MAT 2348 — assignment #3 (solutions)

A. We decompose the board step by step using the ideas seen in class: we start by the square

m

so the P = XP; 4+ P, with P; and P, the polynomials of the respective boards

]

L]

we see that P; = 1+ X. Now as we have two independent boards, P, = P3P, with P; and P, the
polynomials of the respective boards

L] |

so that P; = 1+ X. For P4 we reason on the square

u

as in the beginning and carry on the computation to find that Py = (1 + X)? + X(1).
Putting all this together, we get

P = XA+X)+((1+X)((1+X)?+X))
= X+X2+((1+X)(1+3X+X?))
= X+X24+(1+3X+X?)+(X+3X2+X3)

= 1+5X+5Xx2+ X3

B. We start with
(see early classes on GF).

Multiplying by X: 12X +22X? +32X3 + .. = ()1(1'})(()23 .

LEX — 12 4 22X 4+ 3X? 4 - - - obtained by derivations and multiplying by X
(1-X) y plying by




Deriving:

(12X (1-X)3 — (X4X?)(=3) (1—-X)?
PB4+283X+33X24... = T
(142X)(1-X)3 = (X+X?)(-3)(1-X)?

(1-Xx)®
(1+2X) (1-X) = (X+X>)(=3)
(1-Xx)*

(1+X—2X%)+(3X+3X?)
(1-x)*

1+4X+ X2
(1-X)*

Now we can apply the summation operator seen in class:

144X+ X2 1 144X+ X2

Py (1B +2)X+ (13 +2° +33)x2 + 1-X)* 1-X) (1-X)p

As

=¥, ("1 X" we get that the coefficient of X"~ in LHAX X g

1
(1—x) n (1—X)5

((1’173{):;571)4_4((71 2)+5 l)_|_((n773:):3571)

= (D +4GDH+ 0D
- i,( (n+1)(n+2)(n+3) +4(n — Dn(n+1)(n+2) + (n —2)(n = Dn(n+1))

= g D 2)(n+3) 44— 1)(n-+2) + (1~ 2)(n 1)

_ in(n+1)((n2+5n+6) 4 1 —2) + (2 —3n+2))

_ 1 2
= ﬂn(n+1)(6n +6n)

= in(n +Dnn+1)

and this coefficient is equal to the sum 13 423 +33 + ... + n3.

C.
TR = (XXX ) = -3 L (21 =3(-1))X = =34 B S
Py =tk = (/4+ X/ + X2 /8 + X3/44 +
In the next one we use partial fractions decomposition:
(17X)1(2+X) =5+ 782 =0/3)(Zx + 111)(//22> Yoo(1/3)(1 4 (1/2)"H(=1)") X"

1+X 1+X _ 1 2
X~ Txarx © X - LE XX

D.




] (X2+X3+X4+)(X4—|—X5+X6+)(1+X‘|‘X2+):ﬁ

_vylo
CAHEXHX2+ ) A XX+ )X+ X+ X)) = (11_§()3

3
(XXX A+ XX )AH X+ X ) = g

. The formula for product of GF gives

n
bn = Z {Ilia]‘ = Z Ajdy_k
k=0

i+j=n

. By the above formula this coefficient is equal to

ZO0-L06)-E6)

211)

. The binomial theorem tells us that this coefficient is (%

. Therefore, as (1+ X)"(1+ X)" = (1+ X)?*, we have that (") = Y0, (’;)2



