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AssTrACT. We develop a new approach to the isospectrality of the orbifolds
constructed by Vignéras. We give fine sufficient criteria for i-isospectrality
in given degree ¢ and for representation equivalence. These allow us to pro-
duce very small exotic examples of isospectral orbifolds: hyperbolic 3-orbifolds
that are i-isospectral for all ¢ but not representation equivalent, hyperbolic 3-
orbifolds that are 0O-isospectral but not 1l-isospectral, and others. Using the
same method, we also give sufficient criteria for rationality of regulator quo-
tients Reg,(Y1)?/Reg;(Y2)? for Vignéras orbifolds Yi, Y2, sometimes even
when they are not isospectral. Moreover, we establish a link between the
primes that enter in these regulator quotients and at which torsion homology
of Y7 and Y2 can differ, and Galois representations.
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1. INTRODUCTION

1.1. Isospectral orbifolds. This paper is devoted to the venerable question [34]
of which geometric and topological properties of a closed Riemannian manifold or
orbifold are encoded in the spectrum of the Laplace-de Rham operator A on the
space of differential ¢-forms for various i € Zxq.

Given i@ € Z>g, two closed Riemannian orbifolds are said to be i-isospectral
if the multisets of eigenvalues of A on the spaces of differential i-forms of these
two orbifolds coincide. We abbreviate “0-isospectral” to just isospectral, and “i-
isospectral for all i to Q°®-isospectral. Sunada [62] and Vignéras [66] each proposed
a general construction for pairs of orbifolds that are 2°-isospectral. Vignéras’s
method is the focus of this paper.

We briefly sketch the setup of Vignéras in a special case. In Section [d we describe
the construction in detail and in much greater generality. Let F' be a number field
with exactly one complex place, let D be a division quaternion algebra over F'
that is ramified at all real places, and let I'; and I's be unit groups of two maximal
orders in D. A complex embedding of F identifies them with two discrete subgroups
of GLy(C). For the rest of the introduction we fix two such groups. They act on
hyperbolic 3-space X = GL3(C)/C* Uy(C), and under some additional conditions
the closed orbifolds I'1\ X and I's\ X are isospectral. A lot of literature is devoted
to the exploration of such conditions, see [44] and extensive references therein, but
all known conditions actually imply the stronger relationship that the L*-spaces
L2(I';\ PGLy(C)) and L?*(T'y\ PGLy(C)) are isomorphic as unitary representations
of GLo(C). When that relationship holds, we say that I'; and I'y are representation
equivalent. Tt is a theorem of DeTurck and Gordon |20, Theorem 1.16, Remark 1.18]
that the quotients by representation equivalent groups are in fact £2®-isospectral. In
particular, as far as we are aware, the smallest currently known pair of connected
isospectral hyperbolic 3-orbifolds comes from representation equivalent groups, and
was found by Linowitz—Voight [44]. Their orbifolds have (necessarily equal) volume
2.83366 . ... The converse, whether 2®-isospectrality of two hyperbolic 3-orbifolds
implies representation equivalence of the corresponding groups, has until now been
an open question [53], [56} §4.1], [44] Remark 2.6], [40, Question 8.11]. The converse
does hold for hyperbolic 2-orbifolds [22] and it has been conjectured to hold in
dimension 3, too [22] §12].

In this paper we develop much finer criteria for different kinds of isospectrality
in Vignéras’s construction. Before describing the nature of these criteria, we state
some of their applications. The following result will be proven in Example [7.4]

Theorem A. There exists a pair of closed connected orientable arithmetic hy-
perbolic 3-orbifolds with volume 0.251... that are i-isospectral for all i, but not
representation equivalent, only one of which has a cyclic isotropy group of order 10.

This might well be the smallest 2®-isospectral pair of connected hyperbolic 3-
orbifolds. We make two remarks on this. Firstly, there exist only finitely many
hyperbolic 3-orbifolds of volume less than that in Theorem [A] see [I]. As far as we
are aware, no isospectral pair with this property was known until now. Secondly,
we will see in Section [I.5] that Sunada’s method can never produce a smaller pair.

It is known that there exist pairs of orbifolds that are i-isospectral for some ¢ but
not all [29]. However, no such examples have been known that are 3-dimensional
or hyperbolic [40, Question 8.10]. In [41] it is predicted that such examples should
exist, but that they must be difficult to construct. We have the following application
of our criteria, which will be proven in Example [7.6]

Theorem B. There exists a pair of closed connected orientable arithmetic hyper-
bolic 3-orbifolds with volume 0.246 . .. that are isospectral, but not 1-isospectral.
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Again, one may wonder whether this is the smallest pair of connected hyperbolic
isospectral 3-orbifolds.

Our method also shows that, without any further hypotheses, the groups I'y
and I'y are always “close to” representation equivalent, in the following sense.
Let j € {1,2}. As a representation of Uy(C) the space L*(I';\ PGLy(C)) decom-
poses as a direct sum @, V"V over the irreducible representations V' of Uy(C),
where my,; € Z>o. Each of the isotypical subspaces Q(V,I';) = V™5 decomposes
into a direct sum of eigenspaces Q(V,I'j)a=» under the Casimir operator, which
is the appropriate generalisation of the Laplace-de Rham operator. Weyl’s law
implies that as T" — oo, one has ZA<T dim Q(V,I'j)a=x ~ ¢T3/? for some constant
¢ > 0. The following result, which is a special case of Theorem [5.45] therefore
implies that the difference in the spectra for I'y and I'y is always vanishingly small,
in the limit, even when no criteria for isospectrality apply.

Theorem C. For every irreducible representation V' of Ua(C) there exists a con-
stant ¢y > 0 such that for all T > 0 one has

Z |dim Q(V,T1)azx — dim Q(V,T2)acs| < ey T2,
AT

This result defies some expert expectations. Indeed, Kelmer proves [35, Theo-
rem 1] that, in the opposite direction, if the groups I'y and T's are close to being
representation equivalent, then in fact they are representation equivalent. He shows
that if for all irreducible U (C)-representations V' the quotient between the left hand
side in Theorem |C| and T%/2 tends to 0 as T — o0, then I'y and I'y are represen-
tation equivalent. He then speculates that his bound might be far from optimal,
and that perhaps this type of repulsion already happens close to the asymptotic of
Weyl’s law. Theorem [C] demonstrates that in fact Kelmer’s result is sharp, since
there do exist groups I'y and I'y as above that are not representation equivalent.

1.2. Hierarchy of isospectralities. Suppose that Y7 and Y5 are closed orientable
Riemannian manifolds of a common dimension d. If they are Q°-isospectral, then
the Cheeger—Miiller Theorem [I8], 49 50] implies that one has

d d —1)
(11) H( Reg,(¥1) )< v H( Reg,;(Y2) >< !
i=0 #Hl (Yh Z)tors #H }/27 Z)tors ’
where, for a Riemannian manifold Y, the real number Reg,;(Y") is the covolume of
the lattice H;(Y,Z)/H;(Y, Z)tors in the inner product space H;(Y,R) [54], §1.6].
There has been a lot of recent interest in understanding regulators and torsion

homology of arithmetic manifolds — see for instance [0} [7, 12], 14, 54]. In light of
equation (1.1)), the following vague question seems natural.

Question 1.2. What can be said about Reg;(Y1)/Reg,;(Y2) if Y7 and Y3 are i-
isospectral manifolds?

Poincaré duality implies that for a closed orientable d-manifold Y’ and for all i,
one has Reg;(Y) = Reg,_;(Y)~!. Thus, if d is even, then equation (1.1]) says noth-
ing about RegZ(Yl) / Reg;(Y2); while if d is odd, and Y7 and Y5 are Q'—1sospectral
equation (|1.1) implies that one has

d—1)/2 —1)¢
1.9 N (mm)‘ Vo
=0 Reg; (Y2)?

There is no analogue of the Cheeger—Miiller formula for a single degree i. Neverthe-

less, it seems natural to wonder: if Y7 and Y5 are merely assumed to be i-isospectral
Regi(Yl)2

Reg. (V5)2 is a rational number? And if it is, then

for some %, then does it follow that
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what primes can enter? Is there a connection between that and the rational number
#Hi (Yl 7Z)tors ?
#H;(Y2,Z)t0rs
strong results in the case when Y; = I';\ X arise from the Vignéras construction.
We think of different “kinds of isospectrality” between I'; and I's as sitting in
a kind of approximate hierarchy: representation equivalenceﬂ which we sometimes
also call L%-isospectrality, Q®-isospectrality, isospectrality, which we also refer to
2
as QC-isospectrality, rationality of 322278%;2 for all 4, which we refer to as H°®-

isospectrality, and finally, for a prime number p, the conditions

Reg-(Y1)2> (#Hi(ylaZ)tors)
ord, [ —>="_) =0 and ord, | I—"—F ") =0
? (Regi%)? P\ #H; (Yo, Z)tors

for all ¢, where ord, denotes p-adic valuation, which we call Z,-isospectrality. Of
course that last condition only makes sense if the regulator quotients are rational
in the first place, i.e. under the assumption of H*®-isospectrality. For each of these
kinds of isospectralities, we prove sufficient criteria. We do not state them here
precisely, but we give an impressionistic sketch of the general shape of our results.

For each kind s of isospectrality as above, we identify certain types of Hecke
characters such that if there are no Hecke characters of that type, then I'y and T's
are k-isospectral, but we do not expect the converse to hold. For that reason we do
not call the characters an obstruction, but instead call them sk-shady characters:
their presence merely stops our method from proving x-isospectrality. In summary,
our main results take the following shape.

We do not know the answers to these general questions, but we prove

Theorem D. At least one of the following two statements is true:

(i) there exists a number field L in an a-priori finite list and a *-shady character
of L;
(ii) the groups 'y and T's are k-isospectral.

For L2-, Q°-, Q0-, and H*-isospectrality, we define the respective shady charac-
ters and prove Theorem [D] as Theorem Corollaries [5.29] and and Theo-
rem @, respectively. Our theorem for Z,-isospectrality is proven as Theorem
subject to a widely believed conjecture on Galois representations, Conjecture [6.5)

The conditions of being k-shady are completely explicit. Presence or absence
of xk-shady can be checked efficiently using existing algorithms for computations
of Hecke characters [48]. Moreover, we have the following implications between
existence of different shady characters:

L%-shady Q*-shady 00-shady

H for all p

‘H*-shady Zp-shady
for oco-ly
many p

It is worth noting, in particular, that our criteria for rationality of regulator
quotients are weaker than those for i-isospectrality, and in fact in Example [7.§ we
exhibit the following peculiar phenomenon.

Theorem E. There exists a pair of closed connected orientable hyperbolic 3-orbifolds
Y1, Yo with volume 5.902. . . that are not isospectral, nor 1-isospectral, and for which
dim H(Y1,R) = dim Hy (Y2, R) = 1, yet Reg, (Y1)?/ Reg; (Y2)? is rational.

IFor hyperbolic manifolds, representation equivalence of the groups is equivalent to so-called
strong isospectrality of the manifolds [53], but in general it is stronger.
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1.3. Homology and regulators: theorems and musings. From a number the-
oretic point of view, it is natural to consider the homology of arithmetic orbifolds
together with their action of Hecke operators. Taking this additional structure into
account, we considerably strengthen our results on the homology of the Y; sketched
in Theorem

The “right” setup for Vignéras’s construction is an adélic one, in which Y3 =
'\ X and Y3 = T2\ X are two connected components of one orbifold ). For now
we continue with a special case. Let F' be a number field, let Zp be its ring of
integers, and let D be a division quaternion algebra over F' such that at least one
infinite place of F splits in D. There is a ray class group C' that parametrises left
ideal classes of maximal orders of D, and thereby connected components of Y; for
simplicity of the exposition, assume that C' has order 2, corresponding to a quadratic
extension L of F, so that one has J = Y; UY5. Let Ty denote the Hecke algebra
generated by Hecke operators T, for all ideals a of Zp whose class in C is trivial.
Then T; naturally acts on each of the homology groups H;(Y;,Z) for j € {1,2},
and for every prime number p we have a decomposition of Z, ® T;-modules

Hi(YjaZp) = @HZ’(YJ'vZ)m
n

where the sum ranges over maximal ideals n of T; of residue characteristic p. We
say that such a maximal ideal n corresponds to a Z,-shady character ¥ of L if for
every prime ideal q of Zp that splits in L, we have Tq mod n = U(Q) + ¥(Q’),
where qZ = Q9Q’. We prove the following result as Theorem [6.12

Theorem F. Assume Conjecture [6.5. Let p be an prime number, and let n be a
mazximal ideal of T1 of residue characteristic p that does not correspond to a Zy-
shady character. Then for every i, there is an isomorphism of Z, ® T1-modules

Hi(Y1,Z)n = Hi(Y2,Z)n.

We could also prove an unconditional version, at the cost of replacing the condi-
tion on n with a less useful one, namely Ty = — Nm(q) mod n for all q inert in L,
which can be shown to be equivalent to the previous one under Conjecture [6.5]

It is instructive to compare Theorem [F] with work of Calegari and Venkatesh.
In [T4], they study the torsion homology and regulators in the more difficult setting
of Jacquet—Langlands pairs (Y{,Y3) of orbifolds, which share some similarities with
Vignéras orbifolds. The orbifolds Y{ and Y3 are not isospectral, but their spectra
are closely related. In this setting there is also a Hecke algebra T’ generated by
Hecke operators T}, for maximal ideals p of Zp, and acting on all Hl(YJ' ,Z). We
say that a maximal ideal m of T’ is Eisenstein if there exist Hecke characters ¥, ¥’
of F such that T, mod m = ¥(p) + ¥'(p) for all but finitely many p. Calegari and
Venkatesh define a certain quotient H;(Y,Z)"" of H;(Y},Z) and formulate the
following conjecture [I4, Conjecture 2.2.8].

Conjecture 1.4 (Calegari—Venkatesh). Let (Y{,Y3) be a Jacquet—-Langlands pair
of 3-orbifolds. Let m be a non-Eisenstein mazimal ideal of T'. Then we have

[Hy (Y, Z)™ ] = [Hy (Yy, Z)™ .

In addition, they prove several partial results [I4] Section 6.8] towards their
conjecture, but only when averaging over all maximal ideals m, hence forgetting
the Hecke action. The Calegari—-Venkatesh conjecture is an analogue for torsion
homology of a famous theorem from the theory of automorphic representations,
the Jacquet—Langlands correspondence (see Theorem . We now explain how
Theorem [F] can be seen as a torsion analogue of another automorphic phenome-
non, studied by Labesse and Langlands [36]. The relationship between Vignéras’s



6 ALEX BARTEL AND AUREL PAGE

construction of isospectral orbifolds and the work of Labesse-Langlands was first
exposed by Rajan [55]. The Langlands programme postulates the existence of a
compact group Lr and conjectures that, to each cuspidal automorphic representa-
tion IT of D*, one should be able to attach a continuous irreducible representation,
called a Langlands parameter,

¢ =¢n: Lp - GLy(C),

such that ¢ = o if and only if IT = II’. Moreover, each such II appears with
multiplicity 1 in the space of automorphic forms (see Theorem . In contrast,
to each cuspidal automorphic representation II of the kernel D' of the reduced
norm D* — F'*, one should be able to attach an irreducible Langlands parameter

©: LF — PGLQ((C),

but several non-isomorphic II can have isomorphic parameters : they are said
to form an L-packet. While the existence of the group Lr and the parameters ¢
are still conjectural, Labesse and Langlands gave an ad-hoc definition of L-packets
for D', realised that sometimes not all admissible II in the same L-packet are au-
tomorphic, and proved a formula for the multiplicity of each II in the space of
automorphic forms. This manifests concretely as follows. To every Il = Il ® II¢
corresponds a Casimir eigenvalue (coming from II.,) and system of eigenvalues for
the Hecke operators of D' (coming from II;), and these eigenvalues are the same
for every II in an L-packet. However, given a compact open subgroup Ky of the

points of D' over the finite adeles, the dimension of the space H?f of fixed points
under K¢ may depend on II, even when II varies inside a fixed L-packet. This
may result in the system of eigenvalues attached to a given L-packet appearing
with different multiplicities in the L?-space attached to I’ for the various arith-
metic groups I' = Ky N D'. If the distributions of the automorphic multiplicities
in L-packets were completely random, Vignéras pairs of orbifolds would never be
isospectral. However, as Labesse and Langlands proved [36, Proposition 7.2] (see
also [55], Theorem 4]), this is far from true.

Theorem 1.5 (Labesse-Langlands). Suppose ¢: Ly — PGL2(C) is not induced
from a character of an index 2 subgroup. Then the automorphic multiplicity of
every Il in the L-packet of ¢ is the same.

This strong restriction allowed Rajan to prove [55, Theorem 2] the representation
equivalence of many orbifolds generalising Vignéras’s construction. Returning to
torsion homology, let p > 2 be a prime number, and let G be the absolute Galois
group of F'. For every maximal ideal n of T; with residue field F of characteristic p,
there should conjecturally exist a continuous semisimple Galois representation

p: Gp — GLy(F)

such that one has Tr p(Frobg) = Ty mod n for almost all g whose class in C'is trivial,
see Conjecture [6.5] In fact, the maximal ideal n does not completely determine p
but it completely determines its projectivisation

Pp: Gr — PGLy(F).

One may think of Pp as the “Langlands parameter” of the “ L-packet” corresponding
to n. In addition, the condition that n correspond to a Z,-shady character ¥ of L
is equivalent to p = Indg, /g, ¥, where ¢ corresponds to W via class field theory.
This makes Theorem [F]a torsion analogue of Theorem[I.5] More generally, Labesse
and Langlands prove a formula for the automorphic multiplicity of every II. We
think that this naturally leads to a very interesting question.
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Question 1.6. Can one formulate a torsion analogue of the full Labesse-Langlands
multiplicity formula? Can one prove it?

We also obtain a Hecke-equivariant refinement of our results on the p-adic val-
uation of regulator ratios. It may seem difficult to make sense of it, as regulators
are only numbers and therefore cannot afford an action of the Hecke algebra. One
might hope to have a factorisation of the form Reg;(Y;) = [, Reg;(Y;)n, but this
is unlikely to be possible, as regulators come from constructions over R, while de-
compositions according to maximal ideals of Ty are p-adic in nature. However, we
show that such a decomposition exists for the ratios of regulators, under conditions
ensuring that they are rational numbers. More precisely, to certain modules M
we attach a number C(M) that we call a regulator constant by analogy with [21],
satisfying

C(H:(¥,Z)) € Q%,

and for every maximal ideal n of T of residue characteristic p,
C(H:(Y,Z)x) € Q; /(Z;)*.

We will provide more details on our construction of regulator constants in Sec-
tion [I.6] The following theorem is a combination of Lemma [I.13] Theorem [5.34]
and Theorem [6.12]

Theorem G. Assume that there is no H®-shady character of L. Then the following
assertions hold.
(1) For all i we have
Reg;(¥1)”
Reg;(Y2)?

(2) Let p be a prime number. Then for all i we have

C(H;(Y,2)) = [[ C(Hi(Y,Z)n) mod (Z))?,

=C(H(Y,Z)).

where the product ranges over mazimal ideals n of T1 of residue characteristic p.

(3) Let p > 2 be a prime number. Assume, in addition, Conjecture . Let n be
a maximal ideal of T1 of residue characteristic p that does not correspond to
a Zp-shady character. Then for all i we have

C(H,(Y,Z)) € Z.

The definition of C(H;(),Z),) involves the choice of arbitrary non-degenerate
Q,-valued pairings on the free parts of H;(Y;,Z), satisfying certain properties.
We speculate that there should exist a canonical construction of such pairings,
leading to a notion of p-adic regulators Reg; ,(Y;) € QF/(Z))?, compatible with
localisation at maximal ideals of T; and such that one has

Reg' p(Y1)2

=W = C(H,;(Y,Z)) mod (ZX)2.

Rog.(vi)7 = CUHD.2)) mod (2)

Question 1.7. Can one define a notion of p-adic regulator in this context? Of
p-adic analytic torsion? Is there a p-adic Cheeger—Miiller formula?

Finally, note that the Cheeger—Miiller formula merely provides a motivation for
our results on torsion homology and regulators, we do not use this formula in our
proofs. In particular our methods are very different from those of [I4]. What
makes the Vignéras case more accessible than the Jacquet-Langlands case is that
the orbifolds Y7 and Y5 are commensurable, unlike Jacquet—Langlands pairs. The
next section explains how we exploit this commensurability.
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1.4. Our approach to isospectrality. The basic idea of our approach is appli-
cable much more widely than in the setting sketched in the previous subsections.
In Section [} where we explain the general setup, we take D to be any division
algebra over an arbitrary number field F'. An adélic construction then yields a
closed orbifold ), and the only restriction on D is that ) be positive-dimensional.
One has a Hecke algebra T acting on, say, the space Q%())) of differential i-forms
on Y, and commuting with the action of the Laplace-de Rham operator A. That
space decomposes as

QY =P
ceC
with the direct summands corresponding to the connected components Y, of ),
indexed by a certain class group C'. The Hecke algebra is generated by elements
T, indexed by maximal ideals p of Zr. The operators 7}, permute the direct sum-
mands Q*(Y;) of Q*(Y), sending Q°(Y) to Q(Yj,.) where [p] denotes the class of p
in C. In particular, the algebra T; introduced in Subsection is the subalgebra
of T consisting of those Hecke operators that preserve all direct summands in the
above decomposition.

