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The model

We consider a discrete-time Markov chain (X, J), taking values in
Zy x {1,...,k}, such that the X component is nonincreasing.

Intuition : this describes a particle which undergoes some evolution :

e X is the mass of the particle.

e J is its type.

Notation : ((Xf,,i)(k:),Jf,,i)(k)),k > 0) is a version of the process
starting at (n, ).
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Aim and main idea

We want to find a scaling limit for (X,(f)(k),k > 0) as n tends to

infinity.

Basic principle : assume that the macroscopic jumps are rare, i.e.
that there exists v > 0 such that
() _ ~ oD ;
P[X,Y (1) < (1 —¢)n] oy cnT Ve >0,vie {1,...,K}

Then

(d)

> 0) D (x> 0)

[e.e]

(Xff)(tmt B}

n

where Xc(,é) is some kind of self-similar Markov process.
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Previous work

e Haas & Miermont (2011) : the monotype case (K = 1).

e Bertoin & Kortchemski (2015) : still monotype case, but X is
not assumed to be nonincreasing.
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Positive self-similar Markov processes (pssMp)

(Lamperti 1962)
We say that (X (t),t > 0) is a positive self-similar Markov process

if one can write
X(t)=e &

where :
@ £ is a Lévy process.
@ 7 is the time-change defined by

7(t) = inf {3 >0: /OS e %rdr > t}.

@ « is a real parameter called the index of self-similarity.
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The result

Theorem (Haas-Miermont)

Assume that, for any continuous function f on [0, 1],

wE[(1 - 20y ZelDy) @ [ rayau(a),
n n [0,1]

where v > 0 and p is a finite and nontrivial measure on [0, 1].

Then
(Xn( [n7t])

(d)

> 0) 2D (Xoo(t),t = 0)

where X is a pssMp with index of self-similarity -y, and the
underlying Lévy process & is a subordinator with Laplace exponent
1) such that

#O) = i)+ A+ [ (1= P,

1—z
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The result

The underlying topology is the Skorokhod topology on the space of
cadlag functions on [0, c0).
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Death times

Theorem

Moreover, under the same assumption, jointly with the previous
convergence, the death time of X,,, rescaled, converges to that of
X :if we call

A, =inf{k e N: V[, X,,(k+1) = X,,(k)}
and
o=inf{t >0: X(t) =0},
then

)
n n

(ZnllZ?D) Ay @, (xo(),0).
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Markov Additive Processes (MAP)

Let ((&, K¢),t > 0) be a Markov process on R x {1,...,x}, such
that the £ component is nondecreasing. We write P(, ;) for its dis-
tribution when starting at a point (z,i), and say that it is a MAP
if, for all t € R, conditionally on the past up to time ¢,

((§t+8 — &, Kigs),s = O) has distribution Py g, .
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In practice - parametrisation

We think of (£, K) as a "typed subordinator" :

e K is a continuous-time Markov chain on {1,...,x}, with
transition rates (A; ;)i j)e{1,....x}2,i%j-

@ On the intervals of constancy of K, £ is a subordinator with
Laplace exponent ;.

@ Each jump of K induces a jump of &, and we call B; ; its
distribution if we jump from i to j # i.
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Lamperti transforms

Let @ € R, we call the Lamperti transform of (&, K) the process
(X, J) defined by

X = eigT(t)a Jy = KT(t)?

where 5
7(t) = inf {s >0: / e %rdr > t}.
0

Note that, if & > 0, the death time o = inf{t > 0: X(¢) = 0} =
JoC e *%=ds is finite. (X, J) is cadlag on [0, c), but .J does not have
a limit at o.
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Three regimes

The nature of the limiting process depends on the rate of change of
the type J : assume that there is some 5 > 0 such that

W) # i, PO (1) = 4] ~ pijn .

@ Critical regime : if § =~ then x% is (the first component

of) the Lamperti transform of a MAP.

@ Mixing regime : if 0 < § <~y then the types "mix" and
disappear in the limit, X(@ is then a pssMp which doesn't
depend on 1.

@ Solo regime : if 5 > =y, the type does not change in the limit,
and Xé? is a pssMp which depends on 3.



Main results
0®00000000

Critical regime : assumption (H;)

Assume that, for all 4,5 € {1,...,k}, there exists finite measures
1%9) on (0, 1], such that for all continuous functions f : [0,1] — R,

()( 1) M NIC)
TE|(1 - == | = ) = z)dp9)
Moreover, for all i € {1,...,k}, at least one of the measure ,u(i’j),j €

{1,..., K} is not trivial.
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Critical regime : main convergence

Theorem (Haas-S.)
Assume (Hc). Then, for all i € {1,... Kk},

(X,(f)(Lm-J)) ﬂX(")(-),

n o

where X&) is the first component of a Lamperti MAP with the
following parameters :
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Critical regime : main convergence

Theorem (Haas-S.)
Assume (Hc). Then, for all i € {1,... Kk},

(X#’W-J)) @, x0()
n oo
where X&) is the first component of a Lamperti MAP with the
following parameters :
@ The self-similarity index is .
isi i dpd (z
o %) = u({0}) + uCI{LNA+ fig, (1 — o) L=,
® \ijBi; = p9) o (~log)™.
@ The initial type is i.
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Theorem (Haas-S.)

