ORIENTALS AS FREE ALGEBRAS

DIMITRI ARA, YVES LAFONT, AND FRANCOIS METAYER

ABSTRACT. The aim of this paper is to give an alternative construction of Street’s cosimplicial
object of orientals, based on an idea of Burroni that orientals are free algebras for some alge-
braic structure on strict w-categories. More precisely, following Burroni, we define the notion of
an expansion on an w-category and we show that the forgetful functor from strict w-categories
endowed with an expansion to strict w-categories is monadic. By iterating this monad starting
from the empty w-category, we get a cosimplicial object in strict w-categories. Our main con-
tribution is to show that this cosimplicial object is the cosimplicial objects of orientals. To do
S0, we prove, using Steiner’s theory of augmented directed chain complexes, a general result for
comparing polygraphs having same generators and same linearized sources and targets.

INTRODUCTION

The n-th oriental O,,, introduced by Street in [Str87], is a (strict, globular) n-category shaped
on the standard n-simplex. More precisely, O,, is an n-category freely generated by a polygraph
(or computad) whose generating k-cells correspond to the k-faces of the standard n-simplex. Ori-
entals organize themselves into a cosimplicial object into Cat,,, the category of (strict, globular)
w-categories and (strict) w-functors, that is, into a functor

0:A — Cat,,
where A denotes the simplex category. This cosimplicial object induces a functor
N : Cat,, — 3,
called Street’s nerve, taking each w-category C to the simplicial set
NC : A, — Cat,(0,,C).

The original motivation of Street was to define a cohomology with coefficients in an w-category.

The combinatorics involved in [Str87] is notoriously hard. This led Street to extract in [Str91]
(see also [Str94]) the essential properties making it work. This was formalized in his notion of a
parity complez. Using [Str91], the n-th oriental becomes the n-category associated to a simple
structure, the parity complex given by the faces of the standard n-simplex, all the difficulty
being now hidden in the general machinery of parity complexes. In the same paper, he defined
a join construction for parity complexes, leading to an inductive construction of the orientals,
that is, a construction of O,11 from O,,.

Alternative definitions of the orientals were given by various people. Burroni proposed during
a presentation [Bur00] an inductive definition with explicit formulas but he didn’t compare his
definition to Street’s one. A short summary of this work was published a few years later [Bur05].
A similar approach was taken independently by Buckley and Garner in [BG16] who did compare
their definition to Street’s one. Another definition was given by Steiner using his theory of aug-
mented directed complexes [Ste04] (see [Ste07] for a comparison of the two definitions). Finally,
the first author and Maltsiniotis defined in [AM20] a join construction for strict w-categories
and showed that the cosimplicial object of orientals is induced by the unique monoid structure
for this join supported by the terminal w-category.

One of the drawbacks of the inductive definitions of the orientals is that they don’t give for
free a cosimplicial object, except if one can show that the iterated construction is equipped with
the structure of a monad. It is claimed in [Bur00] and [Bur05] that it is indeed the case but

2020 Mathematics Subject Classification. 18N30, 18N50, 55U10.
Key words and phrases. augmented directed complexes, cones, expansions, polygraphs, orientals, simplices, strict
w-categories.

1



2 DIMITRI ARA, YVES LAFONT, AND FRANCOIS METAYER

this is far from obvious from the defining formulas. Burroni gave a beautiful solution to this
difficulty in a draft [Bur07] that was meant to be the extended version of [Bur05]: the iterated
construction is the monad corresponding to some explicit algebraic structure on w-categories
that he called “w-initial”.

The purpose of this paper is two-fold. First, we give a formal, complete account of Burroni’s
ideas on orientals — up to now only circulated as short papers, preprints and presented in
talks. Second, we show that Burroni’s definition is equivalent to Street’s one. For this purpose,
we prove a general result for comparing polygraphs with same generators and same linearized
sources and targets using Steiner’s theory of augmented directed complexes.

Let us explain in more details Burroni’s construction. If C' is an w-category, an expansion
on C (called an “w-initial structure” in [Bur07], and a contraction in [AM15], where the notion
was introduced independently) consists of a O-cell o of C, called the origin, and a directed
homotopy, that is, an oplax natural transformation, from the constant w-functor o : C' — C
to the identity w-functor id¢o : C — C, satisfying some degeneracy conditions. When C' is a
category (seen as an w-category with only trivial cells from dimension 2 on), the possible origins
for an expansion on C' are precisely the initial objects of C'. In general, the origin of an expansion
should be thought of as an w-initial object (hence Burroni’s terminology). By abstract nonsense,
the forgetful functor U : Cat, . — Cat,,, where Cat,, . stands for the category of w-categories
endowed with an expansion, admits a left adjoint and we thus get a monad T : Cat,, — Cat,,.
This monad induces a cosimplicial object O : A — Cat,, defined on objects by 0,, = T"" (@),
where @ is the empty w-category. This is the definition of orientals given in [Bur07].

The paper is organized as follows: Section 1 recalls the basic definitions about w-categories
and polygraphs, and sets related notations. We particularly stress the role of the endofunctor
of cylinders in Cat,, first introduced in [Mét03]. Section 2 contains the main definition of the
paper, namely the notion of w-category with expansion, and introduces the associated adjunction
between Cat, . and Cat,,, leading to an abstract, very compact definition of the orientals. We
then give an explicit description of the resulting monad when applied to an w-category freely
generated by a polygraph. In particular, we get that our orientals are freely generated by
polygraphs. In Section 3 we give a refined description of the combinatorics of these objects
by means of a convenient notation, the oriental calculus. Section 4 finally establishes that our
orientals coincide with those originally defined by Street. To do so, we prove, using Steiner’s
theory of augmented directed complexes, a general result for comparing polygraphs having same
generators and same linearized sources and targets.

Acknowledgement. We warmly thank Albert Burroni for having shared with us over the
years, during lengthy conversations, his numerous insights and a categorical wisdom not found
in books.

1. BASIC NOTIONS ON HIGHER DIMENSIONAL CATEGORIES

This section briefly recalls the basic definitions concerning (strict, globular) w-categories and
fixes the notations to be used throughout this work.

1.1. Globular sets and higher dimensional categories.

1.1.1. We write Glob,, for the category of globular sets:

e A globular set C is an infinite sequence of sets Cp, Cy,Co, ... together with infinitely
many source maps 0~ and target maps 07
o~ 9~ o~
Co C1 Co
ot ot ot

satisfying the globular conditions:

0-0" =097 07, oto- =09%ot.
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e A globular morphism f :C — D is an infinite sequence of maps
fQ : C() —>D(),f1 - Cy —)Dl,fg : CQ —>D2,...

commuting to the above maps, that is, making the diagram

o~ o0~ o~
Co Cy Cy
ot ot ot
fo l f1 l fo l
o~ o~ o~
Dy D, Dy
P P P

commute, in the sense that f,0° = 0°f,11 for e = + and n > 0. Whenever z belongs
to Cp, we shall simply write f(x) for f,(x).

1.1.2. An element = of C, is called a cell of dimension n, or simply an n-cell, in C.

o If n > 0, its source x~ = 0~ x and its target 7 = 0Tz are (n—1)-cells in C.
e For i < n, its i-source (resp. its i-target) is the i-cell Oz = 0°--- 0°z, where ¢ stands
for — (resp. for +) and 0° is applied n — i times to . We shall also write a5 for Ofx.
In particular, we get z%, = x.
If p < n, to make the i-source and i-target of the n-cell z explicit for p < i < n, we write

g + +
LTy g DTy g 1T, T,

We say that two n-cells x and y of C are parallel if, either n = 0, or n > 0 and z and y have
same source and same target.

1.1.3. Examples. We get x : 2 — xa’ if zis a 1-cell, and z : 7 — xf t Ty — xa“ if x is a 2-cell.

X
x /_L\
— + — .
x5 — - x] xo'\%ﬁ/ z
1

1.1.4. By restriction to finite sequences Cy,...,C),, we get the category Glob,, of n-globular
sets. In particular, Globy is Set, the category of sets, and Glob; is the category of (directed)
graphs. Note that there is an obvious truncation functor from Glob, to Glob,,, mapping C to
the n-globular set C(™ obtained by removing all cells of dimension > n.

1.1.5. We write Cat,, for the category of w-categories:

e An w-category is a globular set C, together with compositions and units satisfying
the laws of associativity, unit, interchange and functoriality of units.
e An w-functor is a globular morphism f : C'— D preserving compositions and units.

1.1.6. For n > p and for any n-cells z, y such that x; =y, in an w-category C, we get an n-cell

z = y*px, called p-composition of y and x, with the following iterated sources and targets:
zf = xf = y; for i < p, Z, =T, z;“:y;r, zi = yi *xp i for p <i < n.
We shall omit parentheses by giving priority to the lowest dimensional composition, namely:

{ (z#py)*qz ifp<gq,

Zkp Y g = '

zap(yxqw) ifp>gq.

By associativity, both conventions are indeed compatible in case p = q.

1.1.7. For any p-cell u in an w-category C, we get a (p+1)-cell 1, : u — u, called p-unit on wu.
By iterating this operator ¢ times for ¢ > 0, we get the following p-unit of dimension p+1 on u:

i, 1i—1 i—1 . .
1, :1, =1, i ly =1y ru— .

By the law of functoriality of units, any p-cell © can be identified with the n-cell 13 ? for n > p.
In fact, we shall not identify them, but we shall use the following abbreviations for n > p > ¢,

for any n-cell z and any p-cell u such that u;r =z, (resp. ZL';'_ = u;):

q
Txqu=x%q 15 P, uxqr =1y Pxga.
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1.1.8. Example. For any 2-cell z and any 1-cell u such that uar =1z, , we get

x*ou:x*olu:xf*ou%xf*ou:ua —>x§.