Suppose once again, for simplicity, that we have Y = Y; U Y>, and let L/F
be the quadratic extension corresponding to C, so that T}, preserves the direct
summands Q¥(Y;) if and only if p splits in L/F. Fix A € R. The algebra T acts on
the M-eigenspace Q())a—x. If there exists a Hecke operator T' € T inducing a map

T: Qi(Yl)A:)\ — Qi(YQ)A:)\

and acting invertibly on Q?())a—», then that Hecke operator witnesses equal multi-
plicity of A in the spectra of Y7 and Y5 by defining an explicit isomorphism between
the respective A-eigenspaces. A priori one might imagine that such an invertible
Hecke operator can easily fail to exist in such a way that for every p that is inert
in L/F, there is some line in Q*(Y)a—, that is annihilated by T},. If these different
lines had nothing to do with each other, then it would be completely unclear how to
control when this happens. However, we show in Proposition [3.0] that if no Hecke
operator T € T that sends Q(Y;)a—x to Q(Y2)a—x acts invertibly, then in fact
there is a single line in Q%())a—» that is annihilated by T, for every prime p that
is inert in L/F. This is the first main result of Section

We deduce that if no Hecke operator that maps Q%(Y1)a—x to Q2¢(Y2)a—y acts
invertibly, then there is a simultaneous eigenvector in Q%()) o— under all the Hecke
operators such that “half” of the Hecke operators T}, have eigenvalue a, = 0. In
other words, we obtain a Hecke eigenvalue system (a,), such that for all p one has

ap = X(p)apa

where y: C — C* is the quadratic Hecke character attached by class field theory
to the unique non-trivial character of the Galois group Gal(L/F). This self-twist
condition might remind the reader of coefficients a, attached to an elliptic curve
with complex multiplication. The associated Galois representation is then induced
from a linear character of the absolute Galois group of the quadratic extension L.

It is at this point in our analysis that we specialise to the case of quaternion
algebras. In this case, as the example of elliptic curves suggests, the automorphic
representation of GLy over F attached to the Hecke eigenvalue system (ap), as
above is the automorphic induction of a Hecke character from the quadratic exten-
sion L/F. In Section [b| we use the explicit classification of representations of GLs
to arrive at precise conditions on this Hecke character, and thus at our definitions
of k-shady characters, and to prove various instances of Theorem
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Technical discussion: algebraic aziomatisation. In Section [3| we work in a com-
pletely abstract algebraic setting: the class group parametrising the connected
components of ) is replaced by an arbitrary finite abelian group C, the Hecke al-
gebra R ®z T for a suitable ring R of scalars becomes a commutative R-algebra T
graded by C, the space that the Hecke algebra acts on, such as Q¢(Y) or H;()), is
just a graded T-module. Also in Section [3]the reader will encounter a certain group
homomorphism v: W — C, which could benefit from some motivating comments.
Some of the components of ) correspond to orders in the division algebra that are
conjugate to each other, so that the components are isometric to each other. To
obtain the strongest results, we do not limit ourselves to Hecke operators that map
Q4 (Y1) to Q(Yz), but consider all those mapping Q¢(Y7) to Qi (Y) for any compo-
nent Y isometric to Y3. Formalising this is not just a simple matter of passing to
the quotient by this equivalence relation, since such a quotient does not carry a
well-defined T-action. The purpose of Ciso = C/v(W) is to parametrise connected
components up to this equivalence. If 6150 were replaced by C in all these results,
then we would only pick out the elements of T that map Q(Y;) to Q¥(Y3) and
would get more restrictive sufficient conditions for isospectrality.

1.5. Comparison with the Sunada method. Sunada [62] constructs pairs of
Q°-isospectral orbifolds as follows: let M be a Riemannian orbifold, let G be a
finite group acting on M by isometries, and let H, H' < G be two subgroups such
that the linear representations C[H\G] and C[H'\G] of G are isomorphic. Then
the quotients H\M and H'\M are Q*-isospectral.

The analogy between the permutation representations C[H\G] and the unitary
representations L?(I'\ PGLy(C)) has led many authors to view Vignéras’s method as
a special case of an extension of Sunada’s. However, as Theorems[A]and [B]illustrate,
this framing does not do justice to the flexibility of Vignéras’s construction, which
is capable of producing isospectral orbifolds without isomorphisms of L2-spaces.
Instead, in this paper we make the case that the parallel between the two methods is
of a different nature: as we explained in Section [I.4] our conditions ensure that the
isospectralities in Vignéras’s construction are realised by Hecke operators, which
one can view as so-called transplantation maps. It is well known that Sunada’s
construction can be formulated in such a way that the same is true there [30, §2.2].

We claimed earlier that Sunada’s construction cannot yield connected hyperbolic
3-orbifolds of smaller volume than that appearing in Theorem [A] We are now in a
position to explain this. The orbifolds H\M and H'\M as above cover a common
orbifold, namely G\M, with degree [G : H] = |G : H']. The smallest hyperbolic
3-orbifold has volume 0.039... [45]. Moreover, it is known that among all finite
groups G and non-conjugate subgroups H, H' such that C[H\G] and C[H'\G]
are isomorphic G-representations, the smallest index [G : H]| is 7 (realised by two
subgroups of G = GLj3(F2)) [62, Theorem 3|. Thus the smallest orbifolds that
Sunada’s method could produce have volume at least 7-0.039...=0.273....

In [4] we showed that the regulator quotients of Sunada-isospectral manifolds
H\M, H\M are rational numbers, and that for all ¢ € Z>, and all prime numbers
p 1 #G we have

If Y3, Y5 are orbifolds that come out of Vignéras’s construction, then they typically
do not sit in a common finite covering, so there is no obvious analogue of the
condition p 1 #G that would exclude all but finitely many primes from contributing
to the regulator quotients.
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In Theorem we find an analogue of “the set of prime divisors of #G” in the
Vignéras setting.

Theorem H. Assume Conjecture [6.5, Then there is an explicit set S of prime
numbers such that:

o cvery prime number p for which there exists a Zy-shady character is contained
in S, and
e the set S is infinite if and only if there exists a H®-shady character.

1.6. Our approach to rationality of regulator quotients. As we explained in
Section |1.4] we obtain conditions under which the spaces H;(Y1,R) and H;(Y2,R)
are not merely abstractly isomorphic, but such that there are isomorphisms given
by Hecke operators. In particular, they preserve the rational structure. That by
itself is still not enough to show that Reg,(Y7)?/ Reg;(Y2)? is rational. The crucial
additional property is that the Hecke algebra is stable under adjoints with respect to
the harmonic forms pairing, which is used to define the regulators. This is sufficient
to imply rationality of regulator quotients and allows us to analyse them.

In order to show this, we once again axiomatise the situation purely algebraically.
In Section 2] we first describe the very general setup. As a by-product, we reprove in
a Hecke-algebraic way a foundational result of the Dokchitsers on so-called regulator
constants, Theorem which we used in [4, 5] to analyse the regulator quotients
of Sunada-isospectral manifolds.

Then in Section [3.2] we prove that the existence of a suitable pairing on a graded
module M with the adjointness property described above is equivalent to the exis-
tence of such a pairing that takes values in Q. The crucial ingredient in this proof is
a nice criterion, Proposition for existence of pairings with the required prop-
erties. The following is a special case. We refer to Section [3] for the definitions of
the standard algebraic terms used here.

Proposition 1. Let C be a finite abelian group, let A = @ . A be a C-graded
commutative reduced finite-dimensional Q-algebra, and let M = @ .o M. be a
finitely generated graded A-module. Let L be a field of characteristic 0. Then the
following are equivalent:

e there exists a non-degenerate L-valued bilinear pairing on M with respect to which
all T € A are self-adjoint and such that for all ¢ # ¢ € C the homogeneous
components M. and M. are orthogonal to each other;

o for every ¢ € C the (L ® Ay)-module L @ M, is self-dual.

The descent of pairings from C to Q easily follows from this and the Deuring—
Noether Theorem, see Proposition [3.16

In Section 3.3 we define regulator quotients C(}M) in this abstract setting, a priori
with respect to a given pairing, but then we use the formalism of Section [2] to show
that in fact the values of such regulator quotients do not depend on the pairing.
In conjunction with the previously mentioned existence of Q-valued pairings this
proves rationality of regulator quotients of Vignéras pairs. Moreover, this formalism
is very flexible, and allows us to prove Theorem [G]

As a by-product of our approach, we have stumbled upon a curious connection
between fields generated by Hecke eigenvalues and regulator quotients. We do not
pursue this connection seriously in this paper, but Proposition is an example
of this phenomenon. The following is a special case.

Proposition J. Suppose that Y has exactly two connected components, Y1 and Ys,
suppose that dim Hq(Y1,C) = dim H1(Y2,C) = 1, and suppose that there is no
‘H®-shady character. Then the field generated by the Hecke eigenvalues of T acting
on H1(Y,C) is Q(Reg;(Y1)/ Regy(Y2)).
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It was the observation of this numerical coincidence that suggested to us that it
should be possible to expand the Dokchitsers’ formalism of regulator constants to
Hecke algebras, and led us to our Hecke operator approach to isospectrality.

1.7. Comparison with other approaches to Vignéras pairs. In most of the
existing work devoted to Vignéras’s construction [66], the isospectrality is derived
from the trace formula via so-called selectivity conditions [44] 43], from which one
determines which T'; intersect a given conjugacy class. The trace formula suggests
a kind of duality between this approach and ours: in the selectivity method one
studies the geometric side, while we study the spectral side. In Corollary we
recover a sufficient criterion for representation equivalence that had been obtained
from the selectivity method. We believe that one might be able to obtain results on
finer notions of isospectrality, e.g. °- and Q°-isospectrality, from the selectivity
method and a delicate analysis of the trace formula. It would be interesting to work
out such criteria explicitly. With our approach, working out conditions for different
notions of isospectrality amounts to different but routine local computations. The
input from the trace formula required for our method is packaged in Langlands’s
automorphic induction theorem.

An alternative approach, due to Rajan [55], is to use the Labesse-Langlands
multiplicity formula. In Corollary we recover a variant of a sufficient crite-
rion for representation equivalence that had been obtained by Rajan. Although
the Labesse—Langlands work has so far only been applied to representation equiv-
alence, it is likely that one could recover the results of Section [f] on finer notions of
isospectrality with this approach.

Our approach has two advantages: firstly, it allows us to realise the isospectral-
ities through direct identification of eigenfunctions rather than just a numerical
comparison of multiplicities; and secondly and most importantly for our purposes,
it applies to the torsion setting thanks to the Hecke action on H;(),Z,).

Finally, we expect that one might be able to extract some information on the
algebraicity or even rationality of the regulator quotients by relating them to special
values of L-functions. For an analogous observation in the Jacquet—Langlands
setting see [14, §6.5]. However, it seems hard to obtain precise information on the
primes that enter or Hecke equivariance properties along the lines of Theorem [G]

1.8. Notation and conventions. All our modules will be left modules. A module
that is a direct sum of a number of copies of a simple module is called isotypical.

If B is aring, n € Z>1, and M is a B-module, then MaxSpec(B) denotes the set
of maximal ideals of B, the ring of n x n matrices over B is denoted by M,,(B), and
Annpg(M) denotes the annihilator of M in B. If @ is a field and A is a Q-algebra,
then Nm,, o denotes the @Q-algebra norm. The sign ® denotes tensor product
over Z. If R is a ring, M is an R-module, and L an R-algebra, then we abbreviate
the L-module L ® g M to M. By an ideal without further specification we mean
a two-sided ideal. The radical J(R) of a ring R is defined as the intersection of
its maximal left ideals. It is a two-sided ideal. If p is a prime number, then
Zpy = {a/b:a,b € Z,b & pZ} denotes the localisation of Z at p, and Z, denotes
the ring of p-adic integers.

If C is a finite abelian group, then C= Hom(C, C*) denotes its group of com-
plex characters. If X is a set, o is an automorphism of X, and f is a function
defined on X, then f? denotes the function x — f(ox). We will also use this
notation when X is a normal subgroup of a group containing o, in which case the
automorphism of X is o + czo~!. We denote the centre of a group G by Z(G).

When talking about homology, differential forms, etc. on orbifolds, we always
intend the meaning of these words in the orbifold sense, rather than just in reference
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to the underlying topological space. We refer to [31], [I6] for the definitions and many
additional details. Note that all our orbifolds are “good” in the sense of ibid.: they
have (finite) coverings by manifolds.
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2. REGULATOR CONSTANTS VIA HECKE ALGEBRAS

In this section we start by describing a very general setting in which one can
define algebraic invariants that specialise to regulator quotients in certain number
theoretic and geometric situations. We then explain how the regulator constants
of Dokchitser—Dokchitser attached to Brauer relations of finite groups [2I] can be
viewed as a special case of this construction, and we use this description to give a
new basis-free proof of their main algebraic theorem, |21, Theorem 2.17|. That last
application will not be needed in the remainder of the paper.

2.1. Adjoint pairs. Throughout this section, let R be a commutative domain,
and let @ be its field of fractions. An isogeny of R-modules is a homomorphism of
R-modules with R-torsion kernel and cokernel, equivalently a homomorphism ¢ of
R-modules such that Q ®pg ¢ is an isomorphism of Q-vector spaces. Let Ny and Ny
be free finite rank R-modules, and let ¢: N1 — Ns, ¢*: N — N be isogenies.
If B; is an R-basis for N; for i = 1, 2, then we define

detB ,B (b
D317Bz,¢7¢’* = det3132¢* € QX)
2,81

where the determinants are computed with respect to the bases By and By. If Bj
and BY are other R-bases of Ny, respectively No, then

Dp,,B2.6,6 = Dy, By g6+ mod (RX)?,
so we have a well-defined invariant
Dy.g+ = DB, Bapo-(R*)* € Q7 /(R¥)?

for any choice of bases By, Bs as above, which does not depend on these choices.
Now let L be a field containing R, and suppose that (-,-); and (-, -)2 are non-
degenerate L-valued R-bilinear pairings on Nj, respectively No, satisfying

(2-1) <¢m1,n2>2 = (n1,¢*n2>1

for all n; € Ny and ny € Ny, in other words making the diagram

Lor Ny — s Lon N,

<'7'>1l J<l7'>2

Hom(Nq, L) — Hom(Ns, L),



VIGNERAS ORBIFOLDS: ISOSPECTRALITY, REGULATORS, TORSION HOMOLOGY 13

commute. Then one has

detB <'7 '>1
2.2 D o=t 710
( ) B1,B2,¢,¢ det52<-, .>2

This basic observation has the following two important consequences.

(O1) The right hand side of equation is independent of the pairings, and deter-
mines a well-defined invariant in Q% /(R*)? (rather than just in L* /(R*)?),
when the determinants are evaluated with respect to any bases on N7 and Ns.
More precisely, if (-,-)} and (-, -)} are also non-degenerate R-bilinear pairings
on N, respectively Ny, with values in a field containing R, with respect to
which the maps ¢ and ¢* are adjoint as in equation , then we have

detB1<'7'>1 xX\2 _ (detB1<"'>/1) X\2 X X\2
(detB2<"'>2> (R ) det32<'a >I2 (R ) €@ /(R ) .

(O2) The expression Dy - is independent of the pair ¢, ¢* of adjoint maps with
respect to the pairings (-,-); and (-,-)2. More precisely, if ¢¥»: N; — N3 and
1*: Ny — Nj are R-linear embeddings satisfying adjointness property
with ¢ replaced by 1, then Dy 4+ = Dy y« mod (R*)%.

These consequences are particularly useful in situations in which one has a supply

of pairs of maps as above that are adjoint with respect to fixed pairings and/or a

supply of pairings that make a given pair of maps adjoint. One such situation is

provided by the formalism of Brauer relations and regulator constants. The rest of

the section is devoted to recalling that formalism, reinterpreting it in Hecke algebra

terms, and applying the above observations in that context.

2.2. Brauer relations and regulator constants. Let G be a finite group. If H
is a subgroup and V' is an R[G]-module, then we identify Hom g (R[G/H], V) with
the group V# of H-fixed points in V via f — f(1- H). In particular if H and H’
are two subgroups of G, then one has isomorphisms

Hompyg) (R[G/H'], RIG/H]) = RIG/H)"" = R[H'\G/H],
where the inverses of the last and the first isomorphism are given by
(2.3)  H'gH — > ugH and gH — (a: hH' — hgH),

weH' /(H'NIH)

respectively. For g € G, we will denote the element of Hom g (R[G/H'], R[G/H])
corresponding to the double coset H'gH by T gr. Composition of homomorphisms
defines a product on R[H\G/H]. This R-algebra is called a Hecke algebra, and its
elements are called Hecke operators. There is an R-linear map

RIH'\G/H] — R[H\G/H'],
T — T,
defined by (Tyigr)* = Thg-1ms- Moreover, for every module V' over the group
ring R[G], there is a map
Hompg (RIG/H'], RIG/H]) — Homg(VH V)
(2.4) a = go=(fr foa).
Slightly abusing notation, we will sometimes denote the image of an element T' of
Hom g g (R[G/H'], R[G/H]) under this map by T: VH — V',

Now let V' be a finitely generated R[G]-module that is free over R, and let
S1 =, G/H; and S = | |; G/Hj be finite G-sets, where H; and H} are subgroups
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of G. Define
VS = Hompq)(R @ Vi VS = Hompq) (R @ v,

where R[S;] are the R-linear permutation modules attached to S; for ¢ € {1,2}.
Then similarly to (2.4), an element T € Hompgg)(R[S2], R[S1]) induces an R-
homomorphism T': V51 — V52,

We say that the pair © = (S, 53) is a Brauer relation if there is an isogeny of
R-modules in Hom g (R[S2], R[S1]).

Assume that © = (S7,S52) is a Brauer relation. If (-,-) is a non-degenerate
R-bilinear G-invariant pairing on V with values in a field L containing R, and U
is a subgroup of G, then let (-,-)y be the pairing on VY defined by (vi,v2)y =
ﬁ(vl, vy) for vy, vo € VY. It is not hard to see that this pairing is non-degenerate
on VY. Thus, such a pairing (-,-) induces an R-bilinear non-degenerate pairing
(-,)1 on V51 whose restriction to each direct summand V¢ is given by (-, )5, and
that makes the distinct direct summands orthogonal, and analogously there is an
induced non-degenerate pairing (-,-)o on V2. The regulator constant of V with
respect to the Brauer relation © is defined as

S1
det((-,->1|V ) c LX/(RX)Q.
det((:, )2|V52)

Theorem 2.5 (|21, Theorem 2.17]). The value of Co (V) does not depend on (-,-),
i.e. if {(,-) and {-,-) are non-degenerate G-invariant R-bilinear pairings on V,
inducing pairings (-,-); and (-, )}, respectively, on V3 forj € {1,2} as above, then
det({-, )1 [V1) _ det((-,)1[V1)

det((,)2|V52) — det((:,)2[V*2)

We now give a new proof of Theorem using the observations of Section

Co(V) =

d (R*)2.

Proof of Theorem[2.5, We claim that if H and H’ are subgroups of G, and (-, -) is
a non-degenerate G-invariant R-bilinear pairing on V, then the adjoint of

TH’gH: VH — VH/

with respect to the induced pairings (-,-) g and (-, ) g is Tyg-1p47: VHE L VH In-
deed, an elementary calculation shows that there is a well-defined function H'gH —
H'/(H' N9H) satisfying ugh — u(H' N9H) for all w € H" and h € H, all of whose
fibres have cardinality #H, whence we deduce that for every v € VH and o' € VH '
we have

1 1
ﬁ(TH/gH% V) = e Z (ugv,v")
weH' /(H'N9 H)

1
- g 3,

xcH'gH

1
= W Z (v, y0')

yeEHg—1H'

1 _
Y > (v,hg™ ")
heH/(HNs™ ' H)

= #7H<’U,THg—1H/U/>,

as claimed.
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In particular, it follows that if (-,-) and (-,-)’ are non-degenerate G-invariant
R-bilinear pairings on V, and T" € Hompgg)(R[S2], R[S1]) is an isogeny, then the
adjoint of the induced isogeny T': V51 — V52 with respect to (-,-); and (-, )5 is the
same as with respect to (-,-)} and (-,-)5, namely equal to T* in both cases. Thus,
Co(V) = Dy -, and in particular is the same when computed with respect to (-, -)
as with respect to (-,-)’. O

3. ALGEBRAS GRADED BY FINITE ABELIAN GROUPS

In this section we continue working in a purely algebraic setting, investigating
graded modules over certain rings graded by a finite abelian group.