Assume moreover that, for all i € {1,... K}, there exists j such
that u(7)([0,1)) > 0.

Then, calling Ag) the death time ofX,(Li) and @ that of Xoo(i),
we have, jointly with the previous convergence,

(1)
A @, 50,

n
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Mixing regime : assumption (Hpiy)

Assume that there exists 5 > 0 with § < ~ for which :
(i) There exist finite measures (19,7 € {1,...,x}) on [0,1],
such that, for all continuous functions f : [0,1] — R,
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Mixing regime : assumption (Hpiy)

Assume that there exists 5 > 0 with § < ~ for which :
(i) There exist finite measures (19,7 € {1,...,x}) on [0,1],
such that, for all continuous functions f : [0,1] — R,

(4) (4)
o () )] = f o

(ii) Moreover, there exists a Q-matrix Q = (i ;)i je{1,...,«} having
a unique irreducible component, such that, for all types i # j

n

nPLI0 (1) = 4]~ n g,

—00
and A
P EUOM) =i -1) ~ 1
We call m = (m;)ieq1,....x} the irreducible distribution on {1,...,x}

associated to Q).
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Mixing regime : main convergence

Theorem (Haas-S.)
Assume (Hpix). Then, for alli € {1,...,k},

@) (| 7.
(FY @ ),

n

where X is a pssMp with the following parameters :
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Mixing regime : main convergence

Theorem (Haas-S.)
Assume (Hpix). Then, for alli € {1,...,k},

@) (| 7.
(FY @ ),

n

where X is a pssMp with the following parameters :
@ The self-similarity index is .
° Y(A) = _
S m (HOHOD) + uO{INA+ fioy (1 - %) 222,




Main results
000000@000

Mixing regime : death times

Theorem (Haas-S.)

Assume now that all the measures 1) are nonzero.




Main results
000000@000

Mixing regime : death times

Theorem (Haas-S.)

Assume now that all the measures 1) are nonzero.

Then, with similar notation to earlier, jointly with the previous
convergence,
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that, for all continuous functions f : [0, 1] — R,
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Solo regime : assumption (Hs,)

We fix a type 7 and assume the following :

(i) There exists a nontrivial finite measure () on [0, 1], such
that, for all continuous functions f : [0, 1] — R,

(1) (1)
nE [f (X”(l)) (1 _ XTL(D)] = - F@)dp(z).

n n

(ii) Moreover,
nP(JW (1) £ i) — 0.

n—o0
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Theorem (Haas-S.)
Assume (Hso1). Then

Ry @, xia),

where X, is a pssMp with the following parameters :
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Solo regime : main convergence

Theorem (Haas-S.)
Assume (Hso1). Then

(ZEUDy @, ()

where X, is a pssMp with the following parameters :

@ The self-similarity index is .

o () = kD {0} + uOUIPYA+ fg) (1 — 2*) L2,
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Solo regime : death times

Theorem (Haas-S.)

Assume moreover to (Hgo1) that, for some a < 1 and for all types j,

liminf n "P[X)(1) < an] > 0.
n—oo
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Solo regime : death times

Theorem (Haas-S.)

Assume moreover to (Hgo1) that, for some a < 1 and for all types j,

I (1) (1) <
lim inf n P[XY)(1) < an] > 0.
Then, with similar notation to earlier, jointly with the previous

convergence,
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Definition

A Markov branching tree is a multi-type Galton-Watson tree (not
plane), where the "types" are in fact a pair (size,type) and the total
size of the offspring of an individual is at most the individual's own
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Definition

o Offspring distribution : for all n and 1, qg) is the distribution
of the offspring of an individual of size n and type i. It is a

probability measure on

Pr = {((nl,tl),...,(nk,tk)) 1Ny =2 ng = ng, Zm <n,t; € {1,...,%}}

o We call TT(f) a version of the tree with an ancestor of size n
and type ¢

@ Sometimes it is convenient for the tree to be planted : an
extra untyped vertex is added below the root

@ The monotype trees were studied by Haas and Miermont
(2012)
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Conditioning Galton-Watson trees yields Markov branching trees, for
example if we condition by :

@ the total number of vertices. The size of a vertex is then the
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Example 1 : Contioned multi-type Galton-Watson trees

Conditioning Galton-Watson trees yields Markov branching trees, for
example if we condition by :

@ the total number of vertices. The size of a vertex is then the
number of vertices in the descending subtree.

