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Abstract Let I' be a finitely generated group and G a real form of SL,,(C). We propose a
definition for the G-character variety of I as a subset of the SL,, (C)-character variety of I
We consider two anti-holomorphic involutions of the SL,,(C) character variety and show that an
irreducible representation with character fixed by one of them is conjugate to a representation
taking values in a real form of SL,,(C). We study in detail an example: the SL,,(C), SU(2,1) and
SU(3) character varieties of the free product Z/37Z * Z/3Z.
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1 Introduction

Character varieties of finitely generated groups have been widely studied and used, whether from
the point of view of algebraic geometry or the one of geometric structures and topology. Given a
finitely generated group I', and a complex algebraic reductive group G, the G-character variety
of I' is defined as the GIT quotient

Xe(I') = Hom(I',G)//G.

It is an algebraic set that takes account of representations of I" with values in G up to conjugacy
by an element of G. See the articles of Sikora [30] and Heusener [19] for a detailed exposition of
the construction. Whenever " has a geometric meaning, for example when it is the fundamental
group of a manifold, the character variety reflects its geometric properties. For SLs(C)-character
varieties, we can cite for example the construction of the A-polynomial for knot complements, as
detailed in the articles of Cooper, Culler, Gillet, Long and Shalen [3], and Cooper and Long [4],
or the considerations related to volume and the number of cusps of a hyperbolic manifold, as well
as ideal points of character varieties treated by Morgan and Shalen in [23], Culler and Shalen in
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[5] and the book of Shalen [29]. On the other hand, SLs(C)-character varieties of compact surface
groups are endowed with the Atiyah-Bott-Goldman symplectic structure (see for example [15]).

In the construction of character varieties, we consider an algebraic quotient Hom(I", G)//G
where G acts by conjugation. The existence of this quotient as an algebraic set is ensured by the
Geometric Invariant Theory (as detailed for example in the article of Sikora [30]), and it is not
well defined for a general algebraic group, nor when considering a non algebraically closed field.
Besides that, for the compact form SU(n), the classical quotient Hom(I",SU(n))/SU(n), taken
in the sense of topological spaces, is well defined and Hausdorff. See the article [I0] of Florentino
and Lawton for a detailed exposition. Furthermore, if G is a complex reductive group, the G-
character variety is identified with the set of closed orbits of Hom(I,G)/G. If K is a maximal
compact subgroup of GG, some recent results prove there is a strong deformation retraction from
the set of closed orbits of Hom(I, G)/G to Hom([, K)/K. When G is a complex or real algebraic
reductive group, this fact is proven for Abelian groups by Florentino and Lawton in [12], for free
groups by Casimiro, Florentino, Lawton and Oliveira in [2], and for nilpotent groups by Bergeron
in [IJ.

The quotient Hom (I, SU(n))/SU(n), that Procesi and Schwartz show in their article [28] to
be a semi-algebraic set, can be embedded in the SL,, (C)-character variety; we give a proof of this
last fact in Section Similar quotients for other groups have been studied by Parreau in [25],
in which she studies completely reducible representations and in [26], where she compactifies the
space of conjugacy classes of semi-simple representations taking values in noncompact semisimple
connected real Lie groups with finite center.

It is then natural to try to construct an object similar to a character variety for groups G
which are not in the cases stated above, for example real forms of SL,,(C). For the real forms of
SLo(C), Goldman studies, in his article [13], the real points of the character variety of the rank
two free group Fy and shows that they correspond to representations taking values either in SU(2)
or SLo(R), which are the real forms of SLo(C). Inspired by this last approach, we will consider
SL,,(C)-character varieties and will try to identify the points coming from a representation taking
values in a real form of SL, (C). For a finitely generated group I', we introduce two involutions
@, and @, of the SL, (C)-character variety of I" induced respectively by the involutions A + A

and A4 " of SL,,(C). We show the following theorem:

Theorem 1 Let x be a point of the SL,,(C)-character variety of I' corresponding to an irreducible
representation p. If x is a fized point for @1, then p is conjugate to a representation taking values
in SLy, (R) or SLy, jo(H). If x is a fized point for o, then p is conjugate to a representation taking
values in a unitary group SU(p,q) with p+ g = n.

In the second section of this article, we recall the definition of SL, (C)-character varieties
with some generalities and examples that will be studied further. In the third section, we recall
some generalities on real forms of SL, (C), we propose a definition for "character varieties for a
real form" as a subset of the SL,,(C)-character variety and we show Theorem [1| by combining
Propositions [4 and [5] in order to identify those character varieties beneath the fixed points
of involutions @; and @,. At last, in Section 4, we study in detail the SU(3) and SU(2,1)-
character varieties of the free product Z/3Z x Z/37Z. This particular character variety has an
interesting geometric meaning since it contains the holonomy representations of two spherical
CR uniformizations: the one for the Figure Eight knot complement given by Deraux and Falbel
in [7] and the one for the Whitehead link complement given by Parker and Will in [24].
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2 SL,,(C)-character varieties

Let I be a finitely generated group and n a positive integer. We are going to consider represen-
tations of I', up to conjugation, taking values in SL,,(C) and in its real forms. In order to study
these representations, the most adapted object to consider is the SL,, (C)-character variety.

2.1 Definition of character varieties

We give here a definition of the SL, (C)-character variety and recall some useful properties.
Character varieties of finitely generated groups have been widely studied, for example in the case
of SLy(C) by Culler and Shalen in [5]. For a detailed exposition of the general results that we
state, we refer to the article [30] of Sikora or the first sections of the article [I9] of Heusener.

Definition 1 The SL,,(C)-representation variety of I" is the set Hom(I",SL,,(C)).

Remark 1 Hom(I,SL,(C)) is an algebraic set, not necessarily irreducible. If I" is generated by
S1, ...,k an element of Hom(I', SL,,(C)) is given by (S1, ..., S,) € (My(C))* ~ C*"* satisfying
the equations det(S;) = 1 for 1 < i < k and, for each relation in the group, the n? equations in the
coefficients associated to an equality ;' ---Sj' = Id. Since all these equations are polynomial,
they define an algebraic set, possibly with many irreducible components. Finally, by changing
the generators, we obtain an isomorphism of algebraic sets.

Definition 2 The group SL, (C) acts by conjugation on Hom(I", SL,,(C)). The SL,,(C)-character
variety is the algebraic quotient Hom(I", SL,,(C))//SL,(C) by this action. We denote this alge-
braic set by Xsr,, (c)(I")-

Remark 2 The existence of this quotient is guaranteed by the Geometric Invariant Theory (GIT),
and it is due to the fact that the group SL,,(C) is reductive. By construction, the ring of functions
of Xgr,, (c)(I") is exactly the ring of invariant functions of Hom(I’, SL,,(C)). Moreover, the quotient
map is functorial. In particular, if we have a surjective homomorphism I" — I', we obtain
an injection Hom(I',SL,(C)) < Hom(I",SLy,(C)), which induces an injection Xsr,, c)(I") <
Xsr,, (C)(f’). See the article [19] of Heusener for a detailed exposition.