The main result of Section [3.1]is Proposition [3.6] in which we give a sufficient cri-
terion for existence of an isomorphism between different homogeneous components
of such a graded module. In the geometric setting this isomorphism will realise an
isospectrality. To prove Proposition we first construct paths of isomorphisms
for the simple subquotients, using Lemma [3.5] and then piece them together using
dévissage, Lemma [3.3]

In Section [3.2 we investigate certain pairings on our graded modules, which we
call polarisations. The main result is Proposition [3.13] a necessary and sufficient
criterion for existence of polarisations, which in particular implies Proposition [I]
from the Introduction. An important consequence of this criterion is Proposition
[3:16] which says that the existence of a polarisation with values in a field extension
implies the existence of one with values in the base field. This is an important
ingredient in our proof of rationality of quotients of regulators in the geometric
setting.

In Section 3.3 we apply the formalism of adjoint pairs from Section to define
our notion of regulator constants and to prove in Proposition [3.19] that it is inde-
pendent of any choices involved. These invariants become quotients of regulators
in the geometric setting. They enjoy some natural properties, such as rationality
(Corollary , triviality (Lemma7 good behaviour with respect to extension
of scalars (Lemma[3.23)), and with respect to various decompositions (Lemma
Proposition and Proposition [3.27).

The following notation and assumptions will remain in place for the rest of the
section. Let R be a commmutative Noetherian domain and let @ be its field of
fractions. An R-algebra is a ring A equipped with a ring homomorphism from R to
the centre of A. If C' is a group and A is an R-algebra, then a grading of A by C'is
a collection of R-submodules A, C A indexed by ¢ € C such that there is a direct
sum decomposition of R-modules A = P .~ A, and such that for all ¢, ¢’ € C one
has AcAo C A.r. An R-algebra that is equipped with a grading by a group C
is said to be graded by C, and the R-submodules A, of such an R-algebra A are
referred to as the homogeneous components of A.

For the rest of the section, let T be a commutative R-algebra that is graded by a
finite abelian group C. The trivial homogeneous component T; is an R-subalgebra
of T, and for every ¢ € C, the R-submodule T, of T is an Ti-module. Next,
let W be a group equipped with a group homomorphism v: W — C. By setting
W. = v=1(c) for ¢ € C, we obtain a C-grading on the group algebra T[W]. Let
Ciso = C/v(W). Thus, &SC is canonically identified with the group of all x € C
that are trivial on v(W). Let A be a quotient of T[W] by a homogeneous ideal,
equivalently a C-graded R-algebra together with a grading-preserving surjection
from T[W], and assume that A is finitely generated as an R-module. In particular,
every A-module is also a T[W]-module.

For us, a graded A-module is a finitely generated A-module M equipped with a
collection of R-submodules M, C M indexed by ¢ € C such that one has a direct
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sum decomposition of Ti-modules M = @ . M. and such that for all ¢, ¢’ € C
one has A.My C M.

If an element of a ring is invertible modulo the radical, then it is invertible. A ring
is called semilocal if its quotient by the radical is a semisimple ring. A commutative
ring is semilocal if and only if it has only finitely many maximal ideals. We refer
to [37] for these definitions and basic facts from ring theory.

3.1. Linked modules.

Definition 3.1. Let M be a graded A-module, and let ¢,/ € C. If L is a ring
containing R, we say that M, is L-linked to M. by T € A -1 if the induced map
T: (M.)p — (My)r is an isomorphism. We say that M, is L-linked to M if it is
L-linked to it by some T' € A_..-1. We say that M, is linked to M, if for some
ring L containing R, the module M, is L-linked to M.

Lemma 3.2. Suppose that Ty is a field. Let ¢ € C, and let M be a non-zero
A -module. Then the following are equivalent:

(1) there exists an element in A, that is invertible in A;
(2) there exists a simple subquotient N of M and an element of A, that does not
annihilate N.

If, moreover, the image of T in A is reduced, then the conditions are equivalent to
the following:

(3) the homogeneous component A, does not annihilate M.

Proof. The forward implications are trivial, without the reduced assumption.

We now prove that [3|implies|2l The homogeneous component A is generated by
the images of Ty - Wy-1,, as d runs over C. The hypothesis therefore implies that
there exist d € C, T € Ty, and w € Wy-1, such that Tw does not annihilate M.
Since w is invertible, this is equivalent to 7" not annihilating M. Since the image
of T in A is reduced and finite-dimensional over the field T, it is a product of fields,
so its quotient T/ Annt M is reduced. The element 7' is therefore not nilpotent
in Endr, (M). Since M has finite length, this implies that T cannot annihilate
every simple subquotient of M, and therefore the same is true for Tw € A..

Finally we prove that [2] implies [II By the same argument as in the previous
paragraph, the assumption implies that there exist d € C, T' € Ty, and w € Wy-1,
such that Tw does not annihilate a subquotient N, equivalently that T does not
annihilate N, equivalently that T acts invertibly on N. Let n be the order of d € C.
Then T™ € T, also acts invertibly on N. Since T is a field, this implies that T™
is invertible, therefore so is Tw, whose image in A belongs to A.. O

Lemma 3.3. Suppose that R is semilocal. Let c € C, and let M be an A-module
such that for every simple subquotient N of M, there exists an element of A, that
acts non-trivially (equivalently invertibly) on N. Then there exists an element of A,
that acts invertibly on M.

Proof. By replacing A by A/(Annt, M)- A, we may assume that T; acts faithfully
on M. Let m be a maximal ideal of T¢. Then by faithfulness, it is the annihila-
tor of a simple Ti-subquotient M’ of M. By Lemma applied to T;/m in
place of T and to M’ in place of M, there exists u, € A, that acts invertibly
on M/mM. By the Chinese Remainder Theorem, there exists u € A, that acts
invertibly on M/ J(T1)M, where recall that J(T1) = J[,cmaxspec(T,) ™ denotes
the radical of T;. By [37, Corollary 5.9], J(T1) - A is contained in the radical of A,
so u acts invertibly on M. O
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Lemma 3.4. Suppose that R is semilocal. Let M be a T-module. Then for ev-
ery simple T-subquotient E of M there exists p € MaxSpec(R) such that E is
isomorphic to a T-submodule of R/p @r M.

Proof. By replacing T by T/ Annt M C End M, we may assume that T is finitely
generated over R. Let E be a simple subquotient of M. Then its annihilator is
a maximal ideal B of T. By [23, Corollary 4.17] the intersection p = PN R is a
maximal ideal of R, and E is a subquotient of the localisation (R/p ®r M)y. Now,
the quotient R/p is a field, so that T/pT is Artinian. By [23] Corollary 2.16], the
localisation (T /pT)q is local and is a direct factor of T/pT, so that (R/p @r M)y
is a direct T-summand of R/p®p M. Since this localisation is Artinian, it contains
a simple submodule. But since (T/pT)g is local, all simple (T /pT)p-modules are
pairwise isomorphic, and in particular E is isomorphic to a simple T-submodule of
(R/p ®r M)y C R/p @r M, which proves the result. O

Lemma 3.5. Let ¢ € C be non-trivial, and for every x € C with x(c) # 1, let
¢y € C be such that x(cy) # 1. Then c is contained in the group generated by the
elements c,.

Proof. Suppose that X is the set of all y € C satisfying x(c) # 1. Let U be the
subgroup of C' generated by c, for all x € X. If ¢ is not in U, then there exists
Y’ € C such that X'(¢) # 1 and x'|y = 1, in particular such that we have x' ¢ X.
Therefore, ¢ is in U, as claimed. O

Proposition 3.6. Suppose that R is semilocal. Let ¢ € C', and let M be a graded
A-module. Suppose that for all the finitely many p € MaxSpec(R), for all simple
(ungraded) T-submodules E of R/p @r M, and for all x € Ciso with x(c) # 1, there
exist ¢y g € C with x(cy,g) # 1 and Ty g € T.,_,, that does not annihilate E. Then
there exists an element of A, that acts invertibly on M.

Proof. Let N be a simple A-subquotient of M. We claim that the hypothesis
implies that for all x € C satisfying x(c) # 1 there exist ¢, ,nv € C with x(cy,n) # 1
and Sy v € A, that does not annihilate N. Indeed, for x € C that do not vanish
on v(W), we may take Sy n to be the image of any w € W for which x(v(w)) # 1.
Suppose instead that y € Cio satisfies x(c) # 1. Since the image of T in A is
central and N is finite over R, the T-module NV is isomorphic to E” for a simple
T-module E and some r € Z-o. By Lemma [3.4] the module E is isomorphic to
a simple submodule of R/p ® g M for some p € MaxSpec(R). We may then take
Sy~ =Ty, E. By Lemma there exist o, v € Z such that ¢ =[] ci’XNN, so that
Hx S;?‘NN belongs to A.. This product clearly acts invertibly on N. The conclusion
follows from Lemma [3.31 O
Corollary 3.7. Let ¢ € C' and let M be a graded A-module. Suppose that for all
simple (ungraded) T-submodules E of Mg, and for all x € Ciso Wwith x(c) # 1,
there exist ¢y, g € C with X(cy,g) # 1 and Ty g € T._, that does not annihilate E.
Then for every b € C, the homogeneous component My, is linked to M.

Proof. Apply Proposition [3.6| with R = Q. O
3.2. Polarisations.

Definition 3.8. An involution on T is an R-module homomorphism ¢: T — T
satisfying the following properties:
o 2 =id,
e for all z, y € T one has t(zy) =
e for all ¢ € C one has «(T.) =T,

Uy)u(),
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In particular, every involution on T stabilises T;. Extend any involution ¢ on T
to an involution on T[W] by defining t(w) = w™?! for all w € W, and assume that
this involution descends to A. Whenever M is an A-module (resp. T1-module), we
give M* = Homp (M, R) the structure of an A-module (resp. Ti-module), called
the dual of M, via ¢, i.e. (T'9)(m) = ¢(o(T)m) for ¢ € M*,m € M and T € A
(resp. T € T1). We say that an A-module (resp. T1-module) M is self-dual if M*
is isomorphic to M.

Assumption 3.9. For the rest of the section, assume that the image of T in A
is reduced. Further, assume that T is equipped with an involution ¢, and that ¢,
when extended to TW as above, descends to A.

Definition 3.10. Let M be a graded A-module that is R-torsion-free. If L is a
field containing (), then a polarisation on M over L is a non-degenerate bilinear
pairing (-,-): M ® g M — L such that for ¢ # ¢’ € C, the module M, is orthogonal
to M., and such that for every T € A, the element T is adjoint to ¢(T). If M is
equipped with a polarisation over L, then we say that M is polarised over L, and
if M admits a polarisation over L, then we say that M is polarisable over L.

Remark 3.11. A pairing (-,-): M @ g M — L is a polarisation for A if and only
if it is a polarisation for T that is W-invariant, i.e. such that for all w € W and all
m,m’ € M we have (wm,wm’) = (m,m’).

Remark 3.12. If M is as in Definition then M* = Homp (M, R) is a graded
A-module, where for every ¢ € C, the homogeneous component (M*). consists of
the homomorphisms M — R that factor through M_.-.1. A polarisation on M over
a field L is the same as an isomorphism of (not graded) A p-modules My — (M*),
that sends M, to (M*).-1.

Proposition 3.13. Let M be a graded A-module that is R-torsion-free, and let L
be a field containing Q. Then M is polarisable over L if and only if for every c € C,
(M.)r is a self-dual (A1) L-module.

Proof. The “only if” direction is clear, so we prove the other direction.

We may, without loss of generality, replace R by L, replace all the algebras and
modules by their tensor product with L over R, and replace T by its image in A.
Then T, being a reduced commutative algebra over a field by Assumption [3.9] is a
product of fields. In particular, every quotient of T is also reduced. The algebra T4
is a product of factors B that are each either a field that is stabilised by ¢, or a
product B = A; X As of fields with ¢ inducing an isomorphism from A; to As
and from Ay to A;. Accordingly the tensor products B @, e for all such factors
B induce a direct product decomposition on the T;-algebras A;, T, and A, and
a direct sum decomposition on the modules M and M, for all ¢ € C. Clearly,
M is polarisable if and only if for all B as above the module B ®r, M is, and
similarly, for a given ¢ € C, the Aj-module M. is self-dual if and only if for all B,
the B ®1, Aj-module B ®1, M, is. Moreover, T being reduced implies that so is
B @7, T for all B as above. Thus, we assume, without loss of generality, that T
is either a field stabilised by ¢ or isomorphic to A; x As as just described.

Let

C={ceC:AM+#0}.
For an arbitrary T € A, the non-degeneracy of the pairing on M implies that
TM # 0 if and only «(T)M # 0. It follows that if ¢ € C, and T; = A; x Ag, then
(A1 ®T, A). does not annihilate M if and only if (A ®T, A). does not. Therefore,
Lemma [3:2] implies that we have

C = {ce C: A, contains an invertible element}.
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In particular, C' is a subgroup of C.

Now, suppose that for every ¢, the Aj-module (M,)y, is self-dual. Let D be
a complete set of coset representatives for C/C, and for each d € D, let (-,-)4
be a non-degenerate L-valued L-bilinear pairing on My such that for all T' € A,
the operator «+(T) is the adjoint of 7. For every ¢ € C, fix an invertible element
T, € A,. For ¢ € C and d € D, define a pairing (-, Yea on M4 by setting, for every
m, m’ € Mg,

(m,m"Yeq = (T m, o(T.)m') 4.

Let (-,-) be the unique pairing on M that restricts to (-,-). for all ¢ € C and that
makes the different homogeneous components pairwise orthogonal. It is clear that
each (-,-). is non-degenerate, therefore so is (-,-). We claim that for all T € A,
the adjoint of T' with respect to this pairing is ¢(T"). It suffices to prove this for
homogeneous elements T. Let ¢, ¢ € C,de D, TeA, me M, 1.4 and
m’ € M. 4. Then we have

(Tm,mYeq = (T Tm,o(To)m')q
= (T 'TToe) Ty im, (T )m')q
€A,
= (T am, (T TT e )i(Ter)m')a
= (T, sm, (T )(T)m')q
= (m,(T)m')e-10a,

as required. This shows that (-,-) is a polarisation on M, and completes the proof.
O

Remark 3.14. For M as in Definition to be polarisable over a field L, it is
not sufficient that My, be a self-dual (A;)r-module. Indeed, let W =1, A; =
T = Q x @, with + swapping the two factors, T = A = T; with trivial grading
by a group C' = {1,¢} of order 2, and let M; = @ with T acting via projection
onto the first factor @), and M. = @) with T acting via projection onto the second
factor. Then M; and M, are dual to each other, so that M = M, & M, is a self-dual
T1i-module. However, M; is not self-dual, so M is not polarisable over Q.

Corollary 3.15. Assume that W = 1 and that either T is a field or ¢ is trivial.
Let M be a graded T-module that is R-torsion-free. Then M is polarisable over Q.

Proof. Without loss of generality, assume that R = @) and replace T by its image
in A. Under the assumptions, T is a product of fields, each preserved by ¢, and M
is polarisable over @ if and only if it is after taking the tensor product with each of
these factors. Thus, it suffices to assume that T; is a field. In that case, for every
¢ € C the Ti-vector spaces (M.)g and (M})g have the same dimension, and are
therefore isomorphic. The result follows from Proposition [3.13] O

Proposition 3.16. Let M be a graded A-module that is R-torsion-free, and let L
be a field containing Q. Then M is polarisable over Q if and only if M is polarisable
over L.

Proof. Assume that M is polarisable over L. Let ¢ € C be arbitrary. Then the
(T1)r-module (M,)r, is self-dual, i.e. (M.)r and (M})p are isomorphic. By the
Deuring-Noether Theorem [37, Theorem 19.25| this implies that (M.)g and (M)
are isomorphic, i.e. the (T1)g-module (M.)q is self-dual. By Proposition the
module M is polarisable over Q. O
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Definition 3.17. We will say that a graded A-module M is polarisable if it is po-
larisable over some field containing Q. In light of Proposition this is equivalent
to M being polarisable over Q.

3.3. Regulator constants for graded modules. In this subsection we continue
to make Assumption [3.9

Definition 3.18. Let M be a graded A-module that is free over R. Let ¢, € C.
Suppose that M is polarisable and that M, is L-linked to M. by T' € (Aue-1)1
for some field L containing ). Then «(T), being the adjoint of an isomorphism
with respect to a polarisation, induces an isomorphism (M. )y — (M.)r. Define
the regulator constant of M with respect to the pair (c,c’) by

det(T: (M.)r, — (My)r) 2
Ceer (M) = =Dy 1) € L*/(R*)?,
(M) det((T): (M) — (Moyp) ™) /(R7)
using the notation of Section [2.I} where recall that the determinants are evaluated
with respect to any bases By of M, and By of M.

Proposition 3.19. For every polarisation (-,-) on M we have
_ det((-,) | M)
det((-,-) | M)

The value of Cc.or (M) does not depend on T', nor on the polarisation.

Proof. Apply equation (2.2) and observations [(O1)| and |(O2)| of Section O

Remark 3.20. Let M be a graded A-module that is free over R and polarisable
over a field L. Then being L-linked is an equivalence relation on the homogeneous
components of M, and for all ¢1, ¢ca,c3 € C such that M,,, M.,, and M., are linked
we have

Cc,c’ (M)

17

Ceren (M) =Cey e, (M)_l and Ce, ¢5 (M) = Cey e, (M)Cey,c5(M).

Corollary 3.21. Let M be a polarisable graded A-module that is free over R, and
let ¢, € C be such that M. and M, are linked. Then we have

Cc,c’(M) € QX/(RX)Q'

Proof. By Proposition [3.16] there exists a polarisation on M that takes values in Q,
and by Proposition the value of C. (M) does not depend on the polarisation.
O

Lemma 3.22. Let M be a graded A-module that is free over R. Let ¢, ¢ € C, and
set c = c'c™'. Suppose that there exists T € A, such that T: M — M is surjective.
Then one has C..(M) € R*/(R*)2.

Proof. By Nakayama’s lemma [46], Theorem 2.4], the T-module endomorphism T
of M, being surjective, is in fact an isomorphism. This also implies that +(T) is an
isomorphism. Thus det(7T: M, — M.) and det(c(T): Mo — M,), evaluated with
respect to any R-bases on M, and M./, are units in R, and the result follows. [

Lemma 3.23. Let R — R be an embedding of commutative domains, let L be a
field containing R, and let M be a graded A-module that is free over R and that is
polarisable over L. Then for all c, ¢’ € C one has

CC’CI(M) = CC,C’(R ®R M) c LX/(RX)Q-
Proof. This is immediate from the definitions. 0

The next result is not used in the sequel, but it illustrates a connection between
Hecke eigenvalues and regulator ratios. Proposition [J]is a special case.
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Proposition 3.24. Let R = @ be a field, let T be a field, take W to be trivial,
let M be a graded T-module. Let ¢ € C' have order 2, assume that My and M. are
linked, by T, say, and let T?> = a € T1. Then M is polarisable, and we have

C1,e(M) = Nmr, /o(a)™ mod (QX)Z7

where n is the common dimension of My and M. over T1, and where Nmr, /0
denotes the Q-algebra norm on T1.

Proof. By Corollary [3.15] M is polarisable. Write the action of T on M; & M, as a
block-diagonal matrix g é) over the field T with A, B invertible. Then 72 = a

AB 0\ (a-1d, 0
0 BA) 0 a-1d, /-
Since ¢ is an automorphism of T that is trivial on @), we have detg(:(B)) = detg(B).

We get Cy (M) = detg(A)/ detq(u(B)) = detqo(AB) = Nmr, )o(a™) mod (Q*)>.
This proves the result. O

acts as

The next three results show that in many situations regulator constants of a
module can be factored as products of regulator constants of “simpler” modules.

Lemma 3.25. Let M be a polarisable graded A-module that is free over R and
that decomposes as a direct sum M = @, M; of polarisable graded A-submodules.
Let ¢,d € C, and assume that M, and M. are linked. Then for every i, (M;).
and (M;)e are linked, and we have

Ceor (M) = H Ce.cr (M;).

Proof. The first assertion is clear. Also, by hypothesis, we may choose a polarisa-
tion on M that makes all summands M; pairwise orthogonal, whence the second
assertion follows. O

Proposition 3.26. Let R = Q be a field, and let M be a polarisable graded A -
module that is free over R. Let ¢,c’ € C, and assume that M, and M. are linked.
Let the image of Ty in A decompose as a direct product [[, B; of Q-algebras with
involution, and for all i, let M; = B; @1, M. Then for all i, the graded A-module
M; is polarisable, (M;). and (M;) are linked, and we have

Cc,c’(M) = HCC,C’(Mi) € QX/(QX)z'

Proof. By Proposition [3.13] since M is polarisable, the M; are polarisable. We have
a decomposition M = @, M;. The last two assertions follow from Lemmam ]

Proposition 3.27. Let R = Z,, and let M be a polarisable graded A-module
that is free over R. Let N = {nN(n): n € MaxSpec(T1)}, and for alln' € N let
My = (T1)w @1, M. Then for alln’' € N, the graded A-module M, is polarisable.