@ the number of vertices of fixed type i. The size of a vertex is
then the number of vertices of type ¢ in the descending
subtree.

e more generally, we can condition on Y. ; a;|T'|;, where |T'|; is
the number of vertices of type ...
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Example 2 : Recursively growing trees

Let S be a fixed rooted tree. Consider the following algorithm for
building random trees :

@ Ty is the tree with a single edge and two vertices, a root and
a leaf.

o given T}, to make T, 11, choose uniformly at random one of
its edges, add a new vertex in the middle, thus splitting this
edge in two, and then graft a copy of S the new vertex.

If S has a single edge, then this is known as Rémy’s algorithm (1985).

The case where S is a star is the subject of previous work (2015).
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Example 2 : Recursively growing trees

This yields a (planted) Markov branching tree if :
@ Each vertex of S has a type, with 1 for its root.

@ The size of a vertex is the number of vertices of type 1 in its
descending subtree.

(with eventual “superfluous" types which we can identify if we want
to.)



Convergence to fragmentation trees

The scaling limits of multi-type Markov
branching trees : multi-type self-similar
fragmentation trees



Convergence to fragmentation trees
[ IeYelelo)

The monotype case (Haas-Miermont, 2012), informally



The monotype case (Haas-Miermont, 2012), informally

We assume that the Markov branching structure is conservative :
for n # 1, the sum of the sizes of the children of an individual with
size n is exactly n.

Call X, the biggest element of the first generation of a T},. Assume
that

P[X, < (1 —¢e)n] o cen” 7, Ve > 0.



Convergence to fragmentation trees
[ IeYelelo)

The monotype case (Haas-Miermont, 2012), informally

We assume that the Markov branching structure is conservative :
for n # 1, the sum of the sizes of the children of an individual with
size n is exactly n.
Call X, the biggest element of the first generation of a T},. Assume
that
PX, < (1—¢e)n] ~ ¢cn 7, Ve>0.
n—oo

Equip T}, with the uniform measure on its leaves p,,. We then have
the following convergence for the Gromov-Hausdorff-Prokhorov to-

pology :



Convergence to fragmentation trees
[ IeYelelo)

The monotype case (Haas-Miermont, 2012), informally

We assume that the Markov branching structure is conservative :
for n # 1, the sum of the sizes of the children of an individual with
size n is exactly n.
Call X, the biggest element of the first generation of a T},. Assume
that
PX, < (1—¢e)n] ~ ¢cn 7, Ve>0.
n—oo

Equip T}, with the uniform measure on its leaves p,,. We then have
the following convergence for the Gromov-Hausdorff-Prokhorov to-

pology :
1
~ 1, 9y
nYy

where T is a self-similar fragmentation tree with explicit distribution.
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Multi-type self-similar fragmentation processes and trees

Let, fori € {1,...,K}, v; be a o-finite measure on

Siz{sz(si»tz)zeN 81 = =0, ZSZ\lytiE{la-”v’i}}

which satisfies

/Jl — 511y (ds) < 0o

A multi-type self-similar fragmentation process with self-similarity
index o € R and dislocation measures (v;) is a S*-valued process
such that a particle (z,4) transforms into a set of particles with
masses and types xs = (z8;,t;);en at rate z%dvy;(s).

When o < 0, a multi-type self-similar fragmentation tree with the
same parameters is, informally, the family tree of the above process.
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Let Xr(f) be the largest element of the first generation of TT(Li), and
Jn (1) its type. Assume that, for some v > 0 and 5 > 0,
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Upcoming theorem

Let Xr(f) be the largest element of the first generation of TT(Li), and
Jn (1) its type. Assume that, for some v > 0 and 5 > 0,

]P’[X(i) < (1 —¢e)n) e cg)n_v, Ve >0,i€{l,...,k}

n

and '
Vj # i, Pl = j] ~ pijn~F.

Then 1 W

=) D ()

ST T
for the Gromov-Hausdorff-Prokhorov topology, where 79 is a frag-
mentation tree with self-similarity index —v and explicit dislocation
measures, and which is :

e multi-type if 8 = 1.
@ monotype, not depending on 7 if 0 < 5 < 7.
@ monotype, depending on @ if 3 > ~.
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Scaling limits for our two examples

e It is already known (Miermont, 2008) that, conditioned on the
number of vertices of one type, GW trees with finite variance
rescaled by n~1/2 converge to the brownian CRT.

@ Our method will let us obtain this convergence for more
general conditionings if the offspring distributions have
exponential moments

@ We will also obtain convergence to the stable trees, at least
when conditioning on the number of vertices of one type.

@ For the recursively growing trees, n= 18Ty, converges in
distribution, and maybe in probability, to a multi-type
fragmentation tree.



Thank you for your attention
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