Ug = J= T
u+_m_\_+_//
0 =%o P

1.1.9. By using n-globular sets instead of globular sets, we get the category Cat,, of n-categories.
In particular, Catg is Set and Cat; is Cat, the category of small categories.

The truncation functor C' — C™ from globular sets to n-globular sets extends to a truncation
functor from Cat, to Cat,,, which we will denote in the same way. This functor admits a
left adjoint mapping any n-category C to the w-category obtained by adding an n-unit 1?, of
dimension n 4 ¢ for ¢ > 0 and for each n-cell v in C. This canonical embedding yields an
equivalence between Cat,, and the full subcategory of Cat, whose objects only have unit cells
beyond dimension n. In other words, any n-category, and in particular any set, can be seen as
an w-category.

1.1.10. The category Cat,, is complete and cocomplete. In particular, we get the following two
w-categories:

e the initial w-category is the empty set &, which has no cell,
e the terminal w-category is the singleton set 1 = {o}, which has a single 0-cell o, and
a single n-cell 17 for each n > 0.

1.1.11. The category Cat,, is the limit of the following diagram of categories, where arrows are
truncation functors:

Catp <—— Cat; <— Catg <— - --

Moreover, the category Cat, 11 is enriched over Cat,, and likewise, Cat,, is enriched over itself.
For any w-category C' and for any 0-cells u,v in C, we get indeed another w-category C(u,v):

e An n-cell in C(u,v) is an (n+1)-cell x in C such that ; = u and 2§ = v.
e The p-composition and p-units in C(u,v) are the (p+1)-composition and (p+1)-units
in C.

1.2. Polygraphs. The forgetful functor from Cat, to Glob, has a left adjoint, yielding a
notion of w-category freely generated by a globular set. Here, we describe a more general notion
of w-category freely generated by a polygraph, or computad, introduced independently in [Str87,
Section 4] and [Bur93].

1.2.1. Consider the following commutative diagram of categories, where the horizontal arrows
are forgetful functors, and the vertical ones are truncation functors:

Catn+1 —— GlOb»,H_l

i l

Cat,, Glob,,

+
n

We get a functor U, : Cat, 1 — Cat,’, where Cat; is defined by the following pullback square:

Cat;z|r — Glob,, 1
]
Cat,, —— Glob,,
It happens that this functor has a left adjoint L,, : Cat;’ — Cat,,. 1. See [Bur93] or [Mét08].

1.2.2. More concretely, an object of Cat,! is a pair (C, S, +1), where C is an n-category and S, 11
is a set of (n+1)-generators, together with maps 0~,0% : S, 41 — C), satisfying the globular
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conditions in case n > 0. The functor L,, maps this object to the (n+1)-category

8- 8- 8-
Co . C,

ot ot ot

*
n+1»

where S| consists of formal compositions of (n+1)-generators and n-units, quotiented by the
laws of associativity, unit, interchange and functoriality of units.

By construction, the map S,4+1 < S, 1, which can be shown to be an injection, commutes to
the source and target maps, and the above (n+1)-category C' = L, (C, S, +1) has the following
universal property:

1.2.3. Lemma. Consider some (n+1)-category D and some n-functor f : C — D™ Then
any map enti : Spye1 — Dpi1 such that 0fenr1 = fr0° for e = £ extends to a unique map
fnt1 2 Sp i1 = Dny1 such that fo,. .., fuy1 form an (n+1)-functor from C' to D.

o o o
co ot ot Cn o+ Spt1 = Snt1
fol fnl frt1
o~ o~ o v o
DO e Dn DnJrl
ot ot ot

1.2.4. By induction on n, we define the category Pol,, of n-polygraphs, together with a functor
F, : Pol,, — Cat, mapping any n-polygraph S to the free n-category S* generated by S
e The category Polj is Caty, that is Set, and Fj : Set — Set is the identity functor.
e Suppose that the category Pol, and the functor F,, : Pol, — Cat,, have been defined.
Then the category Pol,, ;1 is given by the pullback square

Pol,,;; —— Cat
]

n

and F,11 : Pol,y; — Caty,,1 is the composition of L, : Cat,f — Cat,1 by the
top arrow.

In particular, Pol; is Catar, that is Globy, and F3(S) = S* is the free category generated by S.

1.2.5. Definition (polygraphs). The category Pol,, of polygraphs is the limit of the following
diagram, where each arrow is the truncation functor given by the previous pullback square:

POlO <~——Poly <—Poly =<—---

The functors F,, induce a functor F,, : Pol, — Cat, mapping S to the free w-category S*
generated by S.

1.2.6. More concretely:
e A polygraph S is given by an infinite diagram of the form

pavavya

where S; is a set of i-generators, and the bottom row displays S*, starting from S = Sp.
e A morphism f: S — T is given by an infinite sequence of maps

fo:So—)To, f1 : S —>T1, fg:Sg—)Tg,...
compatible with sources and targets so that they induce maps

fo:80 = T5, fi ST =11, f5: 85 = T3, ...
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defining an w-functor f*: S* — T* This means that F,(f) = f* is rigid: it preserves
generators.
In case S; = @ for ¢ > n, the polygraph S is in fact an n-polygraph, and S* is an n-category.
This canonical embedding of Pol,, into Pol,, is the left adjoint of the obvious truncation functor.

1.2.7. Examples.

e If S consists of a single O-generator o, then S* is the singleton set 1 = {o}.

e If S consists of two 0-generators o, 0’ and a single 1-generator o : 0 — o, then S* consists
of the generators and the 0-units 1, : 0 — 0, 1, : 0/ — 0.

e If S consists of three 0-generators o, o/, 0”, three 1-generators o : 0 — o, o/ : o/ — 0",
" 10— o', and a single 2-generator 7 : ¢ — ¢’ *g o, then S* consists of the generators,
the 0-composition ¢’ *go : 0 — 0”, the O-units 1, : 0 — 0,1y : 0 — o, 1,0 : 0" — 0",
the 1-units 1, : 0 = 0,1 : 0/ — 0o, 150 : 0" = 0", 151446 : 0" %90 — o' %90, and
the O-units 12 : 1, = 1,, 12, : 1, = 1, 12, : 1,» — 1, of dimension 2.

e If S consists of a single 0-generator o and a single 1-generator ¢ : 0 — o, then S* consists
of the 0-generator, and infinitely many 1-cells, which are of the form

00:1020—>0, o' =o%g--x00:0— o0fori>D0.

o If S consists of a single O-generator o and a single 2-generator 7 : 1, — 1,, then S*
consists of the 0-generator, the 0-unit 1, : 0 — o, and infinitely many 2-cells, which are
of the form

7'0:13:10—>10:0—>0, Ti:T*O-”*OT:T*l--'*lTZ1O—>1010—>0f0ri>0.

o o
o T
’ () @
o o o

g o o o’ o o

1.2.8. Remarks. The first three examples are (isomorphic to) the first three orientals Og, O, Os.
The last two ones are (isomorphic to) the additive monoid N, respectively seen as a 1-category
with a single O-cell and as a 2-category with a single 0-cell and a single 1-cell.

1.3. Cylinders and oplax transformations. Here, we recall the construction of the endofunc-
tor of small cylinders, and the resulting notion of oplax transformation between two w-functors,
called homotopy in [Mét03] and [LMO09].

For that purpose, we first define the set I',,(C) of n-cylinders in an w-category C, together
with two maps 9—,9% : ',(C) — T',—1(C) in case n > 0. We can then define a structure of
w-category on the corresponding globular set, which gives the expected endofunctor.

1.3.1. Definition (cylinders).
If z,y are n-cells in C, the notion of n-cylinder o : x ~ y is given inductively:

o If n =0, then a : x ~ y consists of a single 1-cell ag : x — y in C.
e If n > 0, then o : * ~ y consists of two 1-cells oy : ;7 — ¥y, and aar : xg — yar in C,
together with an (n—1)-cylinder fa : ag *ox ~ y*oag in C(zg,yg ).
In case n > 0, we also get two (n—1)-cylinders 0"« : 0~z ~ 9~y and 0T : Tz ~ 0Ty which
are given inductively:
e If n =1, then 0°a : xf N yj is given by the 1-cell af : 2§ — y;-
o If n > 1, then 0°c : x},_; ~ y;,_; is given by the 1-cells oy : 5 — y, and ozar : :Ug — y0+,
together with the (n—2)-cylinder §0°a = o : af *025_; N y5_1 *0 g in C(xg,yg)-
If a: x ~ y is such an n-cylinder, we write @ and « for the n-cells z and y respectively.

1.3.2. More concretely, an n-cylinder a: © ~ y in C' is given by a finite sequence of cells

J— + — + .
gy, 00 5.0, 00 0 in O
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where the auziliary cells o5 have dimension i+ 1, the principal cell || = o, has dimension n+1,
and their sources and targets are given as follows:

ot +
a5t K1k Qg

£ € - . - )
: k0 T = Y5 ko o *1 ki1 o for i < m,

o+ + -
|| = a0 k1 kL QT > YR O KL k1 Q.

For any ¢ < n, the i-cylinder 0o : 7 ~ 3 is given by the following sequence of cells:
aa,a:{, e ,a;l,aztl,af.

1.3.3. Remark. Beware of a slight discrepancy in our notations:

o If = is a cell, then z; stands for the i-cell O;x.
e If o is a cylinder, then of does not stand for the i-cylinder 0, but for its principal
cell |05 .