Let ¢, € C, and assume that M. and M. are linked. Then for allnw € N,
(My)e and (My/)e are linked, and we have

Cowr (M) = ] Cowr(Mw) € Q) /(Z))*.
neN

Proof. By [23, Corollary 7.6], there is a decomposition T; = [],(T1)n, with the
product running over the maximal ideals of T;. Accordingly, by grouping terms,
there is a direct sum decomposition M = D, cpr Mw. By Proposition

since M is polarisable, the M, are polarisable. The last two statements follow
from Lemma [3.25 0
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4. VIGNERAS PAIRS OF MANIFOLDS

In the present section we will introduce the number theoretic situation we are

interested in,

a general version of the Vignéras construction, and apply the results

of Section [3] to this situation, deriving inexplicit self-twist conditions for various
kinds of isospectralities. We fix the following notation.

0= 2
2

=H o
Hoog
[}

a number field.

the ring of integers of a number field or p-adic field L.

a maximal ideal of Zp.

ring of integers of the completion Fj,.

a non-zero ideal of Zp.

the set of all real places of F'.

the ray class group with modulus 9 times a subset V of oo

the group {u € Z% : u—1 € M and v(u) > 0 for all v € V}.

R ®q F'.

the ring ([ ], Z,) ® F' of finite adéles of F.

the ring Fr x Ap s of adéles of F.

a division algebra over F' of degree d > 2 that is not totally definite.
the R-algebra of Hamilton quaternions.

the sets of infinite places of F' that are real and split in D,
respectively complex (and necessarily split in D),

respectively ramified in D.

a maximal order in D.

the algebraic group corresponding to D™, i.e. representing

the functor (e ®  D)* on the category of F-algebras.

G(FR).

a maximal compact subgroup of G-

the centre of G.

are defined up to isomorphism by Z, ®z, O = My, (A;), where
A, is a local ring. From now on fix such isomorphisms.

the division algebra Fy, ®z, Ay.

the finite product Hp pd=d C Zp.

GLq, (Ap) if i = 0, 14 J(Ay)" Mg, (Zy) if i > 0 (i.e. the kernel of
reduction modulo J(A,)"), where J(A,) is the maximal ideal of A,.
| J K (p?), the product running over all maximal ideals of Zp.
an open subgroup of G(Ap f) containing K () and

such that K/ Z(Ky) is compact.

the reduced norm map from G to the multiplicative group G,,.
{9 = (9v)v € G(AFp) : det(g,) > 0 for all v € Vr(D)}.
HNG(Ap)t, where H is a subgroup of G(Ap).
G(F)"\G(AF)/Zoo Koo K.

Goo/(ZooKoo).

nrd(G(F)F)\AF ;/nrd(Ky).

Iy =G(F)"NgKrg~' where the class of nrd(g) in C is c.
r.\X.

the normaliser of Ky in G(Ap ¢).

F\(Zso Koo x N(K;)/K5).

see discussion after Proposition in particular Equation .
the class of ¢ in Ciso, where ¢ € C.

the set of y € éiso such that x(c) =1, where c € C.

the subalgebra of Z[K\G(Ap, )/ K] generated by the
KfG(Fp)Kf for all p '|' 6D‘ﬁ
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We will now recall some basic facts about these objects. We refer to [27) §2.6,
§5.5, §15.2] for these facts and further material.

The double quotient ) is a compact orientable orbifold. Fix a set R of double
coset representatives of G(F)*\G(Ar,s)/Ky. For each g € R, define 'y = G(F)*™N
gng’l, and Yy = T';\X. Then each Y} is connected, and one has ) = ngER Y,.
The reduced norm map induces a bijection between the component set R and the
group C, and we will from now on implicitly use this bijection, and will index the
connected components of ) by C. The group C is a quotient of

nrd(G(F) M)\ nrd(G(Af )/ nrd(K(M)) = Clp(Noo).
We have
Goo 2 GLg(R)VEP) 5 GL4(C)Ve®P) x GL, o (H)YVEP).

The maximal compact subgroup K, is accordingly a product of maximal compact
subgroups over the infinite places of F, is unique up to conjugation, and may be
taken to be
Koo = 0a(R)#P) 5 Ug(C)VeP) 5 U gy (H) V=P,

Accordingly, the dimension of X (and therefore also of }) can be computed to be
(d2+72d_2) #Vr(D)+ (d* — 1) - #Vc(D) + (%) -#Vu(D). Note, in particular,
that when d = 2, the condition on D to be not totally definite, equivalently the
set V(D) U V(D) to be non-empty, is precisely the condition to ensure that the
dimension of ) is positive.

We now give an alternative description of ), which we will use in the next section.

Lemma 4.1. We have ZL K = GL N (ZxKw).

Proof. One inclusion is obvious. For the other, it suffices to argue place by place,
and the statement is only non-empty at the places v € Vgr(D). Locally at such
a place, the claim is that we have RZ,SO04(R) = GL4(R)* N (R* Og(R)), where
GL4(R)™ denotes the group of real d x d matrices with positive determinant, and
where R* denotes the subgroup of GL4(R) consisting of scalar matrices. To prove
the claim, suppose that we have z € R*, k € Og4(R) such that det(zk) > 0.
If we have det(z) > 0, then we also have det(k) > 0, hence zk € RZ;SO4(R).
If, on the other hand, we have det(z) < 0, so that in particular d is odd, then
—1 € R* has determinant —1, and is also an orthogonal matrix, so that we have
zk = (—1-z)(—=1-k) € R;SO4(R). This proves the claim, and hence the lemma. [

Proposition 4.2. We have canonical isomorphisms
Y =G(F\G(AF)/ZL KL Ky
and
C = FY\AR,/nrd(K ) = FX\(A}; x {£1}¥P1V ) nd (),
where F = {a € F :v(a) >0 for all v € Vg(D) U Vu(D)}.
Proof. First we prove the first isomorphism. By Lemma the inclusion G, —

G induces an injection
G(F)"\(GL - G(AR)/Z8 KL Ky — G(F) " \(Goo - G(ARg)) [ Zoc Koo Ky
Since the map det: K., — {il}VR(D) is surjective, this injection is also a surjection.
Next, the same inclusion induces an injection
G(F)'\(GL - G(ARy)) /2o KX Ky = G(F)\(Goo - G(AFy)) [ ZL KL K.
By weak approximation, the map signnrd: G(F) — {£1}Y*(P) is also surjective,
so this injection, too, is a surjection, and the first isomorphism is proven.
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Next, we show that C' = F{'\AL ;/nrd(Ky). Indeed, by the Hasse-Schilling-
Maass Theorem [57, Theorem 33.15|, the image of G(F)* under the reduced norm
map is precisely F*.

The last isomorphism follows from the fact that the map F* — {£1}V=(P)WVu(D)
is surjective. O

Applying Proposition [£.2] we have a map
vi W — C = FX\({£1}EPIVED) A% ) /nrd (K )

w = (Woo,wy) + F*(signnrd(we ), nrd(wy)) ™' nrd(Ky),
and we define, as in Section [3| the quotient Cis, = C/v(W). We have a canonical
isomorphism
(43) Cro = FX\(LELPP) x A%/ mrd(N(K ),
and since N(Ky) contains A (K, the group Cis, is a quotient of
nrd(G(F) M)\ nrd(G(Ar,r))/ nrd(KooK(m)A;f) =Clp(MVu(D))/(Cly(MVu(D)))4.

Elements of W act via isometries on Y = G(F)\G(Ar)/ZL KL K¢ by right multi-
plication.
The algebra T is commutative. It is generated by double cosets

TD = Kf diag(D)Kf,

d
where D = (ay,...,aq) € (A;f/ I1, Z;) is such that for every p|dp91 and for
every a; one has ord,(a;) = 0, i.e. D is a d-tuple of non-zero fractional ideals of F'
that are coprime to dp91. The algebra T is a subalgebra of Z[K \G(Ap,f)/Ky].
There is an involution on Z[K\G(Ar )/Ks] — see [65, Ch. 1, §8.6(d)] — given
by inversion, which induces an involution ¢ on T. Explicitly, it is given by
t: T — T,
Tp — Tp-1.
This involution is extended to T[W] by defining it to be inversion on W.

The algebra T[W] is graded by C, the grading being defined on T by the condition
that Tp for D as above belongs to the homogeneous component of the image of
d
(D]~ = [la:] " € Clp(Moo)
i=1
in the quotient C', and being induced on W by the homomorphism v.

Definition 4.4. Let L be a field. A Hecke eigensystem over L is an L-algebra
homomorphism a = (ap)p: L&T — L, 1 ® Tp — ap. Let M an (L ® T)-module.
The multiplicity in M of a Hecke eigensystem (ap) is the L-dimension of the space
of all elements f € M satisfying

Tpf=apf

d
for all D € (A;yf/]_[p Z;) . A Hecke eigensystem in M is a Hecke eigensystem
that has multiplicity at least 1 in M.
Given a Hecke eigensystem (ap)p in M and x € C, we say that (ap)p admits a
d
self-twist by x if for all D € (A}X,ﬂf/ I1, pr) satisfying x([D]) # 1 one has ap = 0.
In the case when R contains all n-th roots of unity, where n is the order of y, we

may view  as taking values in R*, and then the condition of admitting a self-twist
is equivalent to the condition that for all D one has x([D]) - ap = ap.
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The following two lemmas will link the self-twist condition with Proposition [3.6

Lemma 4.5. Let R be a domain, let T = R® T, let M be a T-module that is
finitely generated over R, let p € MaxSpec(R), and let E be a simple T-submodule
of R/p @r M. Then there exists a finite field extension S of R/p and a Hecke
eigensystem (ap)p over S in S ®r M such that whenever Tp € T annihilates E,
one has ap = 0.

Proof. Let m be the annihilator of £ in R/p ® T, and let S = (R/p ® T)/m be
the residue field of m. Since M is finitely generated over R, the field S is a finite
extension of R/p. The module S ®p/, E is a 1-dimensional S-vector subspace of
S ®r M. For every D, define ap to be the image of Tp in S. Then (ap)p is a
Hecke eigensystem with the claimed property. U

Lemma 4.6. Let M be a graded T[W]-module, and let ¢ € C. Suppose that there
exists a field L, a character x € Cis, \c*, and a Hecke eigensystem over L in L® M
admitting a self-twist by x. Then no element of T[W]. acts invertibly on M.

Proof. Let f € L ® M be an eigenvector whose eigensystem has a self-twist by x.
We will show that every T € T[W], annihilates f. First, let T = tw € T[W],
where w € W and ¢t € T, (y)-1. Since x(cv(w)™1) = x(e) # 1, we have tf = 0,
and therefore T'f = wtf = 0. Since T[W]. is spanned by elements T of this form,
the proof of the claim is complete. Finally, if an element of T[W]. acted invertibly
on M, it would also act invertibly on L ® M; this proves the lemma. O

Fix an integer ¢ € {0,...,d}. As in the introduction, let A denote the Laplace
operator. If Y is either Y or Y, for some ¢ € C, and A € R, we will consider the
following R-modules F(Y") attached to Y for suitable rings R:

o F(Y)=04_,(Y), the space of real differential i-forms on ¥ on which A acts by

multiplication by A, with R = R,

o F(Y)=H!Y)=Q%4_,, the space of real harmonic i-forms, with R = R,
o the homology group F(Y) = H,;(Y, R), where R is any domain, e.g. Z or Z,.

For each of these collections F of R-modules one has a direct sum decomposition

F) =@ F),
ceC
which defines a C-grading on F()). We will apply the formalism of Section |3 with
T = R®T. The Hecke algebra T[W] naturally acts on M = F(Y), and the image A
of T[W] in End(F())) is an R-algebra that is finitely generated as an R-module.
The algebra A inherits the C-grading and the involution ¢ from T[W], and F(})
is a graded A-module in the sense of Section [3.3}

Theorem 4.7. Let c € C, and let i > 0 be an integer.
(1) Let A € R. Then exactly one of the following two statements is true:
(i) there exist x € Ciso \ ¢~ and a Hecke eigensystem over C in C®p Qi (Y)
admitting a self-twist by x;
(ii) there exists T € T[W]. inducing, for all b € C, an isomorphism of Ti-
modules ‘ ‘
T: QZA:)\(Yb) — QZA:)\(YCb).
(2) At least one of the following two statements is true:
(i) there exist x € Cso \ ¢t and a Hecke eigensystem over C in the module
C @r P yer Qa—r(Y) admitting a self-twist by x;
(ii) for all b € C, the manifolds Y, and Yo, are i-isospectral.
(3) Let p be a prime number. Then exactly one of the following two statements is
true:
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(i) there exist x € aso \cL and a Hecke eigensystem over Fp m R,@Hi(y, Z)
admitting a self-twist by x;

(ii) there exists T € T[W]. inducing, for all b € C, an isomorphism of T-
modules

T: Hl(YE,,Z(p)) — Hi(YcMZ(p))'

(4) Let n be a mazimal ideal of Ty, let p be the characteristic of T1/n. Then exactly

one of the following two statements is true:
(i) there exist x € CA'iSO\cl and a Hecke eigensystem over Fp, in F,@ H; (Y, Z)q
admitting a self-twist by x;
(i) there exists T € T[W]. inducing, for all b € C, an isomorphism of T1-
modules
T: Hi(Yb»Z)n - Hi(YcluZ)n-

Proof.

(1) Take R = R. Suppose that there are no x and Hecke eigensystem as in the
statement. By Lemma the graded A-module M = Q% _, ()) satisfies the
hypotheses of Proposition so there exists 7' € A, that acts invertibly
on M. The image of T[W]. in A generates the real vector space A., and being
an isomorphism is a non-empty Zariski-open condition, so there also exists
T € T[W]. realising an isomorphism as claimed. The converse follows from
Lemma [£.6l

(2) This follows immediately from

(3) Take R = Z,). Suppose, once again, that there are no x and Hecke eigensystem
as in the statement. By Lemma the graded A-module M = H;(Y,Z,))
satisfies the hypotheses of Proposition so there exists 77 € A, that acts
invertibly on M. Clearing denominators and lifting to T[W], we obtain a T €
T[W]. as required. The converse follows from Lemma

(4) The proof is identical to that of the previous part, with R = Z, and M =
H;,(Y,Z)y. O

Remark 4.8. Notice that in part there is no claim that the isospectrality
is realised by a Hecke operator, and we do not get an equivalence but only one
implication.

The group G, acts by unitary operators on the complex Hilbert space
L*(G(F)"\G(AF)/ZecKy)

of square-integrable functions G(F)"\G(Ar)/Z Ky — C, and also, for each ¢ € C,
on the analogously defined space L?(T'.\Goo/Zoo)-

Definition 4.9. Let ¢, ¢/ € C. We say that the groups I'. and I, are representation
equivalent if there is an isomorphism of unitary G,-representations

L?2(P\Goo/Zoo) = L* (T \Goo/Zoo).

The Hecke algebra T[W] naturally acts on L*(G(F)™\G(Ar)/ZoKy), making
the L?-space a C-graded T[W]-module.

Theorem 4.10. Let ¢ € C. Then at least one of the following two statements is
true:

(i) there emist x € Cio \ ¢* and a Hecke eigensystem over C in the mod-
ule L?(G(F)"\G(AFr)/Zo K ;) admitting a self-twist by x;
(ii) for allb € C the groups Ty and T, are representation equivalent.
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Proof. Suppose that there are no y and Hecke eigensystem as in the statement.
Fix b € C. By [25] (see also |28]), there are decompositions into Hilbert orthogonal
direct sums of isotypical unitary representations of G, with finite multiplicities

LY(G(F)"\G(Ar)/ZKy) = €D V),
and, for all ¢’ € C,

L2(Fc’\Goo/Zoo) = @HV(H)C/a

both sums indexed by pair-wise non-isomorphic irreducible unitary representations
IT of G(Ap). The action of N(K)/K; X Z, commutes with that of Goo, and K
is contained in G, so each V(II) is also a T[W]-module, and is graded, with -
component V (II). .

Let IT be an irreducible unitary representation of G,. We claim that II occurs
with the same multiplicities in V/(IT), and in V/(IT).,. We have a Hilbert direct sum
decomposition of isotypical unitary finite-dimensional representations of K,

Vlk. = @ Vo),

with the sum running over pair-wise non-isomorphic irreducible unitary represen-
tations o of K, again compatible with the grading, and where each summand
is preserved by T[W]. Let o be an irreducible unitary representation of K., such
that V(II)(o) # 0, so that it is enough to prove that dim V(IT) (o), = dim V (II)(0) cp-
Let R = C and let A be the image of C ® T[W] in the endomorphism algebra of
the finite-dimensional C-vector space V (II)(c), so that A is a finite-dimensional
C-algebra. By Lemma the graded A-module M = V(II)(o) satisfies the hy-
potheses of Proposition [3.6] so there exists T € A, that acts invertibly on M,
therefore realising an isomorphism

T: V() (o) = VAD(0)cb-

This proves the desired equality of dimensions, and therefore the desired equality of
multiplicities for II. Since Il was arbitrary, we obtain an isomorphism as claimed.
d

For the rest of the section, fix a degree i € Z>o and a prime number p, and
let A be the image of T[W] in Endz H;(Y, Z)trce, so that H; (Y, Z)see is a graded
A-module. We will apply the results of Section [3] with R = Z and T = T. For
every ¢ € C there is a canonical positive definite pairing on H*(Y.) [4, Notation 3.2
and Lemma 3.3], [58]. By the Hodge and de Rham theorems, this harmonic forms
pairing induces a non-degenerate R-valued pairing on H;(Y.,R). The i-th regulator
Reg,(Y.) of Y. is defined to be the covolume of the lattice H;(Ye, Z)tree in H;(Ye, R).

Definition 4.11. Define N' = {nN¢(n) : n € MaxSpec(Z, ® Ty)}.

Lemma 4.12. Define a pairing on M = H;(Y,Z)tee induced by the harmonic
forms pairing on the summands H;(Ye, Z)ee for ¢ € C and by making the distinct
summands pairwise orthogonal. Then this defines a polarisation on M in the sense
of Definition . Moreover, for every w € N the graded Z, @ A-module M, is
polarisable.

Proof. The adjoint of each T € T with respect to the harmonic forms pairing
is o(T), and W acts by isometries (see also Remark [3.11)), so the pairing defines
a polarisation on the graded module H%())). Moreover, the Hodge-de Rham iso-
morphism between H!()) and H;(),R) is A-equivariant, so the harmonic forms
pairing is an R-valued polarisation on the A-module M. The last assertion follows
from Proposition 3.2 O
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Lemma 4.13. Let e, ¢ € C, let M = H;(Y, Z)tree, and suppose that M. and M.
are linked in the sense of Definition[3.1. Then:
(1) we have
_ Reg; (Ye)?
~ Reg;(Ye)?’
where recall that the invariant C. o (M) was defined in Deﬁmtion
(2) we have

Ce,er (M)

Regi(YC)Q c QX;
Reg;(Ye)?
(3) for all w' € N, the homogeneous components (My ). and (My/)o are linked,
and we have
Cor(M) = [ Cow (M) mod (Z))?,
nenN
where Co oo (M) € Q* is viewed as an element of Q-

Proof. (1) By definition, Reg;(Y.)? is the determinant of the Gram matrix of the
harmonic forms pairing with respect to any Z-basis of H;(Ye, Z)ree, and simi-
larly for Y,.. The claim therefore follows from Lemmal[f.12|and Proposition[3.19]

(2) The assertion follows from combining part and Corollary

(3) The assertion follows from Lemma Lemma and Proposition O

Theorem 4.14. Let ¢ € C. Then exactly one of the following two statements is
true:

(i) there exist x € Ciso \ ¢+ and a Hecke eigensystem over C in C @ H'(Y)
admitting a self-twist by x;

(ii) for all b € C the homogeneous components H; (Yo, Z)tree and H;(Yeb, Z)tree
are linked.