The following result, due to Procesi (Theorems 1.3 and 3.3 in [27] ) tells us that it is enough
to understand the trace functions in order to understand the whole ring of invariant functions,
and that this ring of functions is generated by finitely many trace functions.

Theorem 2 The ring of invariant functions of Hom(I',SL,,(C)) is generated by the trace func-
tions Ty : p = tr(p(y)), for v in a finite subset {v1,...,w} of I'. Consequently, Xsr, (c)(I") is
isomorphic, as an algebraic set, to the image of (T, ,. .., Ty, ) : Hom(I,SL,(C)) — C*.

Character varieties are strongly related to characters of representations. Let us briefly recall
their definition:

Definition 3 Let p € Hom(I', SL, (C)). The character of p is the function x, : I' = C given by
Xp(9) = tx(p(g))-

Remark 3 We have a projection map Hom (I, SL,,(C)) — Xgr,, (c)(I"). Two representations p, p’ €
Hom(I',SL,(C)) have the same image if and only if x, = x,. This explains the name "character
variety" for Xy, (c)(I"). We will sometimes abusively identify the image of a representation p in
the character variety with its character x,.
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Semi-simple representations are representations constructed as direct sums of irreducible rep-
resentations. We will use the following statement when dealing with irreducible representations.

Theorem 3 (Theorem 1.28 of [22]) Let p,p’ € Hom(I,SL,,(C)) be two semi-simple representa-
tions. Then x, = X, if and only if p and p’ are conjugate.

2.2 Some SLy(C) and SL3(C)-character varieties

We consider here two SL3(C)-character varieties that we will study further: the character variety
of the free group of rank two Fy and the one of the fundamental group of the Figure Eight knot
complement. We will also recall a classic result describing the SLo(C)-character variety of Fb.

2.2.1 The free group of rank 2

We denote here by s and ¢ two generators of the free group of rank two Fs, so Fy = (s,t). We will
use the character varieties Xgp,c)(F2) and Xsp,(c)(F2). Consider first the following theorem,
that describes the SLy(C)-character variety of Fy. A detailed proof can be found in the article
of Goldman [I6].

Theorem 4 (Fricke-Klein-Vogt) The character variety Xsr,,(c)(F2) is isomorphic to C3, which
is the image of Hom(Fy, SLo(C)) by the trace functions of the elements s,t and st.

Remark 4 Thanks to the theorem below, we know that it is possible to write the trace of the image
of st~ in terms of the traces of the images of s,¢ and st for any representation p : Fy — SLo(C).
By denoting S and T the respective images of s and ¢, the traces of the four elements are related
by the trace equation:

tr(S)tr(T) = tr(ST) + tr(ST ™).

On the other hand, in his article [2I], Lawton describes the SL3(C)-character variety of Fs.
He obtains the following result:

Theorem 5 The character variety Xsy,c)(Fz) is isomorphic to the algebraic set V of C?, which
is the image of Hom(Fy,SL3(C)) by the trace functions of the elements s,t, st,st™1, of their in-
verses s—1, 71, t71s71 ts™! and of the commutator [s,t]. Furthermore, there exist two poly-
nomials P,Q € C[X1,...,Xg] such that (x1,...,29) € V if and only if x5 — Q(z1,...,x8)T9 +
P(Jfl,...xg) = 0.

Remark 5 The polynomials P and @ are explicit: we can find them in the article of Lawton [21]
or in the survey of Will [31]. By denoting A = Q2 — 4P, the algebraic set V is a double cover of
C8, ramified over the zero level set of A. Furthermore, the two roots of X3 — Q(x1,...,28)Xg +
P(x1,...28), as a polynomial in Xg, are given by the traces of the commutators [s, ] and [¢, s] =
[s,] .

More recently, Gongopadhyay and Lawton study in [I7] the character variety Xsr,(c)(F2),
and describe a minimal global coordinate system of order 30 for it. However, the set of relations
between the traces of this minimal set is not known.
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2.2.2 The Figure Fight knot complement

We state briefly some results about the SL3(C)-character variety of the figure eight knot comple-
ment. It is one of the very few SL3(C)-character varieties of three-manifolds studied exhaustively.
We will come back to it in Subsection [£.4] The results were obtained independently by Falbel,
Guilloux, Koseleff, Rouiller and Thistlethwaite in [9], and by Heusener, Muiioz and Porti in [20].
Denoting by I's the fundamental group of the Figure Eight knot complement, they describe the
character variety Xgr,c)(Ig). Theorem 1.2 of [20] can be stated in the following way:

Theorem 6 The character variety Xsi,(c)(I:) has five irreducible components: Xtr, Xpr, R1,
Ry, R3. Furthermore:

1. The component XTr only contains characters of completely reducible representations.
2. The component Xpr only contains characters of reducible representations.
3. The components Ry, Ro, R3 contain the characters of irreducible representations.

Remark 6 We take here the notation Ry, Rs, R3 given in [9]. These components are denoted
respectively by Vo, V1 and V4 in [20].

Remark 7 — The component R; contains the class of the geometric representation, obtained
as the holonomy representation I's — PSLy(C) of the complete hyperbolic structure of the
Figure Eight knot followed by the irreducible representation PSLy(C) — SL3(C).

— The component R3 is obtained from Ry by a pre-composition with an outer automorphism
of I's. These components contain the representations ps and ps with values in SU(2,1) given
by Falbel in [8]. The representation po is the holonomy representation of the spherical CR
uniformization of the Figure Eight knot complement given by Deraux and Falbel in [7].

Besides determining the irreducible components Ry, Ry and Rj3, Falbel, Guilloux, Koseleff,
Rouillier and Thistlethwaite give parameters, in Section 5 of their article [9], for explicit repre-
sentations corresponding to the points of the character variety.

3 Character varieties for real forms

We are going to be interested in representations of a finitely generated group I" taking values in
some real forms of SL,,(C) up to conjugacy. We will focus on the real forms SU(3) and SU(2, 1) of
SL3(C) in the detailed example that we will consider further. In order to study the representations
up to conjugacy, we will consider the SL,, (C)-character variety and will try to figure out the locus
of representations taking values in real forms. When n = 2, the problem was treated by Morgan
and Shalen in [23] and by Goldman in his article [13].