1.3.4. Examples.

o If z,y are O-cells, a O-cylinder « : = ~ y is given by the 1-cell |a| = ap: x — y.

o If z,y are 1-cells, a l-cylinder o : * ~ y is given by the 1-cells of : x5 — y5 and the
2-cell || = a1 1 af x0x — y*p 0y -

o If x,y are 2-cells, a 2-cylinder o :  ~ y is given by the 1-cells af : x5 — yg, the 2-cells
af ag x0 5 — Y5 *0 g, and the 3-cell |a| = ag : af 1 af x0x — yxoay *1 a7

— +
T To x Zo
S
(3}
ap — +
Qo Qg
- _ 5.
Y Yy
— +
Yo Yo

1.3.5. If we write I',,(C) for the set of n-cylinders in C, we get the following globular set I'(C):

o~ o~ o~
I'o(C) % I'(C) 8<<:+ I (C) a+<<: e

The globular set I'(C') supports a structure of w-category we describe below (see also [LMO09,
LMW10)).

1.3.6. Definition (w-category of small cylinders).
The w-category of small cylinders in C' is I'(C) endowed with the following operations:

o Ifn > p, if:z:,y,z,taren—cellssuchthatx;;:zp_ andy;:t]j,andifa:a:my,ﬁ:zmt

are n-cylinders such that 8304 = 0, B, the p-composition v = Bxpa: z2%px N Lxpy is
the n-cylinder given by the following cells:

Vi=of=Ffori<p, oy =a,, =5,

Vor1 = (ko 0 1+ p1 @, y¥p ) spi1 (B %p 5;_1*11)—1 ~ %1 g %0 Tpp) ifp+1<n,
v = (t;_l*o Qg *1 - kp—1 @ kp OF) Hp i1 (B 5;—_1*17—1 <k By ko z,.q) for p+1<i<n,
V] = n = (t;_-f—l k0 Qg *1 - kp—1 a;_l *p an) *p—l—l(/Bn *p /8;—_1 *p—1 kL /8(—)’— *0 x;—l—l)'

o If a: x ~ yis a p-cylinder, the p-unit 1, : 1; ~ 1, is given by the following cells:

Qg , aar, o 7a;71, a;ll, Qy, Qp, 1%.

We refer to [Mét03, Appendix A] for a proof that the axioms of (strict) w-categories hold.
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1.3.7. Examples.

o If x,y,z,t are 1-cells such that :Bg = 2z, and yar =ty,andifa:x2~y,B:2~tare
1-cylinders such that ag = By, the O-composition v = Bx*ga : z*xgx ™ t*gy is given by
the 1-cells v, = oy and v = 37, and the 2-cell |y| = 1 = (t*0 a1) *1(B1 *0 ).

o If z,y,z,t are 2-cells such that l'0+ = 2z, and yar =ty,andifa:x~y,B:2~tare
2-cylinders such that ag = B, the O-composition v = Bx*ga : z*xgx ™ t*gy is given by
the 1-cells 7, = oy and g = By, the 2-cells v = (5 x¢ af) *1 (55 %0 25), and the 3-cell
7] =72 = (] %0 az) ¥1(Ba %o =)

o If x,y, z,t are 2-cells such that a:T = 2z; and yf =t ,andifa:z~y,B:2~tare 2-
cylinders such that af = 35 and oz;r = 31, the l-composition v = B*1a:zxjx N t*1y
is given by the l-cells 7§ = af = /5, the 2-cells 7; = o] and 7{ = §;, and the 3-cell
V] =2 = (t*o o 1 a2) %2(B2 *1 By %0 2).

o If a: x ~ yis a O-cylinder, the O-unit 1, : 1, ~ 1, is given by the cells ag, g, 1a-
o Ifa: x ~ yisal-cylinder, the 1-unit 1, : 1, ~ 1, is given by the cells oy, a('f, a1,01, 1g,.

@ Lo x oy T ot
l 1a0 l /
aQ aQ — C
. ! S
y 1y Yy

1.3.8. Since this construction is clearly functorial, we get an endofunctor I' : Cat,, — Cat,,,
and by the above formulas, the maps o — @ and a — « define w-functors 7o, 7o : I'(C) — C.
Hence, we also get two natural transformations 7,7 : I' = idcag,, -

1.3.9. Any n-cell z yields a trivial n-cylinder 7(z) : x ~ x given by the following cells:

"

1 -1 4,...,1 - 1 4+ 1
x07$07 7xn717 xn717fﬂ

It is in fact a unit for another composition of cylinders, which is called concatenation in [LMO09).

1.3.10. Examples.

e If z is a 0-cell, the O-cylinder 7(x) : © ~ x is given by the cell 1,.
e If z is a 1-cell, the 1-cylinder 7(x) :  ~ z is given by the cells 15’05’ 1$0+, 1,.
1oL 1

e If z is a 2-cell, the 2-cylinder 7(x) :  ~ z is given by the cells 15’05’ 1930+’ o

T Ty T xg
-
1
1, 1 _ T 1 4
®o Zo
T _— .
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1.3.11. Definition (oplax transformations).
If f,g : C — D are two w-functors, an oplaz transformation 6 from f to g is an w-functor
0 : C — I'(D) making the following diagram commutative:

D
f T

Tp
c-1(D)

L
D

1.3.12. More concretely, if 6 is an oplax transformation from f to g, then we get an n-cylinder
O(x): f(x) ~ g(z) in D for each n-cell z in C. Its principal cell 6, = |0(x)]| is an (n+1)-cell in D,
with the following source and target:

0 : 0 + *nfl"'*lezg *0f($) —)g(l’) >"09330— >kl"'*nflez—

n—1 n—1

By w-functoriality of § and by construction of the w-category I'(D), the following two equalities
hold for n > p, for any n-cells z,y such that x;; =1, , and for any cell u:

_ + —
Hy apr = (g(yp+1) *Q 0.1:6 K] kpo] engl*p ew) *p41 (9y *p Gy;;l*p_l R 3 9y0+ *Q f(xp-l—l)) 5
01, = 1o,
Conversely, if for each n-cell z in C, 0, is an (n+1)-cell in D with the above source and target,

and if the above two axioms hold, then we get a unique oplax transformation 6 from f to g,
which is defined as follows for each n-cell z in C"

0(z); = Oz for i <n, 0(z)| = (), = 6,.
In other words, 6 can be reconstructed from the 6,. See [AM20, Section B.2] for more details.

1.3.13. Example. For any w-category C, the w-functor 7 : C' — I'(C') mapping any cell x in C
to the trivial cylinder 7(z) :  ~ x defines an oplax transformation from id¢ to itself, which is
given by the following (n+1)-cell for each n-cell z in C:

Ty =1z 12 — .

Hence, we get a natural transformation 7 : idcat,, — I', which is a common section of 7 and 7.

2. ORIENTALS FROM THE EXPANSION MONAD

This section addresses the main goal of this work, namely a construction of the cosimplicial
object of orientals O : A — Cat,,, which is obtained by iterating a monad T : Cat, — Cat,,.
In particular, we get the following definition of orientals:

Oy = T(@), 01 = T2(@), 0y = Tg(@), ...

This monad comes from the forgetful functor from the category of w-categories with expansion
to the category of w-categories. This notion of expansion is central in this paper:

e It was first introduced under the name of w-initial structure by Burroni in the unpub-
lished paper [Bur07].

e It was then introduced independently under the name of contraction by the first author
and Maltsiniotis in [AM15], in their study of homotopical properties of orientals.
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2.1. Cones.

2.1.1. Definition (w-category of small cones).

If 0 is a 0-cell in an w-category C, which amounts to an w-functor o : 1 — C' where 1 is the
terminal w-category, the w-category A(C,0) of small cones of origin o in C' is given by the
following pullback square:

A(C,0) —=T(C)

e

1 C

2.1.2. Remark. As the bottom arrow is a monomorphism, so is the top one, and in fact, A(C, o)
is a full subcategory of I'(C).

2.1.3. More concretely, an n-cell in A(C,0) amounts to an n-cylinder a: 12 ~ x in C, which is

written a : 0 ~ x and called n-cone of origin o. The n-cell @ = x is called the basis of the cone a.
The formulas of paragraph 1.3.2 for sources of (auxiliary and principal) cells of cylinders are

simpler in the case of cones. Indeed, an n-cone o : 0 ~ x is given by a finite sequence of cells

— - +
oo O o Y o Y 51

with the following sources and targets:

€ . 5 e . ot € — . — :
ag 10— Ty, af to | = xSrgag Rk oy for 0 <i <,

la] =ap:0—zifn=0, lal = an i af | = zxgag*1 kg1, g if n >0,
Note that the formulas for targets are unchanged, except that y is replaced by x.

2.1.4. Examples.
e If z is a O-cell, a O-cone «: 0 ™~ z is given by the 1-cell |a| = ap : 0 — =.
o If z is a 1-cell, a 1-cone o : 0 ~ x is given by the 1-cells af : 0 — zj and the 2-cell
lal =a1:af = xx0ag.
o If x is a 2-cell, a 2-cone a : 0 ~ x is given by the l-cells af : 0 — zf, the 2-cells
af taf — x5 %0 g, and the 3-cell |a| = az: af — zxpag *1 a7 .

o

o
@Q _
B O‘g
w
x

[

— xX

X CC+

0 0

2.1.5. The formulas of definition 1.3.6 for p-composition are simpler in the case of cones. Indeed,
if n > p, if x,y are n-cells such that x; =y,,andif a: 0o~ x,B: 0~y are n-cones such that
8;'@ = 0, 3, the p-composition v = %, a : 0 ™ y*p,x is the n-cone given by the following cells:

v=of=pffori<p, v, =q,, =8,

’Y;H:yf;ﬂ*oaa*l"‘*p—lagll*pa?*p-klﬁgﬂ ifp+1<mn,
— ot — - :
fyf_ypﬂ*oozo *1---*p_1ap71*pa,f*p+1ﬁfforp+1<z<n,
= 0 = U 200 1 5y 5

n = Ypt1 ¥0 ¥y *1 p—1 Q1 *p Qn *p41 POn.