Proof. Suppose that there are no y and Hecke eigensystem as in the statement. The
isomorphism between H'()) and H!(Y,R) is A-equivariant. Lemma applied
to M = H;(Y,Z)tree, and Corollary imply that M. and M. are linked. The
converse follows from Lemma O

Theorem 4.15. Let ¢ € C, and let p be a prime number, let M = H;(V,Z)trce,
and let N be as in Definition[{.11]
(1) Let v’ € N. Then at least one of the following two statements is true:
(i) there exist x € Ciso\c* and a Hecke eigensystem over F, inF,®(M/n' M)
admitting a self-twist by x;
(ii) for allb € C, the homogeneous components (My )y and (My/)ep are linked,
and we have
Co.er(Mw) € Zy;
(2) At least one of the following two statements is true:
(i) there exist x € Ciso \ ¢+ and a Hecke eigensystem over F,, in F, @ M
admitting a self-twist by x;
(ii) for all b € C, the homogeneous components My and My are linked, and
we have
Regi(%)z X
Reg;(Yer)? (@)

Proof. (1) Suppose that there are no y and Hecke eigensystem in F, @ (M /n'M)
as in the statement. By Lemma [{.5| the assumptions of Proposition [3.6] are
satisfied for My, so there exists T' € A, that acts invertibly on M, . The result
follows from Lemma [3.22
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(2) Suppose that there are no x and Hecke eigensystem in Fp ® M as in the state-
ment, and let b € C. By the same argument as in part the homogeneous
components M, and M., are linked. The claimed equality then follows by
combining Lemma and part of the present theorem. O

5. SELF-TWISTS IN CHARACTERISTIC 0 AND AUTOMORPHIC INDUCTION

Assumption 5.1. We keep the notation of Section [4] but we assume that d = 2,
i.e. that D is a quaternion algebra. In particular we have Z, = Z1.

In this section we prove Theorem |E| for representation equivalence, 2°-, Q- and
‘H*-isospectrality, Theorem |G| parts and and Theorem |C| To prove Theo-
rem [Dl we will use the results of Section [l and make the self-twist conditions in those
results explicit. To that end, we will relate the various T-modules to automorphic
representations, directly or using Matsushima’s formula. By an automorphic in-
duction theorem of Langlands, the self-twist condition yields the existence of Hecke
characters of quadratic extensions of F' with specific properties. To make these
properties explicit, we inspect closely irreducible representations of GL9(R) and
GL3(C) and how they interact with automorphic induction, Jacquet-Langlands
transfer, and Matsushima’s formula. Theorem |G| parts and constitute a
refinement of Theorem [D] for H®-isospectrality. To deduce Theorem [C] we count
the Hecke characters that contribute to the various Casimir eigenspaces. This is
achieved by proving local bounds, Lemmas [5.2] and [5.5] and then counting points
in lattices.

The content of Sections [5.1H5.3] is well-known.

e In Section [5.1] we fix our notation and recall basic facts about Hecke characters.

e In Section[5.2.1]we recall the classification of irreducible representations of GLz(E)
for an Archimedean local field F, including their K-type, Casimir eigenvalue, and
central character, and how they arise from automorphic induction and Jacquet—
Langlands transfer.

e In Section [5.2.2) we recall the classification of smooth irreducible representations
of GL2(E) for a non-Archimedean local field E, and we state which ones arise as
automorphic inductions, as well as some properties of conductors.

e In Section 5.3 we recall the results on automorphic representations of GLy that we
need, namely strong multiplicity 1, automorphic induction, Jacquet—Langlands
correspondence, and Matsushima’s formula.

General references for these facts are |26, Appendix B| [27], [33].

In Section [5.4] we prove Theorem [D] for the isospectralities listed above and
Theorem partsand That section is divided into subsections, one for each
type of isospectrality. Finally, in Section [5.5] we prove Theorem [C}]

Throughout Section [5] all group representations will be on complex Hilbert
spaces.

5.1. Automorphic representations of GL;. In this section, we fix some notation
for Hecke characters. For a general reference, see e.g. [38, Ch. XIV].

Let G be a locally compact group. Recall that a quasi-character of G is a
continuous homomorphism G — C*, and a character of G is a quasi-character that
is unitary.

Every quasi-character of R* is of the form

Ug(k,s): z — sign(z)k|z)*

for a unique pair (k,s) € Z/2Z x C.
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Every quasi-character of C* is of the form

k
ek, s): 2 s (|Z|> |22
z

for a unique pair (k,s) € Z x C.

In both cases, such a quasi-character is unitary if and only if one has s € iR.

If E is a non-Achimedean local field, p is the maximal ideal of the ring of inte-
gers Zg of E, and V¥ is a quasi-character of £, then there exists m € Zx>( such
that W is trivial on (1 + p™) N Z%. The conductor of ¥ is p™, where m is the
smallest such integer.

A Hecke quasi-character of F is a quasi-character of F*\AJ, and a Hecke char-
acter of F is a character of F*\AJ.

Every Hecke quasi-character ¥ of F' is of the form

\I/:H\IIU

for quasi-characters U, of F,*, where v runs over the places of F. For every infinite
place v, we define k, and s, by writing ¥, = U (k,, s,). Note that this definition
depends on identifications between F,, and C for every complex place v. Replacing a
chosen identification with its complex conjugate does not change s, but negates k,.
Everything that we write in this section is insensitive to this ambiguity, as long
as we impose the following convention: whenever L/F is a quadratic extension of
number fields, v is a complex place of F', and w, w’ are places of L extending v, we
always choose isomorphisms L,, = C and L, = C that extend the same arbitrarily
chosen isomorphism F, = C.

A Hecke quasi-character ¥ is called algebraic if for every real place v we have
Sy € Z and for every complex place v we have s, + k,/2 € Z. If ¥ is an algebraic
Hecke character, then for every embedding 7: F' — C there exists a uniquely de-
termined ¢, € Z such that for all @« € F* that are positive at all real places we

have
H\IIU(a)z H 7()?,

v|oo 7: F—C

and the products run over all infinite places v, respectively embeddings 7: F' — C.
We refer to the collection (¢-)-cHom(r,c) as the type of an algebraic Hecke character.

5.2. Representations of GLs over local fields. Throughout this subsection,
let £ be a local field. We will fix the required notation and briefly recall the
relevant facts for irreducible representations of GLy(E). General references for this
subsection are |26, Appendix B] and [33] §5-6, 14-15].

Let L be a quadratic étale E-algebra, i.e. either a quadratic field extension of
E or a direct product E x E. There is an automorphic induction functor Alé
from the category of irreducible representations of GL;(L) to that of irreducible
representations of GLy(F). If o is the non-trivial E-linear automorphism of L,
then for all characters ¥ of L* we have ATL(W7) = ATL ().

Let A be a quaternion algebra over E. The local Jacquet—Langlands corre-
spondence [33] attaches to every irreducible representation IT of A* a representa-
tion JL 4 (II) of GL2(E), well-defined up to isomorphism, sometimes referred to as
the Jacquet-Langlands transfer of II from A* to GLa. If A is split, then JL 4 (II) is
isomorphic to II. We will say more about the properties of JL 4(II) in some special
cases below.
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5.2.1. Archimedean fields. In this subsection, assume that F is Archimedean.

Given an irreducible representation II of GLo(E) on a vector space V, its central
character is the group homomorphism (r;: E* — C* characterised by the property
that for all z € E* C GLo(F) and all v € V one has II(z)(v) = (n(z)v.

Let K be a compact subgroup of GLo(E). The restriction of every representation
of GL2(E) to K decomposes as a Hilbert direct sum of irreducible representations.
Fix a full set of representatives u of isomorphism classes of irreducible represen-
tations of K. The K-type of a representation IT of GLo(FE) is the multiset of
representatives u with multiplicities dim Hom g (u, IT).

Given an irreducible representation II of GLo(E) or of H*, the Casimir op-
erator, which we take to be the negation of [9, Chapters 1 and 2| (see also [10,
Theorem 2.2.1] in the case of GL2(R)), acts as a scalar on a dense subspace of
the underlying vector space. We call this scalar the Casimir eigenvalue of II. The
definition of the Casimir operator depends on a choice of scalar multiple of the
Killing form, and we choose the normalisation for which, in the case of GLy(FE),
the quotient by a maximal compact subgroup has constant curvature —1, and in
the case of H*, the form agrees with that for GLy(R) after complexification.

Isomorphism classes of irreducible representations of SO2(R) have dimension 1
and are parametrised by integers, with k € Z corresponding to

r(k): (0056‘ sm@) Ly oik0

—sinf cos @

Isomorphism classes of irreducible representations of SU(C) are parametrised
by non-negative integers, with k € Z>q corresponding to the representation

s(k) = Sym" C2,

which has dimension k+1, where C? is equipped with the standard action of SU,(C).
Isomorphism classes of irreducible representations of H* are parametrised by
elements of Z>o x C, with (k, i) € Z>2 x C corresponding to the representation

t(k, p) = Sym" 2 C? @¢ nrd*/2,

which has dimension k — 1, where C? is equipped with the action of H* induced
by the map H* — SLy(C) defined by h + nrd(h)~*/2j(h) for some isomor-
phism j: C ®@g H = My(C). The eigenvalue of the Casimir operator on t(k, u)
is £(1 — £) and the central character of ¢(k, 1) is Ur(k, p).

Every irreducible representation of GLa(R) is isomorphic to one from exactly
one of the following families.

e Irreducible principal series PSg(¥1, ¥s), where Uy, Uy are quasi-characters ¥; =
Ugr(k;, s;) such that s = %(sl — 59+ 1) and k = k1 — ko satisfy 2s ¢ k + 2Z.

e Discrete series and limits of discrete series DS(k, 1), where k > 1 is an integer
and p € C.

e Finite-dimensional representations Fg(k, ¥) = Sym*~2C? @¢ (¥ o det), where
k > 2 is an integer and W is a quasi-character of R*.

Representation SO2(R)-type Casimir central
eigenvalue| character
PSr(¥q, Us) {r(m):m e k+2Z} s(1—s) U0,
DS(k, u) {r(m):mek+2Z,\m| >k} (1 -5 Uk, 1)
Fr(k, U) {r(m) :m € k+2Z,|m| < k} g(l - g) Uk, k —2)0?

Every irreducible representation of GL3(C) is isomorphic to one from exactly
one of the following families.

e Irreducible principal series PS¢ (¥, ¥s), where Uy, Uy are quasi-characters ¥; =
Ue(ky, 8;) such that s = s1—s9 and k = ky — ko satisfy 2s ¢ k+2Z or |s| < 1—&-@.
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e Finite-dimensional representations Fe(k, k', ¥) = Sym* 2 C2@Sym* ~2 C2® (Vo
det), where k, k’ > 2 are integers, V¥ is a quasi-character of C*, and C? denotes
the standard representation of GLy(C), while C? denotes its composition with
complex conjugation.

Repre- SUs(C)-type Casimir central
sentation eigenvalue character
PSc(Uy, Uo)|{s(m) : m € k + 2Z,m > |k|} 1-E ¢ U0,
Fe(k, k', 0) | {s(m):mek+k +2Z, |k(1-5)+K(1-%) Ve (k— K,
k—K|<m<k+E -4} btk —4) g2

Lemma 5.2. Let V be a finite-dimensional representation of K.,. Then there
exists Koo > 0 such that for every irreducible representation Iy, of G one has

dim Homg__ (V, 1) < Koo-

Proof. The assertion follows by inspection of the above lists of the irreducible rep-
resentations of GLo(E) for E =R and F = C. O

The automorphic inductions AI% from GL;(L) to GLy(E) are as follows.

e Extension R C C: AIg(Uc(k,s)) = DS(1 + |k|,2s).
e Extension R C RxR: let ¥; = Wg(k;, s;) for i = 1,2 be ordered such that Re(s;) >
Re(s2). Then:
— AT R (g, U)) = ATR R (U, Uy) = PSp(Wy, Uy) if 51 — s+ 1 ¢ ky + ko + 27;
— AT ®(W, ;) = AL F(Wy, Us) = Fr(k, Ur(ka, s2+1)), where k = s1—s2+1,
ifk €k +ko+27Z andk:;él;
— AR (g, U)) = ATRR (W, Uy) = DS(1,251) = DS(1,2s5) if 51 = s and ky #
kg mod 2.
o Extension C C CxC: let ¥; = W (k;, s;) for i = 1,2 be ordered such that Re(s;) >
Re(sz2), s = s1 — sa, and k = k1 — ko. Then:
— AISXC(Wy, W) = ATEXC(Wy, Wy) = PSe (W, Uy) if 25 ¢ k+2Z or |s| < L4 1;
— AIEC(Wy, Uy) = AIZXC(W1, Wy) = Fe(s + £ + 1,5 — & + 1, Uc(k, 52 + 1))
otherwise.

The Jacquet—-Langlands transfer JLy from H* to GLy(R) is
JLp(t(k, p)) = DS(k, p) for (k, ) € Z>o x C.

We now record the isomorphism classes of some representations of various com-
pact groups.

Let s02(R) and gly(R) be the Lie algebras of SO2(R), respectively of GLo(R),
both equipped with the adjoint action of SO2(R). We have the following isomor-
phisms of SO3(R)-representations.

i| CorA(glh(R)/s05(R))
0| r(0)

1 r(=2)@r(2)

21 r(0)

Now, let sus(C) and gl,(C) be the Lie algebras of SU5(C), respectively of GLo(C),
both equipped with the adjoint action of SU3(C). We have the following isomor-
phisms of SUz(C)-representations.
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| C@r A (gly(C)/su2(C))
s(0)
s(2)
5(2)

3l s(0)

5.2.2. Non-Archimedean fields. An additional general reference for this subsection
is [I1], particularly Chapters 8 and 13.

Let E be a p-adic field, let p be its maximal ideal. Let A be the unique quaternion
division algebra over E. A representation of A* or of GLy(F) is called smooth if
every vector in the underlying vector space is fixed by some compact open subgroup.
We will assume that all our representations are smooth without repeating it.

Every irreducible representation of A* is finite-dimensional. Every irreducible
representation of GLa(E) is of exactly one of the following types:

N = O

e finite-dimensional representations: they are all of the form g — ¢ o det for a
quasi-character ¢: E* — C*|

e irreducible principal series PSg(V¥q, Us), where Uy, Uy: EX — C* are quasi-
characters such that U, U5 " ¢ {| - |*'},

e special representations,

e supercuspidal representations.

The automorphic induction Al% from GL;(L) to GLy(E) satisfies the following.

e An automorphic induction is never a special representation.

e Extension £ C E x E: let U1, ¥y: E* — C* be quasi-characters.

— ATE*E (U, Wy) = PSE(Wy, Uy) if U050 ¢ {|-|F1}.
— AIEXE(\I/l, Uy) = ¢ o det for some quasi-character ¢: E* — C* otherwise.

e Quadratic field extension F C L: let 0 € Gal(L/E) be the non-trivial element,
let x: Gal(L/E) — C* be the non-trivial quadratic character, and let ¥: L* —
C* be a quasi-character.

— AIL (W) is supercuspidal if ¥ # W,
— ATE(W) = PSg (¢, ¢x) for some quasi-character ¢: E*X — C* otherwise.
For r € Z>o, let
Ko(pr) = {(‘;’ 2) :¢=0mod pr} C GLQ(ZE)
and
Ki(p")={(2Y):d=1modp",c=0mod p"} C Ko(p").

If II is an irreducible representation of GLo(E), then its conductor is p™ where

n € Zso U {oc} is minimal subject to the condition TI*1(?") 2£ 0.

Lemma 5.3. Let II be an irreducible representation, let p™ be its conductor, and

let i € Z>,. Then the space I SICH) of fixed points has dimension i —n + 1.
Proof. See [I7], see also [59, Theorem 1.2.1 (ii)]. O

In A%, we define Ko (p°) to be the unit group of the unique maximal order in A*.
When we use the notation K(p°), it will be clear from the context whether it refers
to the subgroup of A* or to GL2(Zg).

Lemma 5.4. Let L/E be an étale quadratic extension, let § be its discriminant,
let U: L* — C* be a quasi-character such that AT% () is infinite-dimensional, and
let § be the conductor of . Then the conductor of A% (W) is § - Nmy, /5 (F).

Proof. See [59], Table at the end of §1]. O
The Jacquet-Langlands transfer JL 4 from A* to GLy(F) has the following prop-

erty: an irreducible representation II of GLo(E) is in the image of JL 4 if and only
if IT is special or supercuspidal.
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Lemma 5.5. There exists ky > 0 such that for every irreducible representation 11y
of G(Ap,r) we have

dim Hff < Kj.

Proof. Recall that we have K (91) C Ky, so that for every irreducible representa-
tion Iy of G(Ap,) we have dimII}7 < dimII} ™. Write K(9) = [, K(p™)
and II; = ®;Hp, where ®’ denotes a restricted tensor product. Note that for every

prime p we have dim Hf(po) < 1, and we have dim H?(m) = Hp dim Hf(pmp ). Let P

be such that m, > 0.

e If p is split in D, then by Lemma we have dim Hf(pmp) < dim Hfl(pmp) <
2my + 1, which depends only on K.

e If p is ramified in D, then consider the finite group G = Dy /(F K (p™»)),
and let d(G) be the maximal dimension of an irreducible representation of G.
Since II,, is irreducible, F,,‘ acts via a character ¢ on II,. Therefore Hf@m”)(*l
is an irreducible representation of G, hence of dimension at most d(G), which
also depends only on K.

This proves the existence of k. O

5.3. Automorphic representations of GL;. For the duration of the subsection,
let G be one of the algebraic groups G or GLy over F.

For a general definition of an automorphic representation of G(Ar) and of cus-
pidality see [27) Definitions 6.3.5 and 6.5.1]. For our purposes, simpler definitions
in special cases will be sufficient.

A discrete automorphic representation of G(Ap) is an irreducible subrepresen-
tation of L?(G(F)\G(Ar)/Rs), where Ry C Z(G(FR)) = [1o)0c Z(G(FY)) is em-
bedded diagonally. For the relation with automorphic representations in the usual
sense see [27, Theorem 6.6.4]. Every automorphic representation of G(Ag) is dis-
crete and cuspidal, and every cuspidal automorphic representation of GLy(Ag) can
be identified with a discrete automorphic representation, see [27, Theorem 6.5.3].

Let II be a discrete automorphic representation of G(Ar). Then II can be
written as a restricted tensor product Il ® ITy = ®; 11, over the places v of F,
where I1 is a representation of G(Fr), Iy is a representation of G(Ap ), and for
each place v, the factor I, is a representation of G(F,). The fixed point space

1 Ky 0
(@ m)" - @ ne”
propMN pfopN
is 1-dimensional, and admits an action of T, thus giving rise to a Hecke eigensystem.

If TT is a discrete automorphic representation of G(Ag) and x is a Hecke character
of F', we write II® x as shorthand for the automorphic representation II®c (yonrd).

Theorem 5.6 (Strong multiplicity 1). Fvery cuspidal automorphic representation
occurs with multiplicity 1 in L*(G(F)\G(Ar)/Rsq). Moreover, if IT and II' are
two cuspidal automorphic representations of G such that 11, is isomorphic to IT,
for all but finitely many places v of F, then I1 and I' are isomorphic.

Proof. See [33], [3, Theorem 5.1 (b), (¢)], see also [27, Theorems 11.4.3 and 11.7.2].
U

Theorem 5.7 (Automorphic induction). Let L/F be a quadratic extension of num-
ber fields and let o be the generator of its Galois group, and let x be the quadratic
Hecke character corresponding to the extension L/F by class field theory. Let U be
a Hecke character of L. The automorphic induction AT%(0) = &/ AI§:®FL(\IIU) is

an automorphic representation of GLy(Ap). The representation AT4(W) is cuspidal
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if and only if U7 # U. A cuspidal automorphic representation I of GLa(AFp) is
the automorphic induction of a Hecke character of L if and only if I ® x = I1.

Proof. See [39)], see also [27, Theorem 13.4.2]. O

Theorem 5.8 (Jacquet—Langlands correspondence). There exists a unique injec-
tion JLp from the class of isomorphism classes of automorphic representations
of G(AFr) to the class of isomorphism classes of discrete automorphic representa-
tions of GLa(AF) satisfying JLp, (I1,) = JLp(II), for all places v. The representa-
tion JLp (1) is cuspidal if and only if I1 is infinite-dimensional. When restricting to
the class of infinite-dimensional representations, the image is the class of cuspidal
automorphic representations Il such that for all places v, the local representation
IT, is in the image of JLp, .

Proof. See [33], see also [27, Theorem 19.4.3]. O

Corollary 5.9. Keep the notation as in Theorem [5.7. Let I1 be an automorphic
representation of G such that 1@ x = II. Then I1 is infinite-dimensional, and there
exists a Hecke character U of L such that JLp(IT) = ATk (W),

Proof. If 11 is finite-dimensional, then it is 1-dimensional, and the hypothesis is
never satisfied, therefore II is infinite-dimensional. By Multiplicity 1, Theorem [5.6]
the Jacquet—Langlands correspondence, being local-global compatible, is also com-
patible with twisting. Applying Theorems [5.7] and [5.8] therefore gives the state-
ment. (]

Let g and ¢ denote the Lie algebras of G, and K, respectively, both equipped
with the adjoint action of KT.

Theorem 5.10 (Matsushima’s formula). We have

Q'(¥)c = P Hom i (C @p A'(g/e), o) ®c I} 7,
11

where the sum ranges over automorphic representations II of G(Ap) such that 1o
is trivial on Zs,. Moreover, the isomorphism is equivariant with respect to:

e the Laplace operator on the left hand side and the Casimir operator acting on Il
on the right hand side, and
e the action of Hecke operators, acting on H;{f on the right hand side.

