o hg =~}

We can still compute Bﬁ)(ﬁ) via the images of the o;.

Id — tR’y(Xlxzxfl) Id

€ B ((*(G)¥?).
tRy(x) O) ( )

B§2) B, 501 — (

B(z) B, 501 — (—tR (g2g1—1)) €B (£2(G)>

2%
!
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[2-Burau maps and
[ 2-Alexander torsions




Fuglede-Kadison determinants of G-equivariant operators

The von Neumann trace trg : (Aild + ...+ A\gRg) — A1 € C.

The Fuglede-Kadison determinant detg is :

det¢: RM,,(ZG) — Rxo
1
det g(A) := lim (expo (trg> o In) (A*A+eld).
e—07T 2

«~ counting loops on the Cayley graph of G. (hard to compute !)
Ex : If g € G has oo order, then detg(Id + tRy) = max{1, |t|}.

Ex : For G = Z/3Z: (*(G) = C3, Ry is a permutation matrix,
trg = Strc, detg = | det [1/3.

Theorem (B.A. 21)

For G =T, = (x,y|), detg(l+ x+y) =

a.m
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L2-Alexander torsions of links

(Dubois-Friedl-Liick 14) L?-Alexander torsion of the link L :

7. Rso — Rxo
Lol e — TP
L

defined with det, (s3,,) and Fox calculus.

Some properties:

(Liick-Schick 99) TL(2)(1) contains the volume of S3\ L.
(Friedl-Liick, Liu 15) T2(0%), T (+00) yield the genus g(L).

(Miscellaneous) Téz) is the zero map iff L is split.
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[?-Burau map at the link group

For y =73:Fp— Gy = m (53 \B> quotient by hs(x;) = X, the

2)

: 2 : ().
s BiVes the L“-Alexander torsion TB :

reduced L?-Burau map B§

Theorem (B.A.-Conway 18)

Let B € By, L =j its closure and t > 0. Then:

TL(2)(t) : max(l, t)” = det & (Bg?’gﬁ(ﬁ) _ Id@(nfl)) )
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Finding new link invariants




Markov functions

Markov moves on braids Li,~1 B, are:
@ Markov 1, the conjugation: 3 — o~ !fa, where a, 3 € B,,.

@ Markov 2, the stabilisations: B, > 3+ 013 € B,y1.

Markov : 3 and /3’ are isotopic links iff 3 and 3’ are related by a
finite number of Markov moves.

A function F on L,>1B, is a Markov function if it is invariant
under all the Markov moves.
~ F provides a invariant of knots and links.

For which v: F, — G is 3+ det ¢ (ngg(m _ Id@(n—1)>
a Markov function?
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Markov-admissibility of a family of epimorphisms

A family Q of epimorphisms of free groups
Q= {Qs: Fnp) = Gq, | B € Unz1Bn}

is Markov-admissible if for all pairs of braids /3, 5’ related by a
Markov move, Qg and Qg are “comparable”.

3y 3o
Gq, —>Nﬁ’a GQafl,rm Gq, s GQaﬁﬂ

Goal : Constructing a Markov function on U,>1B, via Q.
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Several Markov-admissible families of epimorphisms

o [dp, := the identity on [F,.
@ ¢, := the abelianisation of F,, onto Z".

@ g := the quotient by hg(x;) = x;

(e~ closure of j3).

e &, := the augmentation of F,, onto Z.

©n

FX

VB

Is det <Burau(2) — Id) a Markov function? : Yes. X: No.
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Obtaining a Markov function

For Q = {Qp}pevi,», 8, Markov-admissible and t > 0, we define:

L|n>18n — ./T"(R>0,R>0)/{t —> tm, m &€ Z}

Fo = detg B?) (8) — 1d®(—1)
7Q
B = |t % ( o )

max(1, t)"

Theorem (B.A. 2021)

@ If{Qs} = {¥3 0}, then Fg is a Markov function, and the
associated invariant is a L>-Alexander torsion twisted by Pg.

@ If the Qg are the identity maps Iduz"(m or the abelianisations
©n(g), then Fg is not a Markov function.
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Sketch of proof for Theorem 1

Conjugation : For v: F, — G, the product formula gives:

—(2 _ —(2 —(2 —(2 -1
B 50) = B (@) 0 By, (8) 0 (By _,, (@)
a conjugation if v goes deep enough so that y o hy-15, = 7.

forfyzwgo'yg.

Stabilisations : Via elementary operations, we get

7=(2)
7 (1 B: A (8) *
By (o, 8) = ty ,
to (o F) ((’Y o hg —y)(x) *
where * has a known Fuglede-Kadison determinant.

for v =g 0 3.
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Computing Fuglede-Kadison determinants for Theorem 2

In both cases we prove that Fg(o; ) # Fo(oa0q ).

Difficulty: In order to prove that two Fuglede-Kadison
determinants are different, we must compute them.

@ For the abelianisations ¢,: F, — Z",
Fo(oo;t) =detyo (Id + R + R,) = 1.38135... # 1 = Fg(o;?).

(Boyd, computations of Mahler measures)

o For the identity maps Idp,,

2
Fo(oaor!) =detp, (Id+ Ry + R)) = Neln 1.15... # 1= Fg(o7?)

(Bartholdi, Dasbach-Lalin, B.A. 21, counting paths on trees)
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Potential future leads

o Finding larger classes of Q such that Fg is not a Markov
function.

@ Trying to obtain link invariants from L2-Burau maps via other
formulas than det(- — Id).

e (with C. Anghel-Palmer) Adapting these techniques to future
L2 versions of Lawrence representations of the braid
groups, which are known to yield quantum invariants.
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