On the other hand, the formulas for p-units are unchanged.
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2.1.6. Examples.

o If z,y are 1-cells such that xar =1y,and if o : 0~ x,8: 0 y are 1-cones such that
ag = B, , the O-composition v = Bxga : 0 ™~ y*gx is given by the 1-cells v, = o, and
70+ = ,6’0+, and the 2-cell v1 = y *g aq *1 B1.

o If x,y are 2-cells such that xar =1yy,and if o : 0~ x,8: 0 y are 2-cones such that
ag = B, , the O-composition v = Bxga : 0 ™~ y*gx is given by the 1-cells v, = o, and
70+ = 0+, the 2-cells 7{ = yj *0 o] *1 57, and the 3-cell v = yf *Q Qg *1 Bo.

o If z,y are 2-cells such that xf =y, ,and if o: 0o~ x,8: 0y are 2-cones such that
ag = B and af = [3; , the 1-composition v = B*1a : 0 ~ y*1 2 is given by the 1-cells
75 = of = 5, the 2-cells 7, = o and vf = ﬁf, and the 3-cell 72 = y *o g *1 a2 *2 Ba.

o If «: 0 xis a 0-cone, the O-unit 1, : 0 ~ 1, is given by the cells ag, ap, 14,-
e If a: 0~ xis a l-cone, the 1-unit 1, : 0 ~ 1; is given by the cells o, ozar, a1, a1, 1y, .

2.1.7. Remark. The only trivial n-cylinder defining an n-cone of origin o is 7(12) : 12 ~ 12,
but there is a weaker notion, which is used to define the notion of expansion:

2.1.8. Definition (degenerate cones).
An n-cone a : 0 ~ x is called degenerate if its principal cell |a] = a,, is a unit, as well as its
negative auziliary cells o , ..., 4.

2.1.9. Remark. If a: 0 ~ z is a degenerate n-cone, then x, = o, as o, is an identity.

2.1.10. Lemma. Let x be an n-cell such that v, = o. There is a unique degenerate cone
a:onx of base x. This cone is determined by the following cells:

0‘1;_:11; for0<i<n-—1,

+ )Ty for0<i<n-—2,
! T fori=mn-—1,

o = 1.

Proof. By induction on n.

e For n = 0, there is a unique degenerate cone « : 0 ™~ x determined by z = o and oy = 1,.
e Suppose that the statement holds up to dimension n and let us show that the it holds
in dimension n + 1. Thus, let 2 be an (n+1)-cell such that x; = o. For the uniqueness
part, suppose that a : 0 ~ x is a degenerate (n+1)-cone and consider the n-cone
B=0a:0n~x,. Byl32 B =a; for 0 <i<n-—1andf, = aq,, so that all
negative auxiliary cells of 8 are identities, as well as its principal cell 5,. By induction
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hypothesis, 8 is the unique degenerate n-cone of base z, , and we know by 1.3.2 that

af = 35 for 0 <i¢<n—1and e = 2. Now by 2.1.3 the principal cell of « is

Qn+1 304;5—>3?*0066*1'“*n04n

and because « is degenerate, the right-hand side of the previous formula is just =, whereas
Q41 1s an identity so that «;f = x and ;1 = 1,. This proves uniqueness. Finally, the
above formulas for o, 0 < ¢ < n, and oy, satisfy the relations of 2.1.3 and define a
degenerate (n+1)-cone. O

2.1.11. Examples. For n =0, 1,2, we get the following degenerate cones:

o o ]

1o
1 T
o ]%
o
[
T
— +
o=umx, x

o:xo

2.1.12. We write Cat,, . for the category of pointed w-categories:

e An object is a pair (C,0) where C is an w-category, and o is a 0-cell in C, called origin.
e A morphism f: (C,0) = (D,o0) is an w-functor f : C'— D preserving the origin.

2.1.13. For any such morphism, we get two w-functors f : C' — D and I'(f) : I'(C) — I'(D),
which induce an w-functor A(f) : A(C,0) — A(D, o) by the pullback square of definition 2.1.1.
Hence, we get a functor A : Cat,, , — Cat,,.

The natural transformation 7 : I' = idcat, induces a natural transformation 7 : A — II,
where II : Cat,, ., — Cat,, stands for the forgetful functor. This means that, for any pointed
w-category (C,0), we get an w-functor 7(c : A(C,0) — C, which maps any cone to its basis.
In practice, we shall simply write m¢ for this w-functor.

2.1.14. The w-category of small cones can be used to describe particular oplax transformations.
Indeed, by the pullback square of definition 2.1.1, if C, D are w-categories and o is a 0-cell in D,
an oplax transformation from the constant w-functor o : C' — D to another w-functor f : C' — D
amounts to an w-functor 6 : C' — A(D, 0) making the following triangle commutative:

¢ —2~ A(D, o)

RN

D

In particular, an oplax transformation from the constant w-functor o : C' — C to the identity
w-functor id¢ : €' — C amounts to a section 6 : C' — A(C,0) of m¢ : A(C,0) — C.

2.1.15. By the formulas of paragraph 1.3.12, such an oplax transformation amounts to the data
of an (n+1)-cell 0, for each n-cell x in C, with the following source and target:

0, :0— x for n =0, Op:0,+ —xx0l - *1---%,10 - forn >0,
n—1 0 n—1

such that the following two axioms hold for n > p, for any n-cells x,y such that x;; =y, ,and
for any cell u:

I _
Oyspz = Ypy1 %0 ezg KL kp—1 ‘gx;_l*p Oz p41 Oy, 01, = 1o,
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2.2. Expansion monad.

2.2.1. Definition (expansions).
If C' is an w-category, an expansion on C consists of:

e a 0-cell o in C, called origin,
e asection £ : C' — A(C, 0) of the w-functor ¢ : A(C,0) — C, called expanding homotopy,

such that the cone {(x) is degenerate whenever x is of the form o or |{(u)| for some u.

2.2.2. By paragraph 2.1.14, £ is an oplax transformation from the constant w-functor o: C' — C
to the identity w-functor 1¢ : C' — C. More concretely, it amounts by paragraph 2.1.15 to the
data of an (n+1)-cell &, for each n-cell x in C, with the following source and target:

& ro—xforn=0, I 5I271—> T *q §$5 %1 ko gngl for n > 0,

such that the following four axioms hold for n > p, for any n-cells x,y such that :Uz‘f =y, ,and
for any cell u:

Sympr = Upp1 0 &z 311§ plaprn Gy S =len G =lan L =1lo

We will sometimes call the first two axioms the functoriality conditions and the last two axioms
the degeneracy conditions.

2.2.3. We write Cat,, . for the category of w-categories with expansion:

e An object is a triple (C,0,&), where C is an w-category, and o,£ define an expansion
on C.

e A morphism f: (C,0,§) — (D, 0,§) is an w-functor f : C' — D preserving the structure,
which means that f(0) = o and the following square commutes:

C - A(C,0)

1 e

D ? A(D, O)

2.2.4. Proposition. The obvious forgetful functor U : Cat, . — Cat,, admits a left adjoint.

Proof. This follows from the fact that our structures are “equational” in the sense of the theory
of sketches. See for instance [AR94] for an introduction to this theory. See also Remark 2.4.4
for a more concrete proof of the existence of this left adjoint.
Following the usual definition of w-categories, Cat,, is indeed sketchable by a limit sketch X:
e Objects are the following symbols:

C, for n >0, Cn X¢, Cp and Cp, X, Cp X, Cp for n > p >0,
(Ch Xc, Cp) Xc, (Ch Xc, Cn) forn>p>q>0.

e Generators (for morphisms) are given by sources and targets, compositions and units.

e Relations are given by laws of associativity, unit, interchange and functoriality of units.

e Distinguished cones are suggested by the notation of objects.
Similarly, the equational definition of paragraph 2.2.2, produces a limit sketch 3. whose mod-
els are w-categories with expansion. More precisely, Y. is obtained by adding to ¥ the object 1
as well as suitable generators, relations and distinguished cones.

Now, the canonical inclusion of ¥ into Y. defines a morphism of sketches ¢ : ¥ < ¥, and the

induced functor Mod(¢) : Mod(X.) — Mod(X) is U : Cat,, . — Cat,. By [Lai79, Lemma p. 6],
this implies that U admits a left adjoint. [l

2.2.5. We write F' : Cat,, — Cat, . for this left adjoint, 7' = UF : Cat,, — Cat,, for the
induced expansion monad, yu : T? — T for its multiplication, and 7 : idcat, — 1" for its unit.

It happens that the algebras of this monad are precisely the w-categories with expansion:

2.2.6. Proposition. The forgetful functor U : Cat,, . — Cat,, is monadic.
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Proof. We use again the sketches 3,3, and the morphism ¢ : 3 < ¥, introduced in the proof
of Proposition 2.2.4. This morphism has the following properties:

e The base of any distinguished cone of ¥, factors though ¢.
e Every object of 3, not reached by ¥ (namely only 1) is the tip of a distinguished cone.

It thus fulfills the hypothesis of [Lai79, Corollary 1] and it follows that U is monadic. O

2.3. Cosimplicial object of orientals.

2.3.1. We write A for the simplex category:

e Its objects are the ordered sets A, ={0 <1< --- <n} forn >0.
e Its morphisms are the order-preserving maps.