Proof. This is a well-known adélic reformulation of the classical Matsushima for-
mula [47], see [8, §1.2]. The equivariance with respect to Hecke operators follows
from the canonicity of the correspondence in ibid. Note that the statement simpli-
fies in our situation due to Multiplicity 1, Theorem [5.6] (]

Definition 5.11. Given a collection i = (i, ), of non-negative integers indexed by
the infinite places v of F', we define

Qi(y)c = EDHomK;ro <®(C ®r A (gv/{’v),ﬂm> Sc ch(f.
1T v

Moreover, given a collection A = ()\,), or real numbers indexed by the infinite
places v of F', define QiA: v(YV)c € Q4(Y)c to be the subspace consisting of Laplace
eigenvectors on which the Laplace operator at each infinite place v has eigenvalue
Ao- Let HEY)c = Qizo(y)c be the space of harmonic forms in Q%())c, where 0
denotes the zero vector.
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Corollary 5.12. For every i € Z>o and XA € R, we have

A =P P Ve, and H (Ve = PHY)e,
A i %

where the sums run over all collections A = (\y), satisfying Y, Ay = X, respectively
all collections © = (i,), satisfying Y, i, = 1.

5.4. Self-twist conditions. In this subsection we prove Theorem [D] for repre-
sentation equivalence, Q°-, Q°-, and H*-isospectrality, and Theorem |G| parts

and

5.4.1. Representation equivalence.

Proposition 5.13. Let x be an order 2 Hecke character, let L/F be the cor-
responding quadratic extension, and let o denote the nmon-trivial automorphism
of L/F. Let V be a KT -representation. Then every Hecke eigensystem over C
in the module M = Hom e+ (V, L*(G(F)\G(AFr)/ZKy)) that admits a self-twist
by x is attached to some automorphic representation Il = Il @ II; of G(Ap) such
that JLp(IT) = AI%(W) for a unitary Hecke character U of L satisfying all of the
following:
(1) for every place v of F that ramifies in D, there is a single place w of L above v,
and we have WG # U,,;
(2) the parameters (ku, sw) of the character ¥ satisfy the following conditions:
o for every real place v of F that extends to a complex place w of L, we
have s, = 0 and k,, is odd;
e for every real place v of F that extends to two real places w,w’ of L, we
have sy + S = 0 and ky + ky =0 mod 2;
e for every complex place v of F that extends to two complex places w,w’ of L,
we have Sy + Sy = 0 and ky, + Ky = 0.

Each such Hecke eigensystem has multiplicity dim H;{f ~dim Hom o+ (V. Ilo) (which
may be 0).

Proof. Hecke eigensystems over C in M are attached to automorphic representa-
tions IT = IIo, ®II; of G(AF) such that the central character of I, vanishes on Z,

and each such eigensystem has multiplicity dim ch(f - dim Hom KL (V,11). Hecke

eigensystems over C in L?(G(F)\G(Ar)/ZoKy) that admit a self-twist by y are
exactly those attached to automorphic representations IT = Il ® Iy of G(Ar) such
that II® x = II and the central character of I, vanishes on Z.,. By Corollary[5.9]
such IT are exactly the ones satisfying

e II is infinite-dimensional;

e JLp(IT) = Al p(¥) for some Hecke character ¥ of L;

e the central character of I, vanishes on Z.

By Theorem|[5.8and Theorem the first two conditions are equivalent to the exis-
tence of a Hecke character W of L such that we have JLp (IT) = AT%(¥) and W7 # .
Let ¥ be a Hecke character of L such that Y7 # ¥. By Theorem there ex-
ists IT such that AT%(¥) = JLp(II) if and only if AT% (W) is discrete series at the
infinite places that are ramified in D, and special or supercuspidal at the finite
places that are ramified in D. Let v be a place of F' that ramifies in D. If v is
an infinite place: by Subsection the local component AI%(¥), is a discrete
series representation if and only if v extends to a complex place w in L and k,, # 0,
equivalently there is a single place w of L above v and ¥ # W¥,,. If v is a finite
place: by Subsection the local component AI,LV(\I/)U is special or supercuspidal
if and only there is a single place w of L above v and ¥J # W,,. This proves that
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condition of the conclusion of the proposition holds. By Subsection the
central character of AI%(W) vanishing on Z., is equivalent to condition the
conclusion. Since W is trivial on L*, all the s,, have the same real part. Therefore
condition implies that this real part is 0, so that ¥ is unitary. 0

Definition 5.14. If L/F is a quadratic extension, then an L%-shady character of L
is a unitary Hecke character ¥ of L such that L and ¥ have all of the following
properties:

e the field L and the character ¥ satisfy the conditions and in Proposi-
tion [5.13] so that in particular, by Theorems [5.7] and [5.8] there exists a unique
automorphic representation IT = I, @11 of G(A ) satisfying JLp (IT) = ATZ();

Ky
e we have II; #0.

The following is Theorem [D] for representation equivalence.

Theorem 5.15. Let c € C. Then at least one of the following statements is true:

(i) there exist a character x € Cio \ ¢*, with corresponding quadratic exten-
sion L/F, and an L%-shady character of L;
(ii) for all b € C the groups Ty and Ty, are representation equivalent.

Proof. This is an immediate consequence of Theorem[£.10]and Proposition[5.13] [

Remark 5.16. In Proposition|5.13] conditionat a real place v of I is equivalent
to the following: if v ramifies in D, then v extends to a complex place w of L and
we have k,, # 0.

It will sometimes be useful to reformulate the conditions of Proposition [5.13| as
follows.

Lemma 5.17. Let L/F be a quadratic extension, let o denote the non-trivial au-
tomorphism of L/F, and let U be a Hecke character of L. Then WU has finite
order if and only if all of the following conditions hold:

o for every real place v of F' that extends to a complex place w of L, we have s, = 0;

o for every real place v of F that extends to two real places w,w' of L, we have s, +
Sw! = 0,’

e for every complex place v of F' that extends to two complex places w,w' of L, we
have Sy + Sur = 0 and ky, + ko = 0.

Proof. At a place of F' that extends to two places of L, the action of ¢ on ¥ swaps
the parameters (k,s). At a real place v of F' that extends to a complex place w
of L, the action of 0 on ¥ negates k,, and leaves s,, unchanged. Finally, a Hecke
character of L has finite order if and only if all its s parameters are 0 and all its k
parameters at complex places are 0. Putting these together gives the lemma. [J

Remark 5.18. When at least one real place of F' ramifies in L, the Hecke characters
appearing in Theorem [5.15| are partially algebraic Hecke characters in the sense
of [48, Section 5.5]. In fact, they must come from the construction given in the
proof of ibid., Proposition 41.

By omitting conditions from Theorem [5.15] we recover previously known results.

Corollary 5.19. Let c € C. Then at least one of the following statements is true:
(i) there exists a character x € aso, with corresponding quadratic extension L/ F,
such that
(a) x(c)=—1, ie. x & c*, and
(b) for every place v of F that ramifies in D, there is a single place of L
above v;
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(ii) for allb € C the groups Ty and T, are representation equivalent.

Remark 5.20. Corollary seems much weaker than Theorem but is suf-
ficient to recover previously known results. It would be interesting to know how
much weaker it actually is, specifically whether, given L/F as in Corollary
there always exists a U as in Theorem [5.15

Corollary 5.21. Let M be a non-zero ideal of Zp coprime to ép, and let Ky =
[T Ko(p?). Let c € C. Then at least one of the following statements is true:

(i) we have that
(a) D is unramified at all finite places of F', and
(b) there exists a quadratic extension L/F that is ramified at exactly the
same set of real places of F' as D, such that all primes of F dividing N
with odd exponent are split in L, and such that all primes of F whose
class in Cigo is € are inert in L;
(ii) for allb € C the groups T'y and 'y, are representation equivalent.

Proof. By Equation and a local computation [67) eqns. (23.2.4) and (23.2.8),
Proposition 23.4.14], we have Ciso = Clp(Vi(D))/(a?, p ramified in D,p¢||N). As-
sume that for some b € C' the groups I', and 'y, are not representation equivalent.
Let p be a finite place of F' that ramifies in D. Then the class of p is trivial in Cjs,,
so p splits in L; but this contradicts Corollary (b)l Therefore, no finite place
ramifies in D. Let y and L/F be as in Corollar)EQBy the expression of Cis, as
a class group, L/F is unramified at all finite places of F', split at all prime ideals
dividing 91 with odd exponent, and the set of real places of F' that ramify in L
is a subset of those that ramify in D. Corollary [5.19|[(b)] gives the other inclusion
between those sets of ramified real places. Let p be a finite place of F' whose class

in Ciso equals ¢. Then x(p) # 1 by Corollary so that p is inert in L. [

Remark 5.22. The groups of the form I'. for ¢ € C are exactly the ones of the
form O, where O is an Eichler order of level 9. Corollary is essentially
the criterion used in [44] to investigate isospectrality of a large number of pairs
of hyperbolic orbifolds of dimension 2 and 3, using the selectivity method [44]
Theorem 2.17 and Theorem 2.19].

Corollary 5.23. Assume that there is a maximal ideal p of Zp that is ram-
ified in D, and that there exists an element g € N(Kj) such that the valua-
tion ordy(nrd(g)) is even for every finite place q # p and such that ord,(nrd(g)) is
odd. Then for all ¢c,d’ € C the groups T'. and T are representation equivalent.

Proof. Let ¢, ¢ € C and assume that T'. and ' are not representation equivalent,
and let L/F be as in Corollary By definition of Cis,, the class of nrd(g) in Ciso
is trivial. On the other hand, since Cis, has exponent dividing 2, the valuation
assumptions imply that the class of nrd(g) equals the class of p. This implies that p
splits in L, contradicting Corollary @ Therefore, the groups I'. and T’y are
representation equivalent. O

Remark 5.24. Corollary is essentially the same criterion as in [55, Section 3|:
the condition (H3) in that paper (with vg = p) implies that we can take g to be a
uniformiser of D, at vy and g, = 1 for v # vg. One superficial difference is that
the representation equivalent groups in [55] are arithmetic subgroups of SL; (D),
whereas ours are subgroups of GLi(D); by choosing appropriate levels Ky, our
method can be adapted to the SL;(D) setting, but we chose to stick to GL;1 (D)
for simplicity of the exposition. The similarity is not surprising: our Hecke eigen-
value systems with a self-twist exactly correspond to the endoscopic representations
studied in [36] and playing an important role in [55]. However, our method proves
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representation equivalence without an analysis of the Labesse—Langlands multiplic-
ity formula.

5.4.2. Differential forms.

Proposition 5.25. Let x be an order 2 Hecke character, with corresponding qua-
dratic extension L/F, let o denote the non-trivial automorphism of L/F, and let
1= (iy)y and XA = (\y), be as in Definition . Then the Hecke eigensystems
over C in Qi\:A(y)@ that admit a self-twist by x are the Hecke eigenvalue sys-
tems attached to an automorphic representation Il = I, @ II; of G(Ap) such that
JLp(IT) = ATL() for some unitary Hecke character U of L satisfying all of the
following conditions:

(1) for every place v of F that ramifies in D, there is a single place w of L above v,
and we have W, # V,,;
(2) for every real place v of F' that extends to a complex place w of L we have
o i, =0 if v is ramified in D;
e i, = 1 otherwise;
Ay =0, and U, = U (k,0) with k € {£1};
(3) for every real place of F that extends to two real places w, w' of L we have
i, € {0,1,2}, ¥, = Ug(k,s) and ¥,y = Ug(k',s") where k = k' mod 2, and
s =it =—s fort € R satisfying + +*> = X,;
(4) for every complex place v of F, extending to places w and w' of L, we have
U, = Uc(k,s) and U,y = Ve (k',s’) where either
e i, € {0,1,2,3}, k =k =0, and s = it = —s' with t € R satisfying
14412 = \,; or
o i, € {1,2}, k = —k € {£1}, and s = it = —s' with t € R satisfying
4t2 = X\, ;

each such Hecke eigenvalue system occurring with multiplicity 2" dim Hff , where r
is the number of real places v of F' for which one has i, = 1.

Proof. We apply Proposition 55_£| with V' = Qi:A(y)@. Let ¥ and II be as in
Proposition [5.I3} For every infinite place w of L, write s,, = it,, with t,, € R.

Write K1 =[], K,, with the product running over the infinite places of F', and
for each such place v, let H, = Homg, (A% (g,/€,),I1,).

Let v be a real place of F' that extends to a complex place w of L. Then we have
ATE(W), = DS(1 + |ky|,0). By the local computation in Section the space H,
is non-trivial if and only if either

e the place v is unramified in D, i, = 1, k,, € {1}, and A, = 0, in which
case dim H,, = 2; or

e the place v is ramified in D, i, = 0, k,, € {£1}, and A, = 0, in which case
dim H, = 1.

Let v be a real place of F that extends to two real places w, w’ of L. Then we
necessarily have ATk (¥), = PS(V,,, ¥,,). Moreover, the space H, is non-trivial if
and only if i, € {0,1,2} and A\, = i +t2. In this case, dim H, = 2 if 4, = 1, and
dim H, = 1 otherwise.

Let v be a complex place of F', extending to two places w and w’ of L. Then we
necessarily have ATk (¥), = PS(V,,, ¥,,). Moreover, the space H, is non-trivial if
and only if one of the following holds:

o ky=0,i,€{0,1,2,3}, \, =1 +4t2;

o ky € {1}, i, € {1,2}, A\, = 4t2.
When H, is non-trivial, we have dim H, = 1. Taking the tensor product of the
spaces H, over all places v | co gives the result. O
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Definition 5.26. If L/F is a quadratic extension, and i and A are as in Propo-
sition then an (Q%\:A)-shady character of L is a unitary Hecke character ¥
of L such that L and ¥ have all of the following properties:

e the field L and the character U satisfy the conditions|(1)H(4)|in Proposition
so that in particular, by Theorems[5.7)and [5.8] there exists a unique automorphic
representation IT = Il,, @ IT; of G(Ar) satisfying JLp (IT) = ATZ();

e we have H?f # 0.

We now prove a general version of Theorem [D] which we will then specialise.

Theorem 5.27. Let c € C, let i € Z>o, and let A € R>q. Then exactly one of the
following statements is true:

(i) there exist a character x € C/Z\'iso \ ¢, with corresponding quadratic exten-
sion LJF, collections A = (\y), and & = (iy), of real numbers, respectively
non-negative integers, indexed by the infinite places v of F, such thaty_, A\, =
Xand ), i, =1, and an (Qi:k)-shady character of L;

(ii) there exists T € T[W]. inducing, for allb € C, an isomorphism of T1-modules

Proof. This is an immediate consequence of Theorem Corollary and
Proposition [5.25 O

Definition 5.28. If L/ F is a quadratic extension, with non-trivial automorphism o,

then an Q°-shady character of L is a unitary Hecke character ¥ of L such that L

and ¥ have all of the following properties:

(1) for every place v of F' that ramifies in D, there is a single place w of L above v,
and we have U7 # WU,,;

(2) for every real place v of F' that extends to a complex place w of L we have ¥, =
Ue(k,0) with k € {£1};

(3) for every real place of F that extends to two real places w, w’ of L we have
U, = Ur(k,s) and U,y = Ur(k’,s’) where k=% mod 2 and s = —s' € iR;

(4) for every complex place v of F, extending to places w and w’ of L, we have
U, = Ue(k,s) and ¥,y = Ue(k',s") where k = —k' € {—1,0,1} and s = —5' €
iR;

(5) the unique automorphic representation IT of G(A ) such that JLp (IT) = AT%(¥)
satisfies H;{f # 0.

The following is Theorem [D] for {2®-isospectrality.
Corollary 5.29. Let c € C. Then at least one of the following statements is true:

(i) there exist a character x € Cio \ ¢*, with corresponding quadratic exten-
sion L/F with non-trivial automorphism o, and an Q°-shady character of L;
(ii) for all b € C the manifolds Y, and Y, are i-isospectral for alli > 0.

Proof. Suppose that part|(i)|does not hold. Then nor does part|(i)|of Theorem
for any ¢ and A. Thus part |(ii)| of Theorem holds for every ¢ and A, whence we

deduce that part of the corollary holds. O

Definition 5.30. If L/ F is a quadratic extension, with non-trivial automorphism o,

then an Q°-shady character of L is a unitary Hecke character ¥ of L such that L

and ¥ have all of the following properties:

(1) for every place v of F' that ramifies in D, there is a single place w of L above v,
and we have Vg # WU,,;

(2) for every real place v of F that extends to a complex place w of L, the algebra D
is ramified at v and ¥, = Uc(k,0) with k € {£1};
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(3) for every real place of F that extends to two real places w, w’ of L we have
U, = Ug(k,s) and ¥, = Ug(k',s’) where k =k mod 2 and s = —s’ € iR;
(4) for every complex place v of F, extending to places w and w’ of L, we have
U, = Uc(0,s) and ¥,r = ¥c(0,s') where s = —s' € iRR;
(5) the unique automorphic representation IT of G(Ar) such that JLp(IT) = AIILQ(\I/)
. Ky
satisfies I, # 0.

The following is Theorem [D] for Q0-isospectrality.

Corollary 5.31. Let c € C. Then at least one of the following statements is true:

(1) there exist a character x € Cso \ ¢t, with corresponding quadratic exten-
sion L/F, and an Q°-shady character ¥ of L;
(ii) for all b € C the manifolds Yy and Yo are 0-isospectral.

Proof. The proof is completely analogous to that of Corollary O
5.4.3. Cohomology.

Proposition 5.32. Let x be an order 2 Hecke character, with corresponding qua-
dratic extension L/F, let o denote the non-trivial automorphism of L/F, and let
i = (iy)y be as in Definition . Then the Hecke eigensystems over C in HE(Y)c
that admit a self-twist by x are the Hecke eigenvalue systems attached to an auto-
morphic representation 11 = Ty, @ Iy of G(Ar) such that JLp(I1) = AT&(W) for
some unitary Hecke character U of L satisfying all of the following:
(1) for every place v of F that ramifies in D, there is a single place w of L above v,
and we have WG # U,,;
(2) every real place v of F extends to a complex place w of L, and for all such
places we have
e i, =0 if v is ramified in D;
e i, = 1 otherwise;
and U, = Yc(k,0) with k € {£1};
(3) for every complex place v of F, extending to places w and w' of L, we have
U, = Uc(k,0) and ¥,y = Ve (K',0), where i, € {1,2}, k= -k € {£1};

each such Hecke eigenvalue system occurring with multiplicity 2" dim Hff, where
is the number of real places v of F' for which one has i, = 1.

Proof. The result is obtained by specialising Proposition [5.25] to A = 0. O

Definition 5.33. If L/ F is a quadratic extension, with non-trivial automorphism o,

then an H®-shady character of L is a unitary Hecke character ¥ of L such that L

and ¥ have all of the following properties:

(1) for every place v of F that ramifies in D, there is a single place w of L above v,
and we have U7 # WU,,;

(2) every real place v of F' extends to a complex place w of L, and for all such
places we have U, = Uc(k,0) with k£ € {£1};

(3) for every complex place v of F, extending to places w and w’ of L, we have
U, = Uc(k,0) and ¥,y = Ue(k',0), where k = —k' € {£1};

(4) the unique automorphic representation IT of G(A ) such that JLp (IT) = AT%(¥)
satisfies H;{f #0.

The following is Theorem [D]for H*-isospectrality and, together with Lemma[4.13]
implies Theorem |G| parts and

Theorem 5.34. Let c € C, and let i € Z>o. Then exactly one of the following
statements is true:
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(i) we have #Vr+#Ve < i < #Vr+2#Ve and there exist a character x € &SO\

ct, with corresponding quadratic extension L/F, and an H®-shady character

of L;
(ii) for all b € C the homogeneous components H;(Yy, Z)tree and H;(Yep, Z)treo
are linked in the sense of Definition[3.1], and we have

Regi(Y},)2 X
Reg, (Yep)? €Q”.

Proof. This is an immediate consequence of Theorem [£.14] Corollary [5.12] Propo-

sition [5.32] and Lemma [£.13] O

Remark 5.35. The range of i appearing in Theorem [5.34]is sometimes called the
cuspidal range or the tempered range. Outside that range, the only automorphic
representations contributing to harmonic forms are non-cuspidal, and moreover by
Theorem [5.34] we get automatic rationality for the regulator quotient.

Definition 5.36. Let O and £ be fields and 9/I0 a quadratic étale algebra. A
collection (g, ), € {0, 1}1om(2:7) is balanced if for every 7 # 7/ € Hom(9, ) such
that 7|z0 = 7|10, we have {¢,,q~} = {0,1}.

Proposition 5.37. Let L/F be a quadratic extension with L totally complez, let ¥
be a Hecke character of L, and let U8 = W|| - |~Y/2. Then ¥ satz’sﬁes and
of Deﬁm’tion if and only if U?'€ is an algebraic Hecke character whose type is
balanced.