3.1 Real forms and definition

Let us first recall the classification of the real forms of SL,,(C). For a detailed exposition of the
results that we state, see the book of Helgason [I8]. Recall that a real form of a complex Lie
group G is a real Lie group Gy such that G¢ = C ®g Ggr. The real forms of SL,,(C) belong to
three families: the real groups SL,(R), the unitary groups SU(p,q) and the quaternion groups
SL,,/2(H). We give the definitions of the two last families in order to fix the notation.
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Definition 4 Let n € N and p, ¢ € N such that n = p + ¢q. Denote by I, , the block matrix:

I, 0
fpa = (5 —Iq)

We define the group SU(p, q) as follows:
SU(p,q) = {M € SL,(C) | ' M1, ,M = I, ,}.
It is a real Lie group, which is a real form of SL,,(C).

Definition 5 Let n € N. Denote by Js, the block matrix:

0 I,
Jon = <—In 0)
We define the group SL,, (H), also noted SU*(n) as follows:
SL,(H) = {M € SLoy(C) | M Jon M = Jo, ).

It is a real Lie group, which is a real form of SLs,, (C).

In order to study representations taking values in real forms, we consider the following defi-
nition of character variety for a real form:

Definition 6 Let G be a real form of SL,, (C). Let I" be a finitely generated group. We call the
G-character variety of I" the image of the map Hom(I',G) — Xgr,, (c)(1). In this way,

Xa(I') = {x € XsL, ) | Ip € Hom(I',G), x = x,}-

Remark 8 The set Xg(I') given by this definition is a subset of a complex algebraic set, which
is not, a priori, a real nor a complex algebraic set. It is the image of a real algebraic set by a
polynomial map, and hence a semi-algebraic set. The definition might seem strange if compared to
the one for the SL,,(C)-character variety. This is due to the fact that the real forms of SL,,(C) are
real algebraic groups but not complex algebraic groups and that the algebraic construction and
the GIT quotient do not work properly when the field is not algebraically closed. Nevertheless,
when considering the compact real form SU(n), it is possible to define a SU(n)-character variety
by considering a topological quotient. We will show, in the next section, that this topological
quotient is homeomorphic to the SU(n)-character variety as defined above.

Furthermore, in some cases, the SU(n)-character variety is a strong deformation retraction
of the SL,, (C)-character variety. This fact fits in the more general frame of real reductive groups
and maximal compact subgroups. It is proven for free groups by Casimiro, Florentino, Lawton
and Oliveira in [2], for Abelian groups by Florentino and Lawton in [I2] and for nilpotent groups
by Bergeron in [I].
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3.2 The character variety Xsy(y)(I") as a topological quotient

Let n be a positive integer. We are going to show that the topological quotient Hom(I", SU(n))/SU(n),
where SU(n) acts by conjugation, is naturally homeomorphic to the character variety Xsy(n)(I).
Let us notice first that a map between these two sets is well defined. Indeed, since two represen-
tations taking values in SU(n) which are conjugate in SU(n) are also conjugate in SL,(C), the
natural map Hom(I',SU(n)) — Xsr,, (c)(I") factors through the quotient Hom(17,SU(n))/SU(n).

Proposition 1 The map Hom(I",SU(n))/SU(n) — Xsym)(I") is a homeomorphism.

Proof We consider Xgy(y,)(I") as a subset of Xy, (¢)(I") C C™, endowed with the usual topology
of C™. By definition, we know that the map Hom(I",SU(n))/SU(n) — Xsy(n)(I") is continuous
and surjective. Since a continuous bijection between a compact space and a Hausdorff space
is a homeomorphism, it is enough to show that the map is injective. We want to show that if
p1,p2 € Hom(I',SU(n)) are representations such that x,, = X,,, then p; and ps are conjugate
in SU(n). It is the statement of Lemma [2| that we prove below.

In order to prove Proposition [[] we are going to show the following lemma, which seems
standard despite the lack of references. E|

Lemma 1 Let p1, pa € Hom(I,SU(n)). If they are conjugate in SL,,(C), then they are conjugate
in SU(n).

Proof Let us deal first with the irreducible case, and treat the general case after that.
First case: The representations p1 and ps are irreducible. Let G € SL,,(C) such that py =
Gp1G~'. Let J be the matrix of the Hermitian form ", Z;y;, which is preserved by the images
of p1 and po. Since ps = Gp1G~, we know that the image of p; also preserves the form !GJG.
But p; is irreducible: its image preserves then a unique Hermitian form up to a scalar. We deduce
that J = XGJG with A € R. Since J is positive definite, we have A > 0, and, by replacing G by
VG, we have J ='GJG i.e. that G € SU(n).
General case. Since pp is unitary, it is semi-simple, and therefore can be written as pgl) &3]
By pgm) acting on F1 @ - - - @ E,,, where pgi) acts irreducibly on F; and the sum F1 @& --- @ Ey,
is orthogonal The same holds for py, which can be written as p2) G- P pém/) acting on
Fy@®---® F,, also in orthogonal sum. Since p; and ps are conjugated in SL (€), an irreducible

representatlon has the same multiplicity for p; and for ps. Therefore, m = m’ and, perhaps after
rearranging the terms, we can suppose that pg and p2) are conjugated for all i € {1,...m}.

Since for all ¢ € {1 .,m}, dimE; = dimF; and the direct sums are orthogonal there
exists Uy € SU(n) such that UyE; = F; for all i € {1...,m} Let i € {1,...,m}. Since p(l)
and Uopg)U(; Lact on E; and are unitary, conjugated and irreducible, there exists G; € SU(E;)
that conjugates them by the first case. Let G = G1 & --- ® G, and G’ = GUy. We have then
GUy € SU(n) and p; = G'p2(G") 1

Thanks to Lemmal[l] we can show the following lemma, which finishes the proof of Proposition
and ensures that Hom(7",SU(n))/SU(n) and Xsr,, (c)(I") are homeomorphic.

Lemma 2 Let p1,ps € Hom(I,SU(n)) such that X, = Xp,- Then p1 and ps are conjugate in
SU(n).

Proof Since p; and py take values in SU(n), they are are semi-simple. By Theorem [3| since
Xp1 = Xp, and p1 and py are semi-simple, we know that p; and py are conjugate in SL,,(C). We
deduce, thanks to Lemma |1} that p; and py are conjugate in SU(n).

I Florentino and Lawton give a first proof of this fact in the appendix of [10]; the proof is corrected in Remark
4.7 of [11].
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3.3 Anti-holomorphic involutions and irreducible representations

In this section, we find the locus of character varieties for the real forms of SL,(C) inside the
SLy,(C)-character variety Xsp,, (c)(I"). Before focusing on irreducible representations, we show
the following proposition, which ensures that two character varieties for two different unitary
real forms intersect only in points which correspond to reducible representations.

Proposition 2 Letn € N, and p,p’,q,¢' € N such that p+q=p +¢ =n and p # p',q . Let
p € Hom(I',SL,(C)) such that x, € Xsu(p,q) N Xsu(p,q')- Then p is a reducible representation.