The morphisms of A are generated by
on

)

A1 — Ay, forn>0and 0 <i<n, ol

)

Apy1 — Ay, forn>0and 0<i<n,

where 0" is the unique order-preserving injection such that the preimage of {i} is empty, and
ol is the unique order-preserving surjection such that the preimage of {i} has two elements.
2.3.2. Similarly, we write Ay for the augmented simplex category:

e Its objects are those of A, plus an additional one: A_; = @.
e Its morphisms are again the order-preserving maps.

By definition, A is a full subcategory of Ay. Moreover, the morphisms of A are generated by
the generating morphisms of A, plus an additional one: &3 : A_; — Ay.

2.3.3. Recall that Ay is the universal monoidal category endowed with a monoid object. More
precisely, the disjoint union A, IT A, = A,,+14, defines a strict monoidal structure on A,
with unit @ = A_1, and Ag is endowed with a unique structure of monoid for this monoidal
structure:

08 AgITAg = A — Ay, 0o =A_1 = A

The universal property of A} can then be expressed as follows (see for instance [ML98, Chap-
ter VII, Section 5]):

2.3.4. Lemma. For any monoid object M in a strict monoidal category C, there exists a unique
strict monoidal functor ® : AL — C sending the monoid Ay to the monoid M.

2.3.5. In particular, a monad on a category € amounts to a monoid object in the strict monoidal
category End(C) of endofunctors on C. Hence, for any such monad 7', we get a canonical functor
cp A4 — End(C), which is given as follows on objects and on generators:

er(An) =T, ep(7) =TT : T" - T, cp(of) =T 'uT" : T2 — T

2.3.6. Definition (orientals).
The augmented cosimplicial object of orientals O4 : A, — Cat,, is the composition

Ay r, End(Cat,,) e, Cat,,

where ¢ is given in the previous paragraph and ev,, is the evaluation functor at @.
By restricting Oy to A, we get the cosimplicial object of orientals O : A — Cat,,, and for
n > 0, the n-th oriental is O, = O(Ay).

2.3.7. Explicitly, we have:
0, = T"(2), OOG") =T "NTHD) : Op_1 — On,  O(o?) =T "uT (D) : Opi1 — Op.

In the remainder of the paper, we will describe explicitly this “abstract” cosimplicial object
of orientals and show that it corresponds to the classical one defined by Street in [Str87].



ORIENTALS AS FREE ALGEBRAS 15

2.4. Free expansion on a polygraph. We know from Proposition 2.2.4 that the forgetful
functor U : Cat,, . — Cat,, admits a left adjoint F' : Cat,, — Cat, . taking an w-category C
to the free expansion FC = (T'C,0,£) on C. We now present a concrete description of F'C in
the particular case where the w-category C is freely generated by a polygraph.

2.4.1. Let S be a polygraph and C = S* the free w-category generated by S. We shall define an
w-category C'7, freely generated by a polygraph, together with

e an inclusion morphism 7 : C' — C<,

e a distinguished 0-cell o of C7,

e a morphism & : C< — A(C*,0),
in such a way that, eventually, (C<,0,{) becomes an w-category with expansion, and in fact
coincides with F'C.

We now define C<, n and £ by simultaneous induction on the dimension. In each dimension 7,
C< will be defined by freely adjoining a set R,, of new n-generators to those of C, together with
source and target maps from R, to C;' ;. The morphism 7 will be induced by the natural
inclusion of generators S, — S, II R,. Throughout the construction, we abuse notations by
identifying any n-cell z € C,, with nz € C.

e For n =0, Ry is a singleton and n : Cy — C’Oq is the natural inclusion So — Syl Ry. The
unique element of Ry is denoted by o and eventually becomes the distinguished 0-cell
of C.

e For n =1, to each a € Sy corresponds a generator r, € Ry such that r, : 0 — a. Now to
any generator a : u — v in Sy correspond source and target cells u and v in Cy C C§'.
Therefore the 1-cells in C}' are defined as freely generated by S; Il Ry, and n : C; — CY°
is induced by the natural inclusion S; — S1 II R;.

Moreover the 0-cells of A(C'<, 0) are now defined as the 0-cones of origin o in C'<, that is,
the 1-cells u of C¥ with uy = o. Finally £ : Cj' — A(C'¥,0)o is defined by

— {(a) = r, for each a € S,

— £(0) = 1,.
In particular, the first degeneracy condition holds.

e Let n > 1 and suppose we have defined C< together with a morphism n : C' — C<, up to
dimension n, as well as an expanding homotopy £ : C< — A(C'<, 0) up to dimension n—1.
So we get the following diagram:

Cn—l Cn

|

ce C

| 1
A(CQ, O)nfl

In addition, we suppose that C is freely generated by the set S, II R,, where

Rn = {fa | a € Sn—l}~

We must now extend C< together with n : C — C< up to dimension n + 1, and the

expanding homotopy ¢ up to dimension n. The (n+1)-generators of C are twofold:

— each a : u — v in Sp41 becomes an (n+1)-generator of C'< with source and target
wand v in C, C C};

— to each a : v — v in S, corresponds a new generator r, in R,y;. By induction
hypothesis, x = {(u) and y = £(v) are two parallel (n—1)-cones of origin o in C<
such that 7z = u and 7y = v. Therefore, by 2.1.3, we may define the source and
target of r, by
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Thus C},; is defined as the set of freely generated (n+1)-cells over S,y 1 IT Ry y1, and
the natural inclusion Spy1 — Spy1 I Ryqq induces 1 @ Cpy1 — Cl . Now, having
defined C'¥ up to dimension n + 1, the n-cones in A(C<,0) are determined and the
remaining task is to define ¢ : C! — A(C<,0),. By Lemma 1.2.3, it is sufficient to
define £ on the generators of C!, that is, on the elements of S, II R,, provided the
commutation conditions for source and target are satisfied. There are two cases to
consider:

—ifa:uw — visin S,, we have defined r, € R,41 in such a way that r, is the
principal cell of an n-cone z : * — y where x = {(u), y = &{(v) and 7z = a.
Therefore 0°z = £(0%a) for € = &+ so that we may define {(a) = z;

— if a € R,, by induction hypothesis, a is of the form r, = &, for some b € 5, _1.
Therefore a; = o and by 2.1.10, we may define £(a) as the unique degenerate cone
of base a. If n =1, £(07a) = £(0) = 1, = 9 &(a) and £(0Ta) = £(b) = 07¢(a),

which entails compatibility with source and target. If n > 2, then
0 a=r = 5,):72,
0ta = r;r = bxg fba X1 k9 gb;Q.

By induction, applying £ to the above equations, and using the degeneracy condi-
tions up to dimension n gives

£(07a) =0 ¢(a),
5(3+a) = &(b) *o 5(5;,0—) ¥l *¥p—2 5(55;7 ),

2

and it remains to show that 97¢(a) = £(0%a). First, both cones have the same
base &*a, and by induction, for ¢ = %,

0°¢(0"a) = £(0°0"a) = £(0°0a) = 0°€(0™a) = 870 ¢(a) = 0707 ¢(a),

so that both cones have same source and target. Finally, the principal cell of
9%¢(a) is just a by Lemma 2.1.10, whereas the principal cell of £(0"a) is the one
of £(b) xo §(§b5) K1 k0 &(&- 2) by the above formula. As all terms |£(,-)| are

identities, one gets [£(01a)| = |£(b)| = a and we are done.
By construction, R,11 consists in generators of the form &, where a € S,, and for
all @ € Sp41 I Ry, m€a = a. Now, for each u € C; |, &, = lg,: this holds by
construction for generators and extends to any (n—1)-cell by the functoriality conditions
of 2.2.2. Therefore £ satisfies the expanding homotopy conditions up to dimension n,
which completes the induction step.

2.4.2. To sum up, given C a free w-category on a polygraph S, we have defined an w-category C<,
endowed with a distinguished 0-cell 0 : 1 — C'¥ and an expanding homotopy & : C< — A(C<,0).
By construction, C'< is itself free on a polygraph whose set of n-generators is S, II R,,, where

Ry = {o} and R, ={rq|laeS,—1} forn>1.

The sources and the targets of the generators in S, are inherited by those of S and, if a is
in S,,_1, for n > 1, the source and the target of r, are

re =&+ and 7”2' = a % §aa TRERE ] {a;l

n—1

and the expanding homotopy is defined by
&y =14, & =1, and &, =1,
We will denote this polygraph by S<, so that C< = §<*,

2.4.3. Proposition. For any polygraph S, the left adjoint F' : Cat,, — Cat, . to the functor
U : Cat, . — Cat, takes C = S* to (C,0,€), and therefore the expansion monad T takes
C=5*toCY =89,
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Proof. Let (D, o0,£) be an w-category with expansion, and f : S* — D a morphism in Cat,,. We
have to show that there is a unique morphism

fr(C%0,6) = (D, 0,8)

in Cat,, . such that the following diagram commutes:

S*

) N
CY——=D
7
Note that, by abuse of notation, we identify here f* with U f*, as U f* entirely determines f*,
as soon as it commutes with the origins and the expanding homotopies. The construction is by
induction on the dimension.

e In dimension n = 0, S§' = Sp II {0}, and we define f*a = fa if a € Sy and f*a = o if
a = o. This is clearly the only possible choice.

e In dimension n = 1, S7 = S1 I Ry. If a € Si, we set f*a = fa, the commutation
with source and target being straightforward. If a € Ry, a = r, = &, for some b € Sy,
and we define f*a = {y;, which again ensures commutation with source and target, and
defines f* up to dimension 1, in the unique possible way. Moreover, for each u € C,
E(f*u) = f*(&u). In fact, either u = o, in which case £+ = & = 1, = f*(1,) = f*(&),
or u € Sy, in which case &+, = f*(ry) = f* (&) by definition.