Proof. This is well-known (see e.g. [48, Lemma 4]). The type (¢, ), of U#!# is related
to the parameters (ky ), of ¥ by the relations ¢, + ¢ = 1 and ¢; — ¢, = k. O

Remark 5.38. The conditions on ¥?!# also imply that for every complex embed-
ding 7 of L we have {q¢,,q:} = {0,1}.

The following corollary shows that H®-isospectrality is in fact very frequent.

Corollary 5.39. Let c € C, and let i € Z>o. Then at least one of the following
statements is true:

(i) there exist a character x € Ciso \ ¢t corresponding to a quadratic exten-
sion L/F such that L contains a CM subfield not contained in F;

(ii) for all b € C we have
REgi(Yc)z
Reg,(Ye)?
Proof. Assume that the second statement does not hold, and apply Theorem [5.34]
and Proposition to get corresponding characters ¥ and W28, By the Artin-
Weil theorem (see [68] for the statement and, for example, [51, Lemma 2.3.4] for
several proofs), the existence of an algebraic Hecke character of non-parallel type
forces L to contain a CM subfield, and therefore a maximal one, M, say. The type
of U8 descends to M but not to F, so that F cannot contain M. O

c Q*.

Remark 5.40. As we consider weaker and weaker notions of isospectrality, there
are fewer and fewer Hecke characters that can prevent us from proving the respective
isospectrality. We find it instructive to list the conditions on the shady characters

incrementally, as follows.
The shady characters ¥ appearing in Corollary [5.29| (i-isospectrality for all 7)
9 (

are exactly the characters appearing in Theorem [5.15| (representation equivalence)
that satisfy the additional conditions:

o for every real place v of F' that extends to a complex place w of L we have k,, €
{£1}, and
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e for every complex place v of F, extending to places w and w’ of L, we have
ky € {-1,0,1}.

Assuming that L and D are ramified at the same set of real places of F', the
shady characters U appearing in Corollary (0-isospectrality) are exactly the
characters appearing in Corollary (i-isospectrality for all ¢) that satisfy the
additional condition:

e for every complex place v of F, extending to places w and w’ of L, we have k,, = 0.

Assuming that L is totally complex, the shady characters W appearing in The-
orem m (rationality of regulator quotients) are exactly the characters appearing
in Corollary (i-isospectrality for all 4) that satisfy the additional condition:

e for every complex place v of F, extending to places w and w’ of L, we have k,, €
{£1} and s, = 0.

5.5. Sparsity of non-matching Laplace eigenvalues. In this subsection we
show that Vignéras pairs of manifolds are always “almost isospectral”. The main
result is Theorem [5.45, which in particular implies Theorem [C| from the Introduc-
tion.

Notation 5.41. Let V be a finite-dimensional representation of K., and I' a dis-
crete cocompact subgroup of G,. Then we set
Q(V,T) = Homg__ (V,L*(I\G oo /Zoo)).-

By A we denote the operator on Q(V,TI') induced by the Casimir operator on the
L%-space. If A is a commutative ring, a: A — C is a ring homomorphism, and ©
is an Ac-module, we write Q4—, for the subspace of  consisting of all elements
w € Q such that one has fw = a(t)w for all ¢ € A.

Lemma 5.42. Let V be a finite-dimensional representation of Ko,. Then there
exists k > 0 such that for every ring homomorphism a: Ty — C, we have

> dim Q(V,Te)r,—a < k.
ceC
Proof. Let M = Homg__(V,L*(G(F)"\G(AFr)/ZswKf))T,=a, Which is a T-module
that is finite-dimensional over C, and satisfies
dim M =) " dim Q(V,T)r, -
ceC

The conclusion of the lemma, is trivial if M = 0, so assume otherwise. Let A be the
image of T¢ in End¢ (M), which inherits the grading from T. Then A, is a field,
and A is a finite étale algebra over A; of dimension at most #C, so there are at
most #C Hecke eigensystems in M. We have

dim M =) " dim Mr—,
b

where b ranges over Hecke eigensystems in M. Let b = (bp)p be a Hecke eigensys-
tem in M. By Strong Multiplicity 1, Theorem [5.6] there exists a unique automor-
phic representation IT = Il ® I of G(Ar) such that IIy corresponds to b, and II
has multiplicity 1 in L*(G(F)*\G(Ar)/Zs). We have

dim My_y = dim Homg__ (V, Tls) - dim 1}/ < g - £y,
where ko, and kg are as in Lemmas [5.2] and Putting everything together, we
see that k = (#C) - Koo - Ky satisfies the conclusion of the lemma. O

We will need the following version of Theorem
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Lemma 5.43. Let V' be a finite-dimensional representation of Ko.. Let A > 0
and let a: Ty — C be a ring homomorphism. Then at least one of the following
statements holds:
(i) there exist a character x € éiso, with corresponding quadratic extension L/ F,
and an L2-shady character of L, such that the automorphic representation I =
Heo @ Uy of G(Ar) with JLp(I1) = Al ,p(V) satisfies
e Homg (V,I1) # 0,
o the Casimir eigenvalue of Il is A, and
o Ty acts on Iy as a;
(i) all spaces UV, T¢)a=x1,=a for ¢ € C have the same dimension.

Proof. Apply Proposition [3.6] analogously to e.g. the proof of Theorem [£.7} and
then apply Proposition [5.13 (I

‘We now count the relevant shady characters by reducing to lattice point counting.

Lemma 5.44. Let x € 5150, let L/F be the corresponding quadratic extension, and
assume that there exists an Lz—shady character of L. Let A be the group of unitary
Hecke characters W of L such that
o for every real place v of F' that extends to a complex place w of L, we have s,, = 0
and k,, = 0;
e for every real place v of F' that extends to two real places w,w’ of L, we have s,,+
Sw! = 0,'
e for every complex place v of F, extending to two complex places w,w’ of L, we
have sy, + S = 0 and ky = ko = 0;
For a Hecke character W of L, if there exists an automorphic representation Il =
Moo @11y of G(AF) such that JLp(IT) = Al p(V), let X(¥) be the Casimir eigen-
value of Il; otherwise let A(¥) = oo.
Let Wy be a unitary Hecke character of L. Then as T — oo, we have

#{U € A: \N(To0) < T} = O(T"/?),

where r = #Vr(D) + #Ve (D).
Proof. Note that the definition of L?-shady characters, specifically Proposition
property and equation (4.3), imply that L and D are ramified at the same real
places of F'. By Lemma a Hecke character ¥ of L is in A if and only if U7
has finite order and one has k,, = 0 for all complex places w of L. Therefore the
rank of A is rkZ} —rkZy =r.

Let ¥y be a unitary Hecke character of L. By the formulas in Section there

exists a quadratic form Q: A — R that gives A/A¢ors the structure of a Euclidean
lattice and such that for all ¥ € A, either A\(¥(¥) = oo or

A(To¥) = Q(T) + 0(Q(L)'/?).
In particular, since Ao is finite, we have
#{V € A: Q(¥) <T}=0(T"")
in the limit as T' — oo. This proves the lemma. O
We can finally prove the following result, of which Theorem [C]is a special case.

Theorem 5.45. Let V be a finite-dimensional representation of Ko, and let ¢,c’ €
C. Then as T — oo, we have

> |dim Q(V,Te)azy — dimQ(V, o) aza| = O(T7/?),
AT

where 7 = #Vr(D) + #Vc(D).
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Proof. Let k be as in Lemma Then by Lemma we have

> |dim Q(V,Te)azy — dim Q(V, o) s |
AT

= Z Z ’dim Q(V, FC)A:,\)lea — dim Q(V, Fc’)A:)\7T1:a
A<T a: T1—C

(5.46) < Y Dk

Xeaiso v

where for each y € éiso, with corresponding quadratic extension L/F, the last sum
runs over L%-shady characters ¥ of L such that the automorphic representation IT =
o @ Iy of G(Ap) with JLp(IT) = Al /¢ (V) satisfies

e Hompg_ (V,11) # 0 and

e the Casimir eigenvalue of Il is at most 7.

Let x and L/F be as above and let o be the non-trivial automorphism of L/F,
and assume that there exists an L?-shady character of L. By inspection of the
tables in Section we see that the condition Homg__ (V, Il ) # 0 implies that
the k,, parameters at complex places w of L of all ¥ in the sum must belong to
a finite set depending only on V. Let A be as in Lemma The set of Hecke
characters ¥ of L that appear in is contained in a finite union of cosets of A,
so Lemma [5.44] gives the desired bound. O

Remark 5.47. Weyl’s law implies that for all ¢ € C there exists a > 0 such that
as T'— oo we have

> dimQ(V,Te)amp ~ aT%?,

AT
where d = 2#Vr (D) + 3#Vc (D). In particular, it follows from Theorem that
the eigenvalues in the Laplace spectra of any two Q(V,T'.) and Q(V,T'./) that do
not match up are sparse — have density 0 — among all eigenvalues.

Remark 5.48. It is instructive to compare Theorem in the special case r = 1
to the results of [35]. In this case, [35] Theorem 1(2)] shows that if ', and T'» are
torsion-free, and for all finite-dimensional representations V of K, one has

Z |dim Q(V,Te)amy — dim Q(V,Te ) azn| = o(T7/?),

AT
then I'; and T'.s are representation equivalent. On the other hand, there do exist
torsion-free I', and T, arising from the Vignéras construction that are not repre-

sentation equivalent — see [44] for examples and further references. This shows that
the bound in [35, Theorem 1(2)] is sharp.

6. SELF-TWISTS IN CHARACTERISTIC p AND GALOIS REPRESENTATIONS

Assumption 6.1. We keep Assumption In addition, we assume that we
have Ky = Ky(M) for some non-zero ideal 9 coprime to ép, where Ko(N) =

[im Ko(p").

In this section we prove Theorem [D]for Z,-isospectrality, Theorem [F] Theorem |[G]
part and Theorem [H| with a specified set S, all conditional on a conjecture on
the existence of Galois representations with prescribed local behaviour attached
to mod p Hecke eigenvalue systems, Conjecture [6.5] The basic idea for proving
Theorem [D]is the same as in Section [5} but with the difference that we cannot use
automorphic induction in the mod p setting. Instead, we go via Galois representa-
tions, where the self-twist condition implies that the representation is induced from
a l-dimensional Galois character. We then analyse the local properties of these
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inductions. Theorem [F| and Theorem |G| part are refinements of Theorem |§| for
Z,-isospectrality. The proof of Theorem @ is an effective version of an argument
of Serre, [61l Proposition 20], showing that if one has mod p Hecke characters with
bounded weights for lots of primes p, then one has a suitable characteristic 0 Hecke
character.

In Section [6.1] we recall some basic definitions for Galois representations and
recall a result on conductors of induced representations. In Section we state
Conjecture [6.5| and prove Theorem |E| for Z,-isospectrality, Theorem E and Theo-
rem part In Section we collect local properties of Galois representations,
which are then used in Section [6.4] to prove Theorem [H]

6.1. Basics on Galois representations. All representations of Galois groups will
be finite-dimensional and continuous with respect to the discrete topology on the
target.

If L is a perfect field, then L denotes a fixed algebraic closure, G, denotes the
Galois group of L/L, and, if p is a prime number, er,p denotes the mod p cyclotomic
character e1,: G, — F).

Definition 6.2. If F is a local field, we will write E for its residue field.

Let E be a local field. We denote by Frobg an arbitrary choice of an element
of Gg that acts as « — z#® on the residue field of E, and call such an element a
Frobenius element.

Let p be a prime number. We say that a representation (V,p) of Gg over F,
is finite flat if there exists a finite flat group scheme G over Zg such that one
has V =2 G(F) as representations of G .

Let g be a power of p. We say that a representation (V, p) of Gg over F, is finite
flat if the restriction of scalars Resgz V from [, to [F,, which is a representation
of Gg over F,, of dimension [F, : F,] - dim V, is finite flat.

We say that a representation p: Gg — GLo(Fy) is ordinary if it has a non-zero
unramified quotient.

Definition 6.3. Let L be a number field, let p be a prime number, and p a maximal
ideal of Z;. We abbreviate GG L, to Gy,. We denote by Frob, a choice of Frobenius
element in Gy, which, in turn, determines a well-defined conjugacy class in G.

Let g be a power of p. We say that a representation (V, p) of G, over F is finite
flat at p if the restriction p|g, is finite flat.

We say that a representation p: Gy, — GL2(F,) is ordinary at p if its restriction
to G is ordinary.

The prime-to-p-conductor of a representation p of G is the largest divisor of
the Artin conductor that has no prime divisors lying above p.

Lemma 6.4. Let p be a prime number. Let i be a character of G, and let 9 be
its prime-to-p-conductor. Then the representation p = Indg, g, ¥ has prime-to-p-
conductor 6,/ Nmyp, p(9M), where o1, denotes the relative discriminant of L/F.

Proof. See [63]. O

6.2. Self-twist conditions. The following is a variant on conjectures formulated
by Ash, Calegari-Geraghty, Calegari—Venkatesh, and others on Galois representa-
tions attached to cohomology classes [2], [I3] Conjecture B], [I4, Conjecture 2.2.5].
We claim no originality, except for possible mistakes.

Conjecture 6.5. Under Assumption[6.1], leti > 0 be an integer, let m be a mazimal
ideal of T, and let p be the residue characteristic of m. If H;(Y,Z)m is non-zero,
then there exists a semisimple Galois representation

p: GF — GLz(']I‘/m)
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with the following properties:
(1) p is unramified outside pdpN, and for all q 1 pdpI we have

Tr p(Frobg) = Ty mod m;

(2) detp = -epp, where ¢ is an unramified character;
(3) either p is decomposable or for all q | §p with q1p we have

 (Ocp, *
p| Gq ( (I;’p 9)
with 0 unramified;

(4) for allptdpM with p | p, either

e p is finite flat at p, or

e p is ordinary at p but not finite flat;
(5) the prime-to-p-conductor of p divides 5pN.

Note that we do not make any conjectures about the properties of p at primes
that divide both §p9t and p, nor about the precise shape of p at p | p when p is
decomposable. The conjecture as stated will be sufficient for our purposes.

Versions of the conjecture are known in some special cases, see [60] for the first
results of this nature and [I5] for the most up-to-date results and overview of the
state of knowledge.

Remark 6.6. In the literature, the most precise local properties of the conjectural
Galois representations are typically formulated only for irreducible representations,
and the most subtle properties are those for primes above p. Following a suggestion
of Jack Thorne, we have performed the following sanity check: according to [32]
the boundary contribution to the cohomology of arithmetic subgroups of GLa(F)
yields reducible Galois representations whose reduction modulo p satisfies condition
(4)| of the conjecture.

Lemma 6.7. Let p > 2 be a prime number. Let G be a group and H an index 2
subgroup. Let x: G — {£1} be the corresponding quadratic character. Let p: G —
GL3(F,) be a semisimple representation such that

pPRXEp.
Then there exists ¢: H — F: such that
p = Indg g .
Proof. First suppose that p is decomposable, so that p = 0 @ 0 for some character
0 of G. Since p # 2, we have F,[G/H] = 1@ x, and therefore Indg /g (0]n) =
0 OF, F,[G/H] = p, as claimed.
Now suppose that p is irreducible. Then we have
Homp (p|m, plr) = Home(p, Indgu (plu)) = Home (p, p @z Fp|G/H]).
Since p is irreducible, we have dim Homg(p, p) = 1, and therefore

dim Hompg (p|a, pla) = 2.

The restriction p|g is therefore reducible, so there exists a 1-dimensional subrepre-
sentation ¢ of p|r. We then have

Homg(Indg, g ¢, p) = Hompy (¢, p|a) # 0,

so there exists a non-zero homomorphism f: Indg,g ¢ — p, which must be an
isomorphism by irreducibility of p and dimension comparison. (]
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Lemma 6.8. Let L be a number field, let p be a prime number, let § be an ideal
of 71, supported at the primes above p, let M be an ideal of Zy coprime to p, and

let V be a set of real places of L. Then every Hecke character U: Clp(FMV) — F;
has modulus dividing p9t)V .

Proof. The character ¥ is at most tamely ramified at all primes of Zj; above p,
hence the result follows. O

Definition 6.9. Let L/F be a quadratic extension. A Z,-shady character of L is
a Hecke character

U: Clp(pdpNZroo) — F,
such that p = Indg, /g, ¥ satisfies conditions from Conjecture where

=X . . .
¢ G — F, is the corresponding Galois character.
We now prove Theorem |E| for Z,-isospectrality.

Theorem 6.10. Let p > 2 be a prime number. Assume that Conjecture holds
for alli > 0 and all maximal ideals m of T with residue characteristic p. Let ¢ € C.
Then at least one of the following two statements is true:
(i) there exist x € dso \ct and a Z,-shady character of the quadratic extension
determined by x;
(i) there exists T € T[W]. such that for every integer i > 0 and every b € C, all
of the following hold:
(a) T induces an isomorphism of T1-modules
T: Hi(Ys,Zp)) — Hi(Yer, Zpy);
(b) one has
Regi(ch)Q x
Reg,(Y3)?2 (p)°
Proof. Suppose that does not hold, so that at least one of [@] does not
hold. Then by combining Theorem and Theorem we deduce that
there exists y € 6150 \ ¢t and a Hecke eigensystem a = (T'p + ap)p over Fp in
F, ® H;(Y,Z) admitting a self-twist by y.
Let m C T be the kernel of a: T — F,. Since the image of T under a is
a subring of E,, and hence a field, the ideal m is maximal, and by assumption
we have H;(Y,Z)m # 0. Let p be a Galois representation as in the conclusion
of Conjecture By property and Chebotarev’s density theorem we have
p®x = p. By Lemma we have p = Indg,. /¢, ¥, where L/F is the quadratic

extension cut out by x. By combining properties and of p with Lemmas
and [6.8| we deduce that ¢ has conductor dividing pdpMNZ 00, so that by class field

theory it corresponds to a Z,-shady character of L. O
Lemma 6.11. For all T € Tq, the endomorphisms T and o(T) of H;(YV,Z) are the

same.
Proof. Let T = H§:1 Tp, € Ty where the D; = (a;,b;) are such that the class
of 0 = H§:1 a;b; in C is trivial. We have

k
U1 =1J[ Tp-1 = Toh - T
j=1

Since the class of 0 in C is trivial, by Proposition there exists o € F* such
that we have 0 = aZp. But the corresponding Hecke operator T, ) acts trivially
on H;(Y,7Z). This proves the conclusion of the lemma for T. Since Hecke operators
of this form generate Ty, this proves the lemma. O
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If p is a prime number, n is a maximal ideal of Z, ® T and L/F is a quadratic
extension, then we say that n corresponds to a Z,-shady character ¥ of L if for
every prime ideal q of Zp that splits in L, we have Ty mod n = ¥(Q) + ¥(9Q'),
where qZ; = QQ’. We have the following local version of Theorem [6.10, proving
Theorem |[F| and Theorem |G| part

Theorem 6.12. Let p > 2 be a prime number, and let n be a maximal ideal of
Zy, @ Tq. Assume that Conjecture @ holds for all i > 0 and all mazimal ideals m
of T above n. Let ¢ € C. Then at least one of the following two statements is true:

(i) there exists x € Ciso \ ¢t, with corresponding quadratic extension L/F, such
that n corresponds to a Z,-shady character ¥ of L;

(i) there exists T € T[W]. such that for every integer i > 0 and every b € C, all
of the following hold:

(a) T induces an isomorphism of T1-modules
T: Hi(Yo, Z)n — Hi(Yep, Z)n;
(b) we have Cy op(Hi(V,Z)w) € Zyy .

Proof. The proof follows the same pattern as that of Theorem [6.10

Suppose that |(ii) n )| does not hold. Then in particular H;(Y,Z), is non-zero, so
that n is hfted from a maximal ideal of the 1mage of Ty in End H;(Y,Z,). By
Lemma we have ¢(n) = n. By Theorem [4.7][(4)] and Theorem “- there
is a character X € C’,go \ ¢, and a Hecke eigensystem a with a self-twist by x.
Let m C T be the kernel of a: T — F,, let L/F be the field cut out by ¥, and
p=1Indg, g, ¥ be the Galois representation attached by Conjecture Then an
easy calculation (see also the proof of Theorem specifically equation )
shows that n corresponds to the Hecke character ¥ attached to ¢ by class field
theory. O

6.3. Local representations. For the duration of this subsection, let p > 2 be
a prime, let F be a p-adic field, we write Zg for its ring of integers, 7 for its
uniformiser, e for its ramification index over Q,, so that p € w°Z}%, f for the
residue field degree [E : F,], and we take E to be the residue field of the maximal
unramified extension E,, of E. For each n > 1, let E,, be the subfield of E of
degree n over F,, (so that E =E).
Let I D P be the inertia group, respectively the wild inertia inside G, and
let Iy =I/P.
In this subsection we abbreviate eg ,, to € and Frobg to Frob.
Let n € Z>1, let ¢ =p™ and d | ¢ — 1. Define a character 64: Iy — EX by
s(m/9) o
sy 04(s) € pa(Eur) = pa(Ey,) for all s € Ii.