Proof Suppose that p is irreducible. It is then, up to conjugacy, the only representation of char-
acter x,. Since x, € Xsy(p,q), We can suppose that p takes values in SU(p, ¢). Then, for every

g € I", we have (g)Jp,qp(9) = Jpq. On the other hand, let us assume that p is conjugate to a
representation taking values in SU(p’, ¢'). Hence there exists a matrix J;, ., conjugated to Jp 4,

such that, for every g € I', we have ‘p(g)J}, ,p(9) = J}, .. We deduce that, for every g € I',

_ ———1 _
J;/,q’p(g)(‘];/,q’) lztp(g) = Jp.aP(9)(Jp.q) L

The matrix (Jp7q)’1JI’),, o commutes with the whole image of I". Since p is irreducible, it is a scalar

matrix. We deduce that J, ; has either the same signature as Jy 4, or the opposite signature.
Hence (p',q') = (p,q) or (¢, 4') = (¢, )

From now on, we will limit ourselves to irreducible representations and will consider two
anti-holomorphic involutions of the SL, (C)-character variety, which induce anti-holomorphic
involutions on the character variety. We will denote by ¢; and ¢ two anti-holomorphic auto-
morphisms of the group SL,,(C), given by ¢1(A) = A and ¢3(A) = tA~1. These two involutions
induce anti-holomorphic involutions @; and @5 on the representation variety Hom(I", SL, (C)),
in such a way that, for a representation p, we have ®1(p) = ¢1 o p and P2(p) = @2 0 p.

Proposition 3 The involutions &1 and Py induce as well anti-holomorphic involutions on the
character variety Xgr, (c)(I)-

Proof For p € Hom(I',SL,,(C)) and g € I" we have tr(®1(p)(g)) = tr(p(g)) and tr(P2(p)(g)) =

tr(p(g=1)). Hence x,(P1(9)) = x,(9) and x,(P2(9)) = x,(97")- Let g1,...,gm € I" such that
Xsr,,(c)(I") is isomorphic to the image of ¢ : Hom (I, SL,,(C)) — C?™ given by

'(/)(p) = (Xp(gl)v S 7Xp(gm)aXp(gl_l>7 s 7Xp(91_1))-

If Y(p) = (215 s Zm, Wi, .., W) € C?™ then ¥(P1(p)) = (Z1,- -, Zm, Wi, ..., Wy,) and

Y(Pa(p)) = (W1, .., Wm, 21, -, 2m). The anti-holomorhic involutions
(Zla"'7z’fVL1w17"'7w7n)H(a7"'37n7w715"'3W)
and
(21 Zmy Wiy ooy W) = (WL, e o, Wiy 215 - -+ 5 Zm)

are hence well defined on Xgy, (¢)(I") and induced by ®; and @ respectively.

We will still denote these involutions on Xgr, (c)(I") by @1 and @;. We will denote by Fix(®1)
and Fix(®3) the points in Xy, (cy(I") fixed respectively by @1 and @s.
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Remark 9 If p € Hom(I',SL,(C)) is conjugate to a representation taking values in SL,(R),
then x, € Fix(®). Furthermore, if is conjugate to a representation taking values in SL,, 5 (H),
then x, € Fix(®1), since a matrix A € SL,, /»(H) is conjugated to A. On the other hand, if p
is conjugate to a representation taking values in SU(p, ¢), then x, € Fix(®Ps). Indeed, if A is a
unitary matrix, then it is conjugated to ‘{A=1. In this way, Xsr,, m)(I") C Fix(®1), XSL”/Q(H)(F) C
FlX(@l) and XSU(;D,q) (F) C FlX(@Q)

From now on, we will work in the reciprocal direction. We will show that an irreducible
representation with character in Fix(®q) or Fix(®2) is conjugate to a representation taking
values in a real form of SL, (C). The corresponding statements can be proven in a more general
frame by considering the involution A + P®(A)P~! if @ equals &; or P». The involution will
define a real form containing the image of an arbitrary lift p of a character x,. However, this
abstract proof gives no hint on how to determine the corresponding real form. We give here an
elementary proof, that allows to determine the real form if a conjugating matrix for p and ®(p)
is known. Let us begin with the case of Fix(P3), which corresponds to unitary groups. The result
is given in the following proposition:

Proposition 4 Let p € Hom(I,SL,(C)) be an irreducible representation such that x, € Fix(P2).
Then there exists p,q € N with n = p + q such that p is conjugate to a representation taking
values in SU(p, q).

Proof We know that x, € Fix(®2), so the representations p and ®(p) have the same character.
Since p is irreducible, p and ®2(p) are conjugate. Then there exists P € GL,(C) such that,
for every g € I', we have Pp(g)P~ = (g)~!. By considering the inverse, conjugating and
transposing, we obtain, for every g € I', that

PT0(g) TP = plg).

By replacing p(g)~! in the expression, we deduce that
(P~HP) " p(g)(PT'P) = p(g).

The matrix P~'*P commutes to the whole image of p. But p is irreducible, so there exists A € C
such that P~'P = AId. By taking the determinant, we know that |A| = 1. Up to multiplying
P by a square root of \, we can suppose that A = 1. We then have that P = ‘P, which means
that P is a Hermitian matrix. We have then a Hermitian matrix P such that, for every g € I,
t(g)Pp(g) = P. The representation p takes then values in the unitary group of P. Denoting by
(p, q) the signature of P, the representation p is then conjugate to a representation taking values
in SU(p, q).

Remark 10 1. When n = 3, the only possibilities are SU(3) and SU(2,1).

2. When n = 2, the involutions ¢; and @5 are equal: we recognize the result shown by Morgan
and Shalen in [23] (Proposition III.1.1) and by Goldman in [I3] (Theorem 4.3), which is
that an irreducible representation with real character is conjugate to either a representation
with values in SU(2), or to a representation with values in SU(1,1) (appearing as SL2(R) for
Morgan and Shalen and SO(2,1) for Goldman).

Let us see now the case of Fix(®1), which corresponds to representations taking values in
SL,(R) or SL,, /o (H). The result is given in the following proposition:

Proposition 5 Let p € Hom([I',SL,(C)) be an irreducible representation such that x, € Fix($1).
Then p is conjugate to either a representation taking values in SL,(R), either a representation
taking values in SL,, /5(H) (when n is even).
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We are going to give a proof of this statement inspired from the proof of Proposition [} An
alternative proof can be done by adapting the proof given by Morgan and Shalen in the third
part of their article [23] for the SLy(C) case.

Lemma 3 Let P € SL,(C) such that PP = 1d. Then, there exists Q € GL,(C) such that
P=QQ '

This fact is an immediate consequence of Hilbert’s Theorem 90, which says that H'(Gal(C/R), SL,(C))
is trivial. We give here an elementary proof.