e Let n > 1 and suppose that, up to dimension n, we have defined a morphism f* : C< — D
such that f* on = f and f* commutes to the expanding homotopies up to dimen-
sion n—1. We extend f* to dimension n + 1 by defining first f*a when a € S ;. As
S ' 1 = Sn+1 I Ryqq, there are two cases to consider:

—if a € Sp41, we take f*a = fa, and the commutation with source and target is
straightforward. The condition f* on = f implies that this choice is unique;
— if a € Rp41, a is of the form r, with b € S,,. By induction hypothesis, we already
have an n-cell f*b € D,,. Now D is endowed with an expanding homotopy & so that
we get an n-cone x = £(f*b), whose principal cell v = |z| is an (n+1)-cell of D.
Thus, we may define f*a = u. The construction of r, given in 2.4.1 ensures the
commutation with source and target. Moreover, because f* must commute to the
expanding homotopies, the above choice for f*r;, is unique.
By Lemma 1.2.3, the above values determine a unique extension of the morphism f* in
dimension n+1. It remains to check that the morphism f* so defined actually commutes
to expanding homotopies up to dimension n, that is, £(f*u) = f*¢(u) for all u € C;.
By functoriality, it suffices to check this commutation on generators. Thus, if a € S,
§a =7a € Ryyq and [, = Ef+q by definition. If a € R,,, a =1, = & for some b € S;,_1,
and the degeneracy conditions together with the induction hypothesis yield

Efra = &gy, = Eepoy = Leguy, = Lprg, = [T, = [7&, = [ O

2.4.4. Remark. Proposition 2.2.4, whose proof is based on an abstract argument using the
theory of sketches, states that the forgetful functor U : Cat, . — Cat,, admits a left adjoint.
Proposition 2.4.3 gives an alternate proof. Indeed, it shows that this forgetful functor admits a
left adjoint relative to the subcategory of w-categories freely generated by a polygraph. As this
subcategory contains a small dense subcategory (for instance, the category of globular pasting
schemes indexing operations of w-categories), this implies that the forgetful functor admits a
left adjoint (provided that we know that the category Cat,, . is cocomplete).

2.4.5. Corollary. For each n > 0, the n-th oriental O, is a free w-category on a polygraph.

Proof. By induction on n. As Op is the terminal w-category, it is freely generated by the
polygraph having a single 0-generator and no generator of higher dimensions. Let n > 0 and
suppose O, is free on a polygraph. By definition, 0,11 = T(0,) = O], which is again free on a
polygraph by Proposition 2.4.3. ]
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2.4.6. Proposition. Let C = S*, where S is a polygraph, and let f : C — D be an w-functor.
Then the action of the w-functor T'f : TC — T'D on generators is given by

(Tf)(a) =nf(a) fora in S, with n >0,
(Tf)(o) =0 and (Tf)(ra) =&yf@) fora€ Sp—1 withn >1,
where o and & respectively denote the origin and the expanding homotopy in TC and T'D.
Proof. Let g =nf : S* — TD. By naturality of 7, the following diagram commutes:
f

S*—=D

|
n n
TC ——=TD
Tf
Therefore, by Proposition 2.4.3, T'f is the unique w-morphism commuting to origins and ex-

panding homotopies making the bottom-left triangle commute, and the equations follow from
the description of S<. O

By Proposition 2.4.3, if C' is freely generated by a polygraph, then the unit of the expansion
monad is given by the morphism 7 : C — C< of paragraph 2.4.1. We end the section by a
description of the multiplication of the monad:

2.4.7. Proposition. Let C be an w-category freely generated by a polygraph. Then the multipli-
cation of the expansion monad p : T>C — T'C is the w-functor defined on generators by

pnz) =z,  plo)=o  and  p(Epe) =&,
where x is a generator of TC = C<.
Proof. The first equation holds for any monad. As for the other ones, they follow from the fact

that p = UeF is induced by a morphism of w-categories with expansion. O

3. ORIENTAL CALCULUS
3.1. Syntax for expansion. We consider an w-category with expansion (C,o,¢).

3.1.1. For any n-cell z in C, we write (z) for the (n+1)-cell £, defined in paragraph 2.2.2, which
we call chevron of x.

e It has the following source and target:
() :0 = xif n=0, () : (@) = xxolay ) *1 - xn_1(z;,_1) if n > 0.
e It is the principal cell of the n-cone £(z) : 0 ~ x given by the following cells:
()2 (@ () () )

3.1.2. Examples. Starting from (z) : 0 — x for n = 0, we get (z) : (xg) = z*o(zy) : 0 = z§
for n =1, and (z) : (z) = xxo(zg ) *1(z7) : (&d) = 2] *0(xg) : 0 = 2§ for n = 2.

m @) /1y \3)
Y
Ty r zg

3.1.3. The four axioms of paragraph 2.2.2 can be rewritten as follows for any n > p, for any
n-cells z,y such that zf =y, , and for any cell u:

(yrpx) = yg *olmg ) #1 - xp1 (@ ) #p(@) pra (), (Lu) = Ly, ((u) = 1wy, (0) = Lo
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3.1.4. Remarks.

e In case n =p+ 1, we get y; 1 =¥, so that our first axiom can be rewritten as follows:

(y*px) =yxo(rg)*1-" *p—l(x;—1> *p(T) *p+1(Y).-

e The last axiom has a single occurrence:

(0)=1o

If we write 0 = (%) where % is an extra cell of dimension —1, this axiom becomes a
particular case of the previous one : ((*)) = 1. We shall not introduce such a cell but
we shall use a similar idea in our simplicial notation for generators of orientals.

3.1.5. Examples.

e If z,y are 1-cells such that :L“(T =1y, we get (y*ox) = y*0< ) *1(y).
o If z,y are 2-cells such that :):0 = yy , we get (y*ox) = y; *o(z) *1(y).
) 1

) *2{y)-

o If x,y are 2-cells such that xl =y, , we get (y*1 ) = y*o(zy

— N oo N
~_ "~ 7 \yf/

o If u is a O-cell, we have 1, : u — u and (u) : 0 = u. So we get

(1,) = Liwy (uy = 1y x0(u) = (u) and (u)) = Ly (uy — (u) *0(0) = (u)*g 1, = (u).

o If u is a 1-cell, we have 1, : u — u : uy — ud and (u) : {(ud) — u*o{uy) : 0 = ug.

So we get (Lu) = 1y 1 (u) = Ly xo(ug ) *1(u) = (u) and

+

(u)y) = (u
) *

*0 ))—U*o<<uo>>*<>—u*01< -y *1(u) = (u) —
1{{u)1) =

uy
(u) %o{o) 1 {(u ) = () %0 Lo %1 Ly, = {u).
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o o

3.2. Syntax for orientals. In paragraph 2.4.1, the unit n : C — C< of the expansion monad
is considered as an inclusion, but since orientals are obtained by iterating this monad, our
simplicial notation for orientals uses an explicit shift.

3.2.1. Let us introduce the following notations:

If x is an m-cell in O,,, we write [x], called shift of z, for the m-cell n(x) in Op4;.

We write (0) for the origin o, which is a 0O-cell in O,, for any n.

More generally, if 0 < i < n, we write (i) for the 0-cell 7¢(0) in O,,.

If = is an m-cell in O,,, we write (0, ) for the chevron (z), which is an (m+1)-cell in O,,.
More generally, if 0 < i < n and 2’ is an m-cell in O,, of the form 7(z) for some z in O,,_;,
we write (i,2) for the (m + 1)-cell n’(z) in O,,.

3.2.2. Remarks.

e Shift is a notation for the embedding 7 : O,, <= O} = O,,41 induced by the map i — i+1
from A, ={0,...,n} to Apt1 ={0,...,n + 1}, which must not be confused with the
canonical inclusion O, C Op41 induced by the inclusion A,, C Apy1.

e In practice, [z] is obtained by incrementing all integers occurring in x, or more precisely,
by applying the following rules:

(0] =(+1),  [G2)] =G+1[21),  [yspz] =[ylslz],  [lu] =1
3.2.3. By paragraph 2.4.2, the oriental O,, has a 0-generator (0), and any m-generator s of O,

yields two generators of Op1:

e a shifted m-generator s’ = [s] standing for 7(s), with shifted source and target if m > 0,
e an expanded (m+1)-generator (0,s’), which is just a new notation for the chevron (s'),
whose source and target are given by the same formulas as in paragraph 3.1.1.

3.2.4. By induction on n, we get that any 0-generator of O,, is of the form (i) with 0 < i < n,
and more generally, any m-generator of O,, is of the form

<i0,<i1,...,<im>‘-->> with 0 <ig<ig <+ < iy <.

In other words, the set of m-generators of O, is in canonical bijection with the set of injective
order-preserving maps from A,, to A,.

We write (ig, i1, ..., i) for the above m-generator, which is in fact defined by induction on m:
(80,91, -+ +» im) = (G0,(i1, - - - 5 Tm))-
In particular, we get a single generator |0, = (0,1,...,n) of maximal dimension n, which is

called the principal generator of O,,.
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3.2.5. The above notation extends to the case of a nondecreasing sequence ig < i1 < «++ < 1yp,.
This is easily seen by induction on m, since we get (ig, i1, ..., im) = 7°°(0,{i1 — ig, ..., %m — i0)),
but this defines a generator only if the sequence is (strictly) increasing. Otherwise, we get a unit.
For instance, if 0 = ig = i1 < ig--- < iy, then we get the following unit:

<Oa 0,12, ... 7im> = <07<0)<i2a cee 7’Lm>>> = 1(0,i2,...,im>-

The second equality follows indeed from the degeneracy axiom ((u)) = 1(,y where u = (i2, ..., im)
and (u) is written (0, u).

3.2.6. Examples.
e Op = @ has a single 0-generator (0).
e 0; = Of has the generator of Oy and the following ones:
— the 0-generator [(0)] = (1),
— the 1-generator (0,(1)) = (0,1) : (0) — (1).
e 02 = 07 has the generators of O and the following ones:
— the 0-generator [(1)] = (2),
— the 1-generator (0,(2)) = (0,2) : (0) — (2),
— the l-generator [(0,1)] = (1,2) : (1) — (2),
— the 2-generator (0,(1,2)) = (0,1,2) : (0,2) — (1,2) %¢(0, 1).
For s = (1,2) : (1) — (2), we get indeed
=0

<O73> : <07 SS_> 7<2>> = <O72> - 3*0<0735> = <172> *0<07<1>> = <1, 2> *0<07 1>'

e 03 = O3 has the generators of O and the following ones:
— the 0-generator [(2)] = (3),
— the 1-generator (0,3) : (0) — (3),
— the l-generator [(0,2)] = (1,3) : (1) — (3),
— the 2-generator (0,1,3) : (0,3) — (1, 3) %¢(0, 1),
— the 1-generator [(1,2)] = (2,3) : (2) — (3),
— the 2-generator (0,2,3) : (0,3) — (2,3) %¢(0, 2),
— the 2-generator [(0,1,2)] = (1,2,3) : (1,3) — (2,3) *%0(1,2),
— the 3-generator (0,1,2,3) : (2,3) *%0(0,1,2) %1(0,2,3) — (1,2, 3) %0(0, 1) %1 (0, 1, 3).
For s = (1,2,3) : (1,3) — (2,3) x0(1,2) : (1) — (3), we get indeed
(0,8) : (0,57) = (0,(2,3) %0(1,2)) = (2,3) %0(0,(1,2)) ¥1(0,(2, 3) = (2,3) %0(0, 1,2) %1(0,2,3) —
sx0(0,55) *1(0,s7) = (1,2, 3) %9(0,(1)) *1(0,(1, 3)) = (1,2, 3) %0(0,1) %1 (0, 1, 3).
) (0) (0)
0.1) 0,1 0,2
( ><0717/> (0,2)
V4

3.2.7. Remarks.

e We have a canonical inclusion O, C O,41, so that once the generators of O,, are known,
it suffices to give the last generation (of generators) of O,11. The latter is obtained by
applying s — s’ = [s] and then s’ — (0, s’) to the last generation (of generators) of O,,.
In particular, it does not contain the origin (0).
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e Once we have computed the source u and the target v of the principal generator |O,,|,
we get the source and target of any other m-generator (ig,...,%,) of O, for n > m
by applying the substitution 0 — g, ..., m — 4, to u and to v. In other words, we
apply the functor O : A — Cat,,, which is described in the next subsection, to this
substitution, seen as an injective order-preserving map from A, to A,.

3.3. Expansion monad on orientals.

3.3.1. By construction, the expansion monad restricts to orientals:

e It maps the oriental O,, to the oriental Oy = 0,41, and the w-functor f : O, — O, to
the w-functor f<: 05 = 0,41 — 07 = 0,41 defined as follows by proposition 2.4.6:

f[olsl=1fsl,
< = for any m-generator s of O,,.
o= { F0, [s]) = {0, [ o]y oY reenerator s of O

e Its unit is the w-functor 7 : O,, — O = 0,41 defined as follows:
n(s) = [s] for any m-generator s of O,,.

e Its multiplication is the w-functor p: O = Op40 — O = 0,41 defined as follows by
proposition 2.4.7:

B uls] =s,
w1(0) = (0), { 200, TST) = (0, 8) for any m-generator s of Op41.

More explicitly, we get the following formulas for n and u:

nlio, - im) = (iog+1, ... im+1) for 0 <ig < -+ < im <n,

i041, .+ imt1) = (i, -+ s im),
M<.0 »m i <0» m> for0<ipg< - <@y <n+ 1
w(0,i9+1, ... im+1) = (0,40, ..,0m)

3.3.2. Remarks.
e Unlike 7, the w-functor u is not rigid, since we get the following degenerate case for ig = 0:
w0, 1, a1+1, ..o ipm+1) = (0,001, ... i) = L0i1,0mim) -

e Our formulas for p and n are generic, since they do not depend on the dimension n of O,,.
For that reason, objects are omitted in our notation for those natural transformations.

3.3.3. Example. The w-functor y : O3 — O9 is defined as follows:

1(0) = p(1) = (0),  w(2) = (1), n@3)=(2),
1(0,1) =11, 1(0,2) = p(1,2) = (0,1),  p(0,3) = pu(1,3) = (0,2), p(2,3) =(1,2),
1(0,1,2) =101y, p(0,1,3) = L2y, (0,2,3) = p(1,2,3) = (0,1,2),
1(0,1,2,3) = 1jg1 -
3.3.4. Proposition. The cosimplicial object of orientals O : A — Cat,, maps the object A, to

the oriental Oy, and the order-preserving map ¢ : A, — Ay to the w-functor f: O, = Oy
defined as follows:

flio, . yim) = (i), -, d(im)) for 0 <ipg < -+ < iy < n.

Proof. By the description of the functor O : A — Cat,, given in paragraph 2.3.7, it suffices to
apply the formulas of paragraph 3.3.1. O
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4. COMPARISON WITH STREET’S ORIENTALS

4.1. Steiner’s theory. All the definitions and results presented in this subsection are extracted
from [Ste04].

4.1.1. Definition (Augmented directed complexes).
An augmented directed complex K consists of an augmented chain complex of abelian groups in
non-negative degrees

d d d d

K, K, Koy—=>7

(meaning that we have dd = 0 and ed = 0) endowed with a submonoid K} of K, for every
n > 0.

If K and L are two such augmented directed complexes, a morphism from K to L is a
morphism f of augmented chain complexes

d K, d_ . d K, d Ko e .7
4 |,
d L, a_ . d L, d Lo € .7

such that f(K}) C L} for every n > 0.
We will denote by ADC the category of augmented directed complexes.

4.1.2. We define a functor A : Cat,, — ADC in the following way. Let C be an w-category.
For n > 0, the abelian group A(C), is defined to be the quotient of the free abelian group on
the set of n-cells of C' by the subgroup generated by the elements of the form z*;y — 2 — y,
where z,y is a pair of n-cells, 0 < j < n and x*;y is defined. We will denote by [z] the image
of an n-cell x of C' in A\(C),. If n > 0, the differential d : A(C),, = A(C),—1 is defined on the
generators by d[z] = [0Tz]— [0 z]. If n = 0, the abelian group A\(C)g is free on the set of objects
of C' and the augmentation e : A\(C')g — Z is the sum of the coefficients. Finally, for n > 0, the
monoid K} is the submonoid of K,, generated by the generators [z].

If f:C — D is an w-functor, then \(f) is defined on generators by A(f)[x] = [f(z)].

One can check that these constructions are well-defined and indeed define a functor .

4.1.3. We now define a functor v : ADC — Cat,,.
Let K be an augmented directed complex. For n > 0, an n-cell of v(K) is a table

)
where
e 2% belongs to K for e = =+,
ox;*x+
e daf)=ua | —x; for0<i<nete=d,
o e(zj) =1fore==+.

When n > 0, the source and target of such a table are given by the tables

Lo 0 Tpg Tpg d Lo 7 Tpg X
+ + - an +
Lo ° Tp_a Ty To -0 T x

:+:|

-2

:+:+
H »—\
~

Finally, if

To vt Ty Yo o Un
T = and Yy =
(xg = xﬁ) <y3 E yﬁ)



24 DIMITRI ARA, YVES LAFONT, AND FRANCOIS METAYER

are two n-cells such that 8;y = 8j+x for a j such that 0 < j < n, then the cell y x; x is the table
Ty oy Xy Ry, o Ty Y,
Yo oy oxp vyl o ab byl

One can check that these cells and operations define an w-category v(K).

If f: K — L is a morphism of augmented directed complexes, then, for n > 0, the action of
v(f):v(K)— v(L) on n-cells is defined by

(xa x) . (f(rca> f(xn>> |
l’(J)r st f($0+) e f(@h)
One can check that these constructions define a functor v : ADC — Cat,,.
4.1.4. Proposition (Steiner). The functors
A: Cat, - ADC v: ADC — Cat,
form a pair of adjoint functors.

Proof. This is [Ste04, Theorem 2.11]. O

4.1.5. A basis of an augmented directed complex K is a subgraded set [[,~, Bn of [[,~q K5
such that B, is a basis of the Z-module K,, that generates the monoid K*. We will say that an
augmented directed complex is free if it admits a basis.

4.1.6. Remark. If such a basis exists, then we have, for n > 0,
K, ~7Z®) and K} ~N©FBn),
It follows from the second isomorphism that B,, is uniquely determined by K. In other words,

a free augmented directed complex admits a unique basis.

4.1.7. Let K be a free augmented directed complex with basis B. Let z be in K, for some n > 0.
This element can be written in a unique way

z = Z b,
beBy,

where B, is the basis of K. The support of z is the subset of B, consisting of those b such
that z;, # 0. We define 21 and 2z~ to be the unique elements of K with disjoint supports such
that

For n > 1 and x in K,,, we set
d (z) =d(z)” and df(z)=d(z)",
and, for 0 < i < n, we set

a7 (@) = (d)" (@) and df (2) = (d*)"(a).