Proof We search @ of the form @, = ald + @P. Those matrices satisfy trivially Qo P = Q.. It
is then sufficient to find o € C such that det(Q,) # 0. But det(Qq) = @" det(P + £1d), so any

a such that —£ is not an eigenvalue of P works.

Lemma 4 Let P € SLa,,(C) such that PP = —1d. Then there exists Q € GLa,,(C) such that
P = @JZmQ_l'

Proof We search () of the form Q, = —ald — @J2, P. Those matrices satisfy trivially Qo P =
aP +aJay = JomQa. It is then sufficient to find o € C such that det(%) # 0. But det(Q4) =
an det(Jom P — £1d), so any «a such that £ is not an eigenvalue of Ja,, P works.

Proof (Proof of Proposition @ We know that x, € Fix($1), so the representations p and @1 (p)
have the same character. Since p is irreducible, p and ®1(p) are conjugate. Hence, there exists
P € SL,(C) such that, for all g € I', we have Pp(g)P~ = p(g). By taking the complex

conjugation, we obtain Pp(g)P~! = p(g). By replacing p(g) in the expression, we deduce that
forall g e I
(PP)p(g9)(PP)™" = p(g).

The matrix PP commutes to the whole image of p. But p is irreducible, so here exists A € C
such that PP = AlId. In particular, P and P commute, so, by conjugating the equality above,
we have A € R. Furthermore, by taking the determinant, we have A\ = 1, hence A = £1 and
PP = +Id. We have two cases:

First case: PP =1d. By Lemma |3} there exists Q € SL,(C) such that P = QQ~*.

We deduce that for all g € I':

QQ'p(9)QQ~1 = p(g)

Q™ 'p(9)Q = Q7 1p(9)Q
This means that the representation Q~!pQ takes values in SL, (R).

Second case PP = —Id. By taking the determinant, we see that this case can only happen if

n is even. Let m = %. By Lemma @] there exists Q € GLg,,(C) such that P = QJ2,Q~'. We

deduce that, for all g € I":

Q1mQ ' p(9)Q T3 Q1 = plg)
p(9)1QJ2mQ ' p(9)QJ2m Q1 = 1d
(@ p(9)Q) Q' p(9) Q5 = 1d

(Q1p(9)Q) " omQ ' p(9)Q = Jom,.

This means that the representation Q~1p@Q takes values in SL,, (H).

With the propositions below, we showed that an irreducible representation with character in
Fix(®1) or Fix(Ps) is conjugate to a representation taking values in a real form of SL,(C). By
combining Propositions [4] and [§] we obtain immediately a proof of Theorem
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4 A detailed example: the free product Z/3Z * 7 /37

We are going to study in detail the character varieties Xguy2,1)(Z/3Z * Z/37) and Xguys)(Z/3Z*
7./3Z). We will begin by studying the character variety Xsr,,c)(Z/3%Z * Z/37Z) inside the variety
Xsr,(c)(F2) given by Lawton in [2I]. We will then focus on the fixed points of the involution
Fix(P3), that will give us the two character varieties with values in real forms, and we will finally
describe them in detail and find the slices parametrized by Parker and Will in [24] and by Falbel,
Guilloux, Koseleff, Rouillier and Thistlethwaite in [9].

4.1 The character variety Xsy,,(c)(Z/3Z * Z/37Z)

In this section, we will study the character variety Xsp,(c)(%Z/3Z * Z/3Z). First, notice that
Z/3Z x 7./3Z is a quotient of the free group of rank two Fy. Thanks to remark 2| we are going
to identify Xgr,,(c)(Z/3% +Z/3Z) as a subset of Xgr,,c)(F2) C CP. Let us begin by making some
elementary remarks on order 3 elements of SL3(C).

Remark 11 — If S € SL3(C), then the characteristic polynomial of S is yg = X3 — tr(S)X? +
tr(S71)X — 1.

— If S € SL3(C) is of order 3, then S* — Id = 0. Hence the matrix S is diagonalizable and
admits as eigenvalues cube roots of 1. We will denote these cube roots by 1, w and w?.

The following elementary lemma will be useful to separate the irreducible components of

Lemma 5 Let S € SL3(C). The following assertions are equivalent:

1. 83 =1d

2. One of the following cases holds:
(a) There exists i € {0,1,2} such that S = wild.
(b) tr(S) =tr(S~1) =0.

Proof

(a) = (1): Trivial

(b) = (1): In this case, xys = X* — 1. By Cayley-Hamilton theorem, we have S® — Id = 0.

(1) = (2): If 83 = Id, then S is diagonalizable and its eigenvalues are cube roots of one. If
S has a triple eigenvalue, we are in case (a). If not, since det(S) = 1, the three eigenvalues are
different and equal to (1,w,w?). We deduce that tr(S) = tr(S~!) =1+ w +w? = 0.

We can now identify the irreducible components of Xy, (c)(Z/3%Z * Z/3Z), thanks to the
following proposition:

Proposition 6 The algebraic set Xy, (c)(Z/3Z * Z/3Z) has 16 irreducible components: 15 iso-
lated points and an irreducible component Xo of complex dimension 4.

Proof Consider the character variety Xsp,(c)(Z/3Z % Z/3Z) C Xgr,(c)(F2) C C?, as the image of
Hom(Z/3Zx7/37,SL3(C)) by the trace maps of elements s, t, st, st~ s71 t71 ¢t71s71 ts7! and
of the commutator [s,t]. Let p € Hom(Z/3Z x Z/3Z,SL3(C)). Denote by S = p(s) and T = p(t).
By Lemma either S or T is a scalar matrix, or tr(S) = tr(S™1) = tr(T) = tr(T~!) = 0. Let us
deal with this two cases separately.
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First case: S or T is a scalar matrir. Suppose, for example, that S = wild with i € {0, 1,2}.
Since T is of finite order and hence diagonalizable, the representation is totally reducible, and it
is conjugate to either a representation of the form

S =w'ld T =w'ld
with 4,5 € {0, 1,2}, either a representation given by
w200

S = w'ld T=]0wo0
001

Considering the symmetries, we obtain 15 points of the character variety, classified by the
traces of S and T in the following way (where i, j € {0, 1,2}):

tr(9)[[3w'| 0 [3w?
tr(7T)||3w? |3w?| O

Since the traces of S and T are different for these 15 points and both 0 in the second case,
the points are isolated in Xgp,(c)(Z/3% * Z/3Z).

Second case: tr(S) = tr(S7!) = tr(T) = tr(T"!) = 0. By Lemma [5| all the points of
Xsr4(c)(F2) satisfying this condition are in AXgy,(c)(Z/3Z * Z/3Z). Denote by z = tr(ST),
2 = tr((ST)™Y), w = (ST 1), w' = tr(TS™') and z = tr([S,T)). The equation defining
Xsry(c)(F2) C C? becomes:

22 — (22 +ww' = 3)x + (z2'ww’ + 22 + 2% +w +w? — 622" — 6ww’ +9) =0

This polynomial is irreducible. Indeed, if it were not, it would be equal to a product of two
polynomials of degree 1 in z. By replacing z’, w and w’ by 0, we would obtain a factorization of the
form 22 +32+423+9 = (r— R1(2))(z— R2(2)), with Ry (2)Ra(2) = 23+9 and R;(2)+ Ra(z) = —3.
By considering the degrees of the polynomials R; and Ry we easily obtain a contradiction.

Since the polynomial defining X is irreducible, X is an irreducible component of the alge-
braic set Xsp,(c)(Z/3Z * Z/3Z). Furthermore, it can be embedded into C5 and it is a ramified
double cover of C*.

4.2 Reducible representations in the component Xo C Xsp,,(c)(Z/3%Z + Z/37Z)

In order to complete the description of the character variety Xsi,(c)(Z/3Z*Z/3Z), we are going
to identify the points corresponding to reducible representations. The 15 isolated points of the al-
gebraic set come from totally reducible representations; it remains to determine the points of the
component X corresponding to reducible representations. We consider here Xy C C°, with co-
ordinates (z, 2, w,w’, z) corresponding to the traces of the images of (st, (st) =1, st =1 ts71 [s,])
respectively. We denote by Xt°d the image of reducible representations in X,

Remark 12 If the coordinates (z,z',w,w’,x) correspond to a reducible representation, then
A(z, 2/ ,w,w') = 0. Indeed, for a reducible representation, the two commutators [s,t] and [¢, s]
have the same trace, and the polynomial X2 —Q(z, 2’, w,w') X + P(z, ', w,w’) has a double root
equal to those traces.
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We are going to show that the locus of the characters of reducible representations is a set of
9 complex lines, which intersect at six points with triple intersections, corresponding to totally
reducible representations. Before doing the proof let us fix a notation for these lines. For i,j €
{0,1,2}, let

LOD = {(z,2 w,w',z) € Xo | w'z = w2 0w = ww;wz + ww = 3}.

Each L) is a complex line parametrized by the coordinate z (or w), and these lines intersect
with triple intersections at the six points of coordinates (z,w) = (0,3w’) and (z,w) = (3w*,0),
where i, j € {0,1,2}. With this notation, we can state in a simpler way the proposition describing
the points of X corresponding to reducible representations.

Proposition 7 The points of Xy corresponding to reducible representations are exactly those in
the lines L7 . In other terms, we have

xXpd=(J LW
i,j€{0,1,2}

Proof We are going to show a double inclusion. Let us first show that

Xyt |J L@
i,j€{0,1,2}

Let p € Hom(Z/3Z * Z/37Z,SL3(C)) be a reducible representation such that x, € Xo. Let
S = p(s) and T = p(t). Since the representation is reducible, we can suppose, after conjugating

p, that
o S’ o T
S—w( 1) and T = w ( 1)

where i,j € {0,1,2}, and 5", T" € SLa(C) of order 3 (and trace —1). Notice that it is enough to
show that, whenever ¢ = j = 0, we have x, € L9 'in order to have the other cases by symmetry.
Let us consider this case, with i = j = 0. Since S'T” € SL2(C), we have tr(S'T") = tr((S'T") 1),
hence tr(ST) = tr((ST)~!) and z = 2. Similarly, we know that w = w’. Furthermore, the trace
equation in SLo(C) gives tr(S")tr(T") = tr(S'T’) + tr(S'T'~1). Hence (—1)? = (z — 1) + (w — 1),
i.e. z+w = 3. We obtain finally that y, € L9,

Let us show now the other inclusion. In order to do it, it is enough to show that all the points
of L9 are images of representations given by

()= (7)

with S/, T" € SLy(C), and recover the points of the other lines L(»7) by considering (w’S,w’T).
Since the image of every reducible representation of this form satisfies z = 2/, w = w’ and
z 4+ w = 3, we have to show that any z € C can be written as 1 + tr(S'T") with S’,T7”" € SLa(C)
of order 3 and trace —1. Fix z € C. Since the SLy(C)-character variety of F is isomorphic to
C? by the trace maps of two generators and their product, there exist matrices S’, T € SLa(C)
such that (tr(S"),tr(T"),tr(S'T")) = (—1,—1,z — 1). In this case, the two matrices S" and T’
have trace —1 and hence order 3, and we have z = 1 + tr(S'T").

Remark 13 The lines L(»7) intersect with triple intersections at the six points of coordinates
(z,w) = (3w’,0) and (z,w) = (0,3w’) with i € {0,1,2}. The corresponding representations are
exactly the totally reducible ones, where S and T are diagonal with eigenvalues (1,w,w?).
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4.3 The fixed points of the involution @9

We are going to describe here the character varieties Xsy(2,1)(Z/3%Z * Z/37) and Xsys)(Z/37Z *
7./37) as fixed points of the involution @ of Xy, (c)(Z/3Z + Z/3Z). In this technical subsection,
we will choose coordinates and find equations that describe the fixed points of 5. We will identify
the characters corresponding to reducible representations as lying in an arrangement of 9 lines,
and show that the ones corresponding to irreducible representations are in a smooth manifold of
real dimension 4. We will describe the set obtained in this way in Subsection [£.4]

Remark 14 Notice first that the 15 isolated points of Xsr,(c)(Z/3Z * Z/3Z) come from totally
reducible representations taking values in SU(2, 1) and SU(3). Hence they are in Xgy(2,1)(%Z/3Z *
Z/37) N Xsuy(3)(Z/3Z x Z/3Z), and so in Fix(Py).

From now on, we will only consider the points of Fix(®2) N X(. Recall that we have identified
Xo to {(z,2,w,w',z) € C° | 2% — Q(2, 2/, w,w')x + P(z,2',w,w’) = 0} by considering the trace
maps of st, (st)~1,st71 ts71 and [s,t].

Remark 15 If (z,2',w,w’, x) € Fix(P2) N Xo, then 2z’ = Z and w’ = w. In this case, the polyno-
mials P and @, that we will denote by P(z,w) and Q(z,w), take real values. Furthermore, we
can write the discriminant of X2 — Q(z,w)X + P(z,w) as

A(z,w) = f(2) + f(w) — 2\2;|2|w|2 + 27,

where f(z2) = |2|* —8Re(23)+18|z|?> — 27 is the function described by Goldman in [I4] which is
nonzero in the traces of regular elements of SU(2,1) (positive for loxodromic elements, negative
for elliptic elements). In a point of Fix(®2) N Xo, the two roots of X? — Q(z,w)X + P(z,w)
are the traces of the images of the commutators [s,¢] and [t, s]. Since these commutators are
inverses, and since we are in Fix(®5), the two roots are complex conjugate, which is equivalent
to A(z,w) <0.