)

Note that d; (z) and d (z) are elements of K.
4.1.8. Let K be a free augmented directed complex with basis B. To any x in K, for some n > 0,
we associate a table
do (x) - dy(2) @
dg () - dy (@) z)
This table satisfies all the conditions to be an n-cell of v(K) except maybe that e(dy (x)) =1
and e(dg (z)) = 1, where e : Ky — Z is the augmentation of K.
The complex K is said to be unital if, for every n > 0 and every z in B,,, we have e(d; (z)) =1

and e(dg (z)) = 1. In this case, the table associated to x is indeed an n-cell of v(K) that is
called the atom of x.
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4.1.9. A free augmented directed complex K with basis B is said to be strongly loop-free if there
exists a partial order < on the set B =[], -, By such that, for every = in By, and y in B,, if

{ m > 1 and y belongs to the support of d* (x)
or
n > 1 and z belongs to the support of d~ (y)

then we have z < y.

4.1.10. A strong Steiner complex is a free augmented directed complex that is both unital and
strongly loop-free.

4.1.11. Theorem (Steiner). The functor v : ADC — Cat,, is fully faithful when restricted to
strong Steiner complezes.

Proof. This follows from [Ste04, Theorem 5.6 and Proposition 3.7]. O

4.1.12. Theorem (Steiner). For any strong Steiner complex K, the w-category v(K) is freely
generated, in the sense of polygraphs, by its atoms.

Proof. This follows from [Ste04, Theorem 6.1 and Proposition 3.7]. O

4.1.13. Remark. Steiner actually proved the two previous theorems for a more general class
of complexes, where the strong loop-freeness condition is replaced by a weaker one (see [Ste04,
Definition 3.5]).

4.2. A uniqueness result.

4.2.1. Proposition. If S is a polygraph, then A\(S*) is free and its basis consists of the [x], where
x varies among the generators of S.

Proof. Let n > 0. For every x in S,, we will denote by e, the corresponding element of the
canonical basis of Z(5%). Consider the morphism ~ : Z5») — X(S*), defined by sending e,
to [z], for every z in S,. We claim that this morphism is an isomorphism. Indeed, by [Mét03,
paragraph 3.3], there exists a map S — Z(%%) sending = in S, to [z] in Z(°*) and compositions
in $* to sums. In particular, we get a morphism \(S*), — Z(5») sending [z] in A(S*),, for z
in S,, to e, in Z(»). This morphism provides an inverse to 5. O

4.2.2. Let S be a polygraph.

We say that a generator = in S, is atomic if, for every ¢ such that 0 < ¢ < n, the supports
of [z;] and [z]] are disjoint. The polygraph S is said to be atomic if all its generators are
atomic.

The polygraph S is strongly loop-free if there exists a partial order < on the generators of S
such that, for every m > 0 and n > 0, every z in S, and y in Sy, if

{ m > 1 and y belongs to the support of [z7]
or
n > 1 and z belongs to the support of [y~]

then we have z < y.
Finally, S is a strong Steiner polygraph if it is both atomic and strongly loop-free.

Here is a reformulation of a result of Steiner based on [AGRO23]:
4.2.3. Theorem. The adjoint pair
A: Cat, - ADC v: ADC — Cat,

induces an equivalence of categories between the full subcategory of Cat,, consisting of w-categ-
ories freely generated by a strong Steiner polygraph and the full subcategory of ADC consisting
of strong Steiner complexes.

Proof. This follows from [AGRO23, Theorem 2.30], based on [Ste04, Theorem 5.11]. O
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4.2.4. Proposition. Let S and T be two polygraphs and let f be a dimension-preserving bijection
between the generators of S and the generators of T'. Suppose that, for every n > 1 and every x
m Sy, we have

flz7]=[f(2)7] and flz™]=[f(x)"].
Suppose moreover that S is a strong Steiner polygraph and that T is atomic. Then T is a strong
Steiner polygraph and the map f induces an isomorphism between S* and T*.

Proof. If z is in S,,, we have

fdlz] = f([z7] = [27]) = fla™] = fla7] = [f(2)"] = [f(2)7] = df[a]
and, by Proposition 4.2.1, the map f defines an isomorphism from A\(S*) to A(T*). Using the
previous theorem, to conclude the proof, it thus suffices to show that T is strongly loop-free.
But being strongly loop-free only depends on the generators and on the operations z — [27]
and z — [2T], where z is a generator. Since the bijection f is compatible with these, we get the
result. O

4.3. Uniqueness of orientals. We shall now give a “linear characterization” of O, aiming at
proving it is isomorphic to Street’s oriental. We saw in paragraph 3.2.4 that the m-generators
of O, correspond to the injections A,, — A,. We now describe the linear source and target of
such a generator:

4.3.1. Proposition. Fiz n > —1. For every m > 1 and every m-generator x of O, considered
as an injection T : Ay, — A, we have

@)= Y @] and [ot]= 3 [a67].

0<i<m 0<i<m
i odd 7 even
Proof. We prove the result by induction on n. The assertion is clear if n = —1 or n = 0. Suppose

n > 0. Let m > 1 and let = = (ig, ..., %,) be a generator of O,, (see paragraph 3.2.4).
(1) Suppose first that ig # 0. This means that x = n(y), with y = (ip — 1,...,iy» — 1) an
m-generator of O,_1, where n: O,_1 — O, is the w-functor coming from the fact that
Oy, is the free expansion on O,,_1. By induction, we have

1= > W& and [yT]= > [y,

0<i<m 0<i<m
i odd 1 even

so that

0<i<m 0<i<m
i odd i odd
m m
= Y )= o],
0<i<m 0<i<m
i odd i odd

whence the desired formula, and similarly for [x7].

(2) Suppose now that ig = 0. This means

T = Eny)s
with y = (i1 — 1,...,4y, — 1) an (m — 1)-generator of O,_;, where £ is the expansion
of O,,. In particular,
n(y) = (i1, ..., im) = xdg".
(a) If m =1, so that « = (0,4), then n(y) = (i) and
Eney) : (0) = (i)
Thus
[z7] = [(0)] = [»07"] and [27] = [(1)] = [2d5],
whence the result.
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(b) If m > 1, then

En(y) €7I(y)fn71_> 1(y) *o én(y)g KL Fm—1 fn(y);,l’
so that
[27] = [y ] = )] = )]

m—1

and
7] = )] + (6,0 ] = W] + [y

since [z] = 0 if z is an identity. To be able to use this, we will need the fact
that the oplax transformation £ induces a Z-linear map (and actually even a chain
homotopy)

[2] = [€:]
for every k > 0 (see the proof of Theorem 6.1 of [Mét03]). Now by induction, we
have
1= > o and [Tl= > [,
0<i<m—1 0<i<m—1
7 odd i even
so that

(7] = ] = MO = AOAm (> o)

0<i<m—1
=2&( Y W) =Aa@( X W)
0<i<m—1 0<i<m—1
= Z [gn(y)agﬂfl] = Z [gn(y) ﬁl]
0<i<m—1 0<i<m—1
(the equality fn(y) sm—1 = &y(y) 0141 being more transparent
under the form (0, (i1, ..., im)07" 1) = (0,1, ..., im)0r;)
= Y o) = > @l = > [z
0<i<m—1 1<j<m 0<j<m
7 even j odd j odd

as wanted. Similarly, one gets that

[Enw)] = Z [65"]

1<j<m
J even

and hence that

thereby ending the proof. O

4.3.2. Proposition. For every n > —1, the polygraph defining O,, is atomic.

Proof. We will prove more generally that if S is an atomic polygraph, then so is the polygraph S<
of paragraph 2.4.2. The result will then follow by induction as the polygraph defining O,, is
obtained by iterating this construction from the empty polygraph, which is atomic.

Let thus S be an atomic polygraph. Consider a generator z of S< of dimension n > 1.

o If z = n(y) for y a generator of S, where n : S — S< is the canonical morphism, then,
as y is atomic by hypothesis, so is x, as 7 is injective on cells.
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e Otherwise, x = ry for y a generator of S, with the notation of paragraph 2.4.2. If n =1,
then
(ry)” =o and (ry))" =y,
where o is the origin of S<. If n > 1, using the formulas
(ry)” =7+ and (ry) "

=YxqT, — k1 %kp_9oT —
u YxoTy - *1 n—2 )

Yn—2

where y was identified with 7(y), we get by induction that, for i such that 0 < i < n,

(ry); = Tyt and (ry)i = y; %o Tyo ¥Lo i1 Ty
and that
(ry)g =0 and (ry)a = yg -
The supports of (r,); and (r,);, for 0 < i < n, are thus disjoint and z is atomic, whence
the result. O

4.3.3. Proposition. Fizn > —1 and let S be an atomic polygraph such that

(1) for every m >0, we have Sy, = {x : Ay, — Ay, |  injective and order-preserving},
(2) for every m > 1 and every x : Ay, — A, in Sy, we have

)= > 26" and [zt]= ) [x6]").
0<i<m 0<i<m
i odd i even

Then S* is canonically isomorphic to O,.

Proof. By paragraph 3.2.4 and Proposition 4.3.1, these two properties are satisfied by the poly-
graph defining O, which is atomic by the previous proposition. To get the result, using Propo-
sition 4.2.4, it thus suffices to produce a strong Steiner polygraph S that satisfies these two
properties. We could prove that the polygraph defining O,, does the job but it is simpler to refer
to Steiner: the polygraph associated to the complex Aln] of [Ste04, Example 3.8] satisfies these
conditions. O

4.3.4. Theorem. The cosimplicial object O : A — Cat,, of Definition 2.3.6 is canonically
isomorphic to the cosimplicial objects of orientals as introduced by Street in [Str87].

Proof. By [Str87, Section 3 and Corollary 4.2], the n-th oriental defined by Street satisfies the
conditions of the previous proposition. This shows that the two cosimplicial objects agree on
objects. To show that they also agree on morphisms, by using Theorem 4.2.3, it suffices to
show that they agree after applying A : Cat,, — ADC. This follows from Proposition 3.3.4
and [Str87, Section 5]. O
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