Proposition 8 We have:
Fix(P2) N Xo = {(z, 2/, w,w',z) € Xo | 2/ =z,w’ =w, A(z,w) < 0}

Proof We are going to show a double inclusion. The first one is given by Remark [T5] Let us show
the second.

Let z,w € C such that A(z,w) < 0. Let x be a root of X% — Q(z,w)X + P(z,w). Since
A(z,w) < 0, the other root of the polynomial is . We know that (z,Zz,w,w,z) € Xo; we want
to show that (z,Z,w,w,z) € Fix(P2). Let p € Hom (I, SL3(C)) be a semi-simple representation
with image in Xy equal to (z,Z,w,w,x). It is enough to prove that for all v € I" we have
tr(p(y)) = tr(p(y)~1). But the representation ~! has image (z,z,w,w,T) in Xo. We deduce
that the representations p and %! are semi-simple and have the same character. Hence they are
conjugate and for all v € I" we have tr(p(7)) = tr(p(y)~1), and so (z,z,w,w, z) € Fix(P2).

From now on, we will consider Fix(®3) N X as
{(z,w,2) € C* | A(z,w) < 0,2% = Q(2,w)z + P(z,w) = 0}.

The projection on the first two coordinates is a double cover of {(z,w) € C? | A(z,w) < 0}
outside from the level set A(z,w) = 0, where points have a unique pre-image.

We are going to identify the points corresponding to reducible representations, and then show
that outside from these points, the SU(2,1) and SU(3)-character varieties are smooth manifolds.
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Remark 16 Let (z,w,z) € Xo NFix(P2). Let p € Hom(Z/3Z * Z/3Z,SL3(C)) have coordinates
(2,Z,w,w, z). The following assertions are equivalent:

1. p is reducible.
2. There exist i, j € {0,1,2} such that w’z and w/w are real and w'z + w/w = 3.

In this case A(z,w) = 0.

Proof Tt is an immediate consequence of Proposition [7| and the fact that we are in Fix(®2) and
hence, in the coordinates (2,2, w,w’,z) € C°, we have 2’ = 7 and w’ = w. At last, we check
that A(z,3 — z) = 0. If we are in the setting of the equivalence, we have A(z,w) = 0.

Proposition 9 Outside from the points corresponding to reducible representations, the set XoN
Fix(®2) is a sub-manifold of C* of real dimension 4.

Proof Recall that we defined Xy N Fix(P2) as:

{(z,w,z) € C* | 2* — Q(z,w)x + P(z,w) = 0, A(z,w) < 0}

where
Q(z,w) = [2* + [w]* - 3

P(z,w) = 2Re(2%) + 2Re(w?) + |2} |w|* — 6|z|* — 6]w|* + 9.

We can hence re-write X N Fix(P2) as:

{(z,w,2) € C* | 2+ 7 = Q(2,w), 2T = P(z,w)}.

Consider the functions fi,fa : C* — R given by fi(z,w,z) = Q(z,w) — (x + Z) and
fo(z,w, ) = P(z,w)—(2T), and then f = (f1, fo) : C> — R2. With this notation, XqNFix(®;) =
f71({0}). We are going to show that outside from the points corresponding to reducible repre-
sentations, f is a submersion, i.e. that df is of rank 2.

Let (2o, wo, zg) € Xo N Fix(P3). Notice first that

g(zwx)— -1 and%— -1
8§U 0 0,40) — 71,70 %_ 7‘%0 )

hence f is always of rank at least 1 and, if 2y ¢ R, the map f is a submersion at (zg,wo, zg).
Suppose now that df(zo,wo, xg) is of rank 1. In particular, o € R. We want to show that in this
case, the point (zg, wg, z¢) corresponds to a reducible representation.
We have )
of |20l
20 = (20, wo, Tg) = and
Oaz( 0, Wo O) <3z8’+|z0|2w02—6|202

%af{(zmwoﬁﬁo): _3 2202 2 2],
0z 3%0° + [20]%|wo|* — 6|20

and, since the two vectors linearly dependent, we have 2§ € R. In the same way, wi € R. Then
there exist 71,72 € R and 4,j € {0,1,2} such that 29 = w'r; and wy = w’/ry. By Proposition
it is enough to show that r; 4+ r9 = 3 in order to finish the proof. We consider two cases:

First case: r1 or ry is zero. Suppose, for example, that ro = 0. In this case, since f(0,0,zq) #
(0,0), we have ry # 0. On the one hand, we have 2x¢ = Q(z,0) = r? —3. On the other hand, since
zog—i(zmwo,xo) and %(zo,wmxo) are linearly dependent, we have xo = 3(r; — 2). We deduce
that 6(r; —2) = 229 = 7 — 3, hence r§ — 6r; + 9 =0 and r; = 3.
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Second case: r1,m9 # 0. We know that the following vectors are collinear:

zg(z wop, To) = |0 =72 1
Oaz 050, 20) = 323+‘Zo|2|’w0|2—6|20|2 -1 3T1+T%—6

wg(zwx)* wol? =r2 1
09w 0 0 A 3w + Jwol?|20]? — 6lwo|?) T 2 \3ra 417 —6)°

We deduce that 371 +73 —6 = 3ry +72 —6. If 71 # 72, then they are the two roots of a polynomial
of the form X2 —3X +k, hence 7 +ry = 3. If not, and r; = ry we have 2z9 = Q(20,wp) = 217 —6
and, since zo%(zo,wo,xo) and %(zo,wo,xo) are collinear, 7o = r? — 3r; — 6. We deduce that
ry = % and r1 +r9 = 3.

4.4 Description of Xgy(2,1)(Z/3Z x Z/3Z) and Xguys)(Z/3Z x Z/3Z)

We are going to describe here the character varieties Xsy(2,1)(Z/3%Z * Z/37) and Xsys)(Z/37Z *
Z/3Z). In order to do it, we are going to study in detail Fix(®2), verify that it is the union of
the two character varieties, and that their intersection corresponds to reducible representations.
We finally consider two slices of Fix(®3), that were studied respectively by Parker and Will in
[24] and by Falbel, Guilloux, Koseleff, Rouiller and Thistlethwaite in [9].

First, consider the 15 isolated points of Xgy,, (cy(Z/3%* Z/3Z), which are all in Fix(®;). They
correspond to totally reducible representations. Since an order 3 matrix is conjugated to a matrix
in SU(2,1) and SU(3), we have the following remark:

Remark 17 The points of Fix(Py) corresponding to totally reducible representations are all in
Xsu(e,)(Z/3Z * L/3Z) N Xgu(s)(Z/3Z  L/3Z).

It remains to consider the representations of Xy N Fix(®3). Proposition [2 ensures us that
points corresponding to irreducible representations are exactly in one of the character varieties
Xsu(e,1)(Z/3Z*7/3Z) and Xsys)(Z/3Z*7Z/3Z). For the points of X corresponding to reducible
representations, we briefly modify the proof of Proposition [7] in order to obtain the following
remark:

Remark 18 The points of Fix(®5) N X corresponding to reducible representations are in the set
Xsu(2,1)(Z/3Z * 7./37Z). Only some of them are in Xgy3)(Z/3Z * 7/37Z).

Proof A reducible representation p with character in X is conjugate to a representation given

by
0 S’ — ] 1
S—w< 1) andT—w( 1)

with 4,5 € {0,1,2}, and S, 7" € SLy(C) of order 3 (and trace —1). Since x, € Fix(®,), the
representation p’ : Z/3Z x 7./3Z — SLy(C) given by p/(s) = S" and p'(t) = T, is in Fix(P3) C
Xsr,(0)(Z/3Z+Z/37). If p is totally reducible, then, by Remark Xp € Xsu(2,1)(Z/3Z+Z7/3Z)N
Xsu(s)(Z/3Z x Z/3Z). If not, p' is irreducible and, by Proposition 4} maybe after a conjugation
of p/, we have S", T € SU(2) or SU(1,1). If S/, T" € SU(2), then S,T € SU(2,1) N SU(3). If, on
the other hand, S’, 7" € SU(1,1), then S,T € SU(2,1). It remains to see that the second case
happens. The point (4,—1,7) € X, N Fix(P3) corresponds to a reducible representation, with a
trace 4 element, and so it cannot take values in SU(3).

Furthermore, by noticing that an irreducible representation cannot take values at the same
time in SU(2,1) and in SU(3), we obtain the following proposition:
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Proposition 10 We have
Fix(®2) = Xsue,1)(Z/3Z + Z/3Z) U Xsy(3)(Z/3Z x 1./ 3Z).

The subsets Xsy(2,1)(Z/3Z*Z/3Z) and Xsu(2,1)(Z/3Z* Z/3Z) are non-empty and intersect only
at points corresponding to reducible representations.

At last, we are going to draw some slices of Fix(®3), corresponding to projections on coordi-
nates (z,w), followed by a restriction to a slice of the form z = zy or w = wyp. Recall that the
projection on coordinates (z,w) is a double cover outside from the level set A(z,w) = 0, where
points have a unique pre-image. We draw, in a plane of the form (z, wy), the curve A(z,wq) = 0,
and then we identify the regions contained in Xsuy(2,1)(Z/3% * Z/3Z) and those contained in

4.4.1 The Parker-Will slice

In their article [24], Parker and Will give an explicit parametrization of representations of Z/37Z
Z/3Z = (s,t) taking values in SU(2,1) such that the image of st is unipotent. This corresponds
exactly to representations such that the trace of the image of st is equal to 3. They form a
family of representations of the fundamental group of the Whitehead link complement containing
the holonomy representation of a spherical CR uniformization of the manifold. This particular
representation has coordinates (z,w,x) = (3,3, M) We can see this slice in figure |1} We
see three lobes corresponding to representations taking values in SU(2,1), which intersect in
a singular point, of coordinate z = 0, which corresponds to a totally reducible representation,
of coordinates (z,w,z) = (0,3,3). Going back to coordinates (z,w,z) on Xy N Fix(Ps), the
representations of the slice z = 0 form, topologically, three spheres touching at a single point.

L L L L L L L L
-6 4 2 0 2 4 6 8

Fig. 1: The Parker-Will slice of Xsy(2,1)(Z/3%Z x Z./37Z).
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4.4.2 The Thistlethwaite slice

In the last section of their article [9], Falbel, Guilloux, Koseleff, Roullier and Thistlethwaite give
an explicit parametrization of representations lifting the irreducible components Ry, Rs and Rj
of Xgr,(c)(I3), as we saw in Subsection [2.2.2] They also give necessary and sufficient conditions
for a representation to take values in SU(2,1) or SU(3): therefore they parametrize lifts of the
intersections of Ry and Ry with Xsy(2,1)(Ik) and Agys)(I8). Recall that the fundamental group
of the figure eight knot complement has the following presentation:

Iy = (91,92, 93 | 92 = 93,91 '], 9192 = 9293)

As noticed by Deraux in [6] and by Parker and Will in [24], if G;, G and G35 are the images of
91,92 and g3 respectively by a representation with character in Ry, then (G1G2) = (G2G2)? =
G3 = Id. Setting T = (G1G2)™! and S = (G2G3), we have two elements of SL3(C) of order 3
which generate the image of the representation, since G; = ST,Gs = T'S and G = (TST)™! =
(T'ST)?. Hence we can consider Ry C Xg1,,(c)(Z/3% * Z/37Z): this component corresponds to the
slice of coordinate w = 1, since T'ST has order 4 if and only if tr(T'ST) = tr(ST?) = tr(ST~!) =
1. We can see this slice in ﬁgure It has three regions of representations taking values in SU(2,1)
and a region of representations taking values in SU(3). They intersect at three singular points,
corresponding to reducible representations. Going back to coordinates (z, ) on on the slice w = 1
of XoNFix(Py), these regions are the images of four topological spheres which intersect at three
points.

Fig. 2: The slice of Falbel, Guilloux, Koseleff, Roullier and Thistlethwaite of Xgy2,1)(Z/37Z *
Z/37) U Xsu(3y(Z/3Z + Z./3Z). 1t is given by w = 1
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4.4.3 Other remarkable slices

At last, to complete the whole picture, we describe three more slices of XoNFix(®2). Recall that,
thanks to Proposition @ a slice of the form w = wg will only have singular points if wj € R.
On the one hand, in figure [3] we see the slices w = 3.5 and w = 3.5 + 0, 1i. In each one there
are three regions corresponding to irreducible representations taking values in SU(2,1), which
intersect, in the slice w = 3.5 at three points corresponding to reducible representations. There
are no points corresponding to representations with values in SU(3).

6 -4 2 [ 2 4 6 8 6 4 2 0 2 4 6 8

(a) The slice wo = 3.5. There are three singu- (b) The slice wg = 3.5 + 0, 1i. The region is
lar points. smooth.

Fig. 3: The slices wg = 3.5 and wg = 3.5 + 0.14.

On the other hand, in figure [4] we see the slice w = 1+ 0, 1i: there are three regions corre-
sponding to irreducible representations taking values in SU(2,1) and a region corresponding to
representations taking values in SU(3).
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