A fundamental character of level n is a character Iy — F; of the form
Wr =TO Hq_l

for some 7 € Hom(E,,F,). Let ¢ be the absolute Frobenius automorphism x ~
of Fp. If one chooses a 79 € Hom(E,,,F,), then every character x: Iy — F; is of
the form

X = wr,
for some a € Z.

Remark 6.13. If we have an equality

a __ h
wo= I e

T€Hom(E,,Fq)
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for h, € Z, then the exponents satisfy a = Z?:_ol hgior,p' mod (g — 1). Since wy,
has order ¢ — 1, we may always choose a € {0,...,¢—2} and the h, € {0,...,p—1},
in which case the h, are uniquely determined by ¥, except that (0,...,0) and (p —
1,...,p— 1) both represent the trivial character.

If n, m € Z>1 are such that n | m, and 7 € Hom(E,, F,), then

wWr = H W

7/ €Hom (Er, ,Fp),7/ e, =T

By abuse of notation, whenever y is a character of Iy = I /P, we will also denote
by x its inflation to I that is trivial on P.

Let n € Z>1, set ¢ = p", and let ¢: Gg — F* be a character. Then ¢ is tamely
ramified since the order of F is coprime to p, and for every choice Frob € Gg of
Frobenius element and for every s € I we have

¥(s) = ¢(Frob-s - Frob ') = ¢(s)#E.

Thus, we may always assume that n | f. In particular, we can write

o= [ i

TEHom(]E,]pr )

In other words, we can decompose v|; using only fundamental characters of level f.
This also implies that
(w‘r)a = Wroo

for every 7 € Hom(E,F,) and all o € G.

Proposition 6.14. The mod p cyclotomic character satisfies €| = 01
Proof. See [61], Proposition 8§]. O

We will typically use this proposition in the following form: for every n € Z>,
we have e|; = [[ w¢ where the product is over 7 € Hom(E,,, Fpn).

Theorem 6.15 (Raynaud). Let p: Gg — GL,(F,) be a representation. If p is
finite flat, then so is its semisimplification. If p is semisimple, then it is finite flat
if and only if each of its irreducible factors is finite flat. If p is irreducible, then
it is finite flat if and only if there exists a character ¥: Gg — F, where ¢ = p",

q )
satisfying
o= I e
T€Hom(E, ,Fq)
with 0 < h, < e, such that
pE Resiz 1.
Proof. [Raynaud, Corollaire 3.3.7 and Théoréme 3.4.3] O

Lemma 6.16. Let p: Gg — GLa(F,) be an ordinary representation such that
det p = ( - €, where ¢ is an unramified character, and such that p is either induced
from a 1-dimensional character or decomposable. Then p is finite flat.

Proof. If p is induced from a 1-dimensional character, then it is semisimple. Since
it is also ordinary, it has a stable line, and therefore is decomposable into a direct
sum of 1-dimensional characters. The proof thus reduces to the case that p is
decomposable.

Assume that p is a direct sum of two 1-dimensional characters. Since p is ordi-
nary, one of these characters is unramified. Due to the determinant assumption, the
other one is of the form fe, where 6 is an unramified character. By Theorem [6.15
and Proposition p is finite flat. O
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Lemma 6.17. Suppose there exists a finite flat character 0: Gg — F: and an
unramified character ¢: Ggp — F: such that 0%2¢ = . Then we have e > 1.

Proof. Suppose that e = 1. Let n € Z>; be such that 6 takes values in IF;". By
Theorem [6.15| we may write
@|] = H UJ.II:LT

T€Hom(E,, pr)
with h, € {0,1}. By assumption and by Proposition we have

I w=@0i=<hi= ][] w-

T€Hom(E, ,F,) T€Hom(E, ,F,)

All exponents of w, appearing in the equality are in {0,1,...,p — 1}, and 1 ¢
{0,p — 1}, so Remark implies that these exponents are uniquely determined.
Thus, we have 2h, = 1 for all 7, which is impossible. O

6.4. Global representations. If L is a number field and P is a maximal ideal
of Zr,, then we denote by Fy the residue field Z, /9B, and by Iy C Gy the inertia
subgroup at ‘B.

In this subsection we prove the main result of the section, Theorem [6.22] which
is a precise version of Theorem [H] from the introduction.

Lemma 6.18. Let L/F be a quadratic extension of number fields, let p > 2 be a
prime number that is unramified in L, let p: Gp — GLa(F,) be a Galois repre-
sentation of the form p = Indg, /g, ¢, where Y: G — ﬁ; is a character, and let
p | p. Assume that p is finite flat at p and that detp = (- gy for an unramified
character (. Then for every prime P | p of L we have

w‘qu = H wj-LT

T€Hom (Fey ,Fp)

for some collection (h,), € {0,1}Hom(Zr/pZrFy) — [Ty, {0, 1} HomEx Fo) ghat s
balanced, as in Definition|5.30,
Proof. Let o be the non-trivial element of the Galois group. Fixing an extension of

the discrete p-adic valuation on F to F' identifies G, with a subgroup of Gp, and
determines a prime B of L above p. We have the inclusions

I, ¢ G, C Gr
U U U
Iq_; C qu c Gp.

Of the vertical inclusions, the right hand one has index 2, so that G, is a normal
subgroup of G, while the left one is an equality, since L/F' is unramified at p.
These inclusions also induce inclusions F, C Fp = Fgo C ?p, of which the first one
is either an equality or an inclusion of index 2, and where the middle isomorphism
is induced by o.

Since p is unramified in L/F, a full set of double coset representatives for
I,\Gr/Gy is given by {1,0}, and we have I, = Iy = I, NG = I, NG]. Mackey’s
formula therefore implies that we have

plr, = Yl © Y7 |15
Theorem implies that 1|z, is of the form

w‘qu = H w'}rLT

T€Hom(Fyp ,Fp)
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with h, € {0,1} for all 7.
Since we have detp = ( - ep, for an unramified character ¢, we obtain, using
Proposition [6.14]

_ _ hy oVhe _ he he _ hrthroo
ngp‘Ip *HWT*HWT H(w‘r) *HWT w‘roa*er ° )
T T T T T

where the products run over 7 € Hom(Fy, F,). Since we have p—1 > 2, Remark
implies that A, + hroe = 1 for all 7, i.e. the collection (h;), is balanced. O

Definition 6.19. Given a finite extension L/F of number fields, a non-zero ideal

M of Zy,, and a set V of real places of L, we denote by U éF) (9MV) the group of units
of Zy, that are congruent to an element of Zr modulo 9 and that are positive at
all places in V.

Lemma 6.20. Let L/F be a quadratic extension of number fields that is unramified
at all finite places, p a prime number unramified in L, and 9 a non-zero ideal
of Z1,. Let (h;), be a collection of integers indexed by T € Hom(Zp/p,F,) =
|_|q3|p Hom(Fy, F,). Let ¢: G, — F: be a character with prime-to-p-conductor
dividing MM such that the character det Indg,./q, ¥ of G is unramified at all primes
q of Zr satisfying q | MNZp and q 1 p, and such that for all prime ideals B | p

of Z1, we have
Yy = H whe,
T€Hom(Fys,Fp)
Let L be the Galois closure of L over Q and let ‘i? | p be a prime of L, inducing a
bijection B: Hom(L, L) = Hom(Zy, /p,F,). Then for all u € UéF) (Moo), we have
H 7(u)"#@ =1 mod P.
TEHom(L,i)

Proof. Without loss of generality, we may replace 9t by its coprime-to-p part. By
class field theory, 1 corresponds to a character

ClL,(§Moo) — F,

where § is an ideal supported at the primes above p, and in fact by Lemma it
corresponds to a character

U: Clp(pMioo) —>pr.

Moreover, by [24] the assumption on detIndg, /g, ¥ is equivalent to ¥ factoring
through Cly, (pPMoc)/(Zr /(MM NZr))*. We have an exact sequence

[Ty Fyp N Cly (poo) . Cl, (Moo)
U (Mmeo)  (Zrp/(MNZp))*  (Zp/(MNZp))*

By [61], Section 1.5, Proposition 3], the restriction of ¥ to Hfmp IF;_; satisfies

@|Hm\pr§ - H H T

Blp r€Hom (Fop,Fp)

(6.21) 1— — 1.

This forces [ [, cnom(zp/p ) 7777 to be trivial on the image of UéF)(Dﬁoo), which
is equivalent to the claimed statement. O

We now prove Theorem [H] from the introduction.
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Theorem 6.22. Assume Conjecture . Let x be the exponent of Clg, let x € @iso,
let L/F be the corresponding quadratic extension, let L denote the Galois closure
of L over Q. Let S be the union of the following sets of prime numbers: the primes
that are ramified in L; the prime numbers that divide 2 NmF/Q((SD‘)?); and the prime
numbers p for which there exists an ideal M of Zy, such that Nmp,,p MM divides 6pN,

and a balanced collection (h;), € {0, l}Hom(L*i) such that all of the following hold:

(a) for all units u € UéF) (Moo), the prime p divides

(6.23) Nm; q H r(u) —1];
r€Hom(L,L)

(b) for every prime ideal q of Zp dividing dp, let Q be a prime of Z, above q,
let k be the order of Q in Cl,(MZroo)/(Zr/N)*, and let o € Zp +NZy, be a
totally positive generator of QF; then p divides

(6.24) Nm; q ((HT(a)WW — Nmy, /Q(Q)%w) (HT(a)%Tw - 1)) .

Then:

(1) every prime number p such that there exists a Zy-shady character of L is con-
tained in S;
(2) the set S is infinite if and only if there exists an H®-shady character of L.

Proof. Let o be the non-trivial automorphism of L/F. We first prove Let p be
a prime number such that there exists a Z,-shady character W. If p[2 Nmp g (0p),
then it is in S. Assume otherwise.

Lety: G — F; be the corresponding Galois character, and let p = Indg, /q, ¥,
which, in particular, satisfies the properties of Conjecture By property we
have det p = ¢ - €p,p, where ( is an unramified character. Let p be any prime ideal
of Zr above p. By Mackey’s formula the restriction p|g, is either also induced from
a 1-dimensional character or decomposable. By property and Lemma the
representation p is finite flat at p. Now consider two cases.

First suppose that p is decomposable. Since p # 2, we have p = 0 @ 0x for
some character 0: Gp — F: that is finite flat at p. By Lemma applied with
¢ = x(~ !, the prime p is ramified in F, so that we have p € S.

Next suppose that p is irreducible. If p ramifies in L, then we have p € S.
Assume otherwise. By Lemma [6.18 we may write, for every prime ideal B of Z,

above p,
W,
11[}|Iqs = H Wr',

T€Hom(Fys,Fp)

where the collection (h.), € {0,1}Hom(Zr/pZrFp) — [T 10, 1}Hom(Fe Fp) g bal-
anced. Let 9 be the prime-to-p-conductor of ¥. Since L/F is unramified at all
finite primes, Lemmaand propertyofp imply that we have (Nmp,/» 9)[6pN.
Since plp was arbitrary, we may apply Lemma to obtain P and S as in
Lemma such that for every u € UéF)(Smoo) we have

H T(u)hg(f) =1 mod P.

T€Hom(L,L)
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Reduction mod P also induces a bijection f: Hom(F, L) = Hom(Zr/p, F,) such
that the following square is commutative:

HOIH(L, i) restriction HOI]’I(F, E)

lﬁ lﬁp
Hom(Zy /p, Fy) —+ Hom(Zy/p, ).

Therefore the collection (h; = hjs ), indexed by 7 € Hom(L, L) is balanced, and

forallu e U éF)(Emoo) the prime p divides

Nm; q H r(u)h —1
r€Hom(L,L)

This proves divisibility @, and it remains to prove divisibility @
Let q be a prime ideal of Zp dividing dp. Since we have
Ciso = Clr(Vu(D))/(a?,p ramified in D, p°||9),

the prime g splits in L. Let  be a prime ideal of Z;, above q. By Mackey’s formula,
we have

(6.25) pla, Z¥lca @V |a,s-
Since ¢ does not divide p and p is irreducible, property of p says

~ (OcFp, *
Plag = ( 0 9)

with 6 unramified. But p|g, is semisimple, so we have
(6.26) P|Gq Z0cpp @0O.

In particular p is unramified at g, and therefore % is unramified at Q. Since q|dp
and Q|q were arbitrary, the conductor of ¥ divides pNZp00. By property of p,
we have 62 = (|g,, so that, in particular, we have 6** = 1. By equations (6.25)

and we get
{4 (Frobg)**, 17 (Frobg)**} = {er, ,(Frobg)**, 1},
in other words,
(6.27) {¥(9Q)*,¥7(2)*} = {Nmpo(Q)*", 1}.
Let k£ and a be as in @ By the exact sequence , applied with 9 = NZ,,

we have /
H ()l = w(Q").
TEHom(ZL/pfp)

Combining this with equation (6.27) we deduce that one of the following congru-
ences holds:

H ()M = NmL/Q(Q)%“’ mod B, or
T€Hom(L,L)

H (@) =1 mod P,
T€Hom(L,L)

which proves [(b)}
Now we prove For a number field M and a non-zero ideal 2 of Z);, define

Un () = {(u)o € [[ 270 i uw =1 mod AL} C A,

vfoo
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If W is a Hecke character of L, then the central character of AT% (W) is x - ‘11|A; (see
e.g. [59] or [26, Appendix BJ).

First suppose that there exists an #®-shady character ¥ of L. By Corollary [5.2]]
this implies that we have dp = Zp, so that condition @ on p is empty. By
Proposition m the character U8 = W|| . ||~1/2 is an algebraic Hecke character
whose type (hT)TeHom(L,E) is balanced. This implies that we have (U218)7 = pals g0
by Theorem the automorphic induction IT = AT%(¥#!2) is infinite-dimensional.
By Lemma the conductor M of U8 satisfies Nmy,p(9)|MN. Moreover, the
central character y - \I'alg\A; of TI vanishes on Ko(9M) N A% = Up(1), so that W2

vanishes on Up (1)UL (9M). This implies that for all u € UéF) (Moo) the infinity-
component of U8 satisfies
[T o =1

v|oo
so that all prime numbers p satisfy divisibility @ This shows that the set S is
infinite.

Conversely, suppose that S if infinite. There are only finitely many distinct
balanced collections (h,), € {0, 1}#°m(EL) "and only finitely many ideals 9% of Z,
such that Nmy,/p 90 divides dpt. Pick a collection (h;), and an ideal 90 for which
infinitely many primes satisfy the divisibilities @ and Suppose that there
exists a prime ideal q|0p, and let Q, k and o be as in[(b)] Since the collection (h.),
is balanced, we have

(TTer@ir(@))) ™ = (Nmg g 0)*" = Nomy g (%),

T

Since « generates a non-trivial ideal, we have [[ (7(a)?'7*) # 1, and similarly

for a“ in place of «, so that the expression in is non-zero. This contradicts
that it is divisible by infinitely many primes. Hence we have ép = Zp.

Next, for every u € UéF) (Moo), infinitely many primes dividing the expres-
sion forces it to be 0. This implies that there exists an algebraic Hecke char-
acter U8 of L with conductor dividing 9, with type (h,),, and such that W&
vanishes on Ur(1). Note that we have Ko(0) = K1(N) - (Ko(9M) NA%). By Propo-
sition and Lemma the Hecke character ¥ = W[ . [|1/2 is an H*-shady
character of L, as required. O

7. CURIOSITY CABINET

We continue to make Assumption [6.1] Given a number field L and a non-zero
ideal § of Zj,, we write HCy, 3 for the group of Hecke characters of L of conductor
dividing §. If T is a subgroup of D*, let PT' denote the image of T in D*/F*.

In Subsection [7.1] we first explain that the existence of the various kinds of shady
characters is computable, and then give a criterion to prove non-isospectrality. In
Subsection [7:2] we give a series of examples illustrating our methods, and we prove

Theorems [A] [B] and [E]

7.1. Toolkit. By [48], there exist algorithms performing the following tasks:

given (L, §), compute the structure of HCy, g;

given ¥ € HCy, 5, compute the multiplicative order of ¥;

given ¥ € HCy, 5, anon-zero ideal a, and a target precision, compute ¥(a) €
C* to the required precision;

given ¥ € HCy, 7, an infinite place v of L, and a target precision, compute
the parameters (k,, s,) € Z x C to the required precision.
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This is not quite enough to decide existence of shady characters, because their
definitions involve vanishing conditions on the parameters s,, so having access to
approximations is not sufficient. We obtain decision algorithms as follows:

e For L%, Q°* and Q°-shady characters, by Lemma it is sufficient to be
able to compute the action of a given automorphism of L on HCy, z. This
is possible using the description of HC, 3 in [48] as the dual of a group on
which the action can clearly be computed.

e For H*-shady characters, by Proposition [5.37] it is sufficient to be able to
compute groups of algebraic characters, for which an algorithm is described
in [48].

e For Z,-shady characters, it is sufficient to be able to compute ray class
groups, for which there are standard algorithms [I9, Chapter 4].

Definition 7.1. Let L/F be a quadratic extension, let ¢ € Z>g, and A € R. Then
an Q% _, -shady character of L is a (QiA:A)—shady character of L for some ¢ = (i, ).,
A = (A\y)p satisfying Y, 4, =7 and ZU}U = )\, with both sums running over the
infinite places v of F.

The following result will be used to prove non-i-isospectrality.

Lemma 7.2. Assume that V(D) = 0, that 6p = 1, and that C has order 2, let
¢ € C be the non-trivial element, and L/F the corresponding quadratic extension.
Leti € Z>o and X € R. Suppose that there exists a unique pair {¥,V=1} of Q4 _, -
shady characters of L. Suppose in addition that the conductor § of ¥ satisfies that
N/Nmy,/p(F) is the square of an ideal of Zp. Then the orbifolds Y1 and Y. are not
i-isospectral.

Proof. Tt suffices to show that the multiplicity of X in the A-spectrum on Q%()) is
odd. Let y € C be the unique non-trivial character.

First let IT = I, ® II; be an automorphic representation of G(Ag) such that
II®yx 2 1. Then II and II ® x have the same Casimir eigenvalue. Moreover,
since the Hecke character x is trivial on nrd(Ky), the dimensions of H;{f and of
(IT; ® )% are equal. Thus, the contribution from IT and from its twist by x to
the A-eigenspace under the isomorphism of Corollary is even-dimensional.

By assumption, there exists a unique automorphic representation II of G(Ap)
such that Hff is non-trivial, Il ® x = II, and II contributes to Q_,. We now ap-
ply Proposition in conjunction with Corollary The hypothesis on Vg (D)
ensures that, in the notation of Proposition [5.25 we have r = 0. Moreover, by Lem-
mas[5.3]and [5.4] the assumption on the conductor of ¥ implies that the contribution
from II to multiplicity of the A-eigenspace is odd-dimensional. O

7.2. Collection. The following example reproduces [44, Example 6.1] with our
method.

Example 7.3. Let F' = Q(a) where o —2a° —a*+4a® —4a?+1 = 0. The field F
is the unique number field of discriminant —974528 and signature (4,1) (LMFDB
6.4.974528.1). Let D be the unique quaternion division algebra ramified at every
real place and no finite place of F. Let 91 = (1). We have C & (i, = O,
which therefore has a single non-trivial character , corresponding to the quadratic
extension L = F(v/2a —1).

Let C = {1, c}. We have

974528%/2(p(2)

vol(Y7) = vol(Y,) = 51310 = 2.834032....

The extension L/F is ramified at exactly 2 of the 4 real places of F'. By Corol-
lary [5.21] the groups I'; and I', are representation equivalent.


http://www.lmfdb.org/NumberField/6.4.974528.1
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The following example proves Theorem [A] It is the smallest example we could
find of a pair of hyperbolic 3-orbifolds that are i-isospectral for all ¢ but not repre-
sentation equivalent.

Example 7.4. Let F = Q(a) where a* — a® + o + 4a — 4 = 0, which is also
the field Q(v/—10 — 14\/5). The field F' is the unique number field of discrim-
inant —1375 and signature (2,1) (LMFDB 4.2.1375.1). Let D be the unique
quaternion division algebra ramified at every real place and no finite place of F.
Let 91 = (1). We have C = Ciso & Cy, which therefore has a single non-trivial
character x, corresponding to the quadratic extension L = F'((19). Let o be the
non-trivial automorphism of L/F. Let C' = {1, c}. We have
3/2
vol(Y1) = vol(Y,) = %ﬂff@) = 0.2510654. ...

By [44, Theorem C], the groups I'y; and T'. are not representation equivalent. Take
representatives (74)x of Hom(L, C) modulo complex conjugation such that

(11 (C10)) = (e~ T7, 187 3157 ¢3357),

(7e(a))x ~ (0.809 — 1.6074,0.809 — 1.607i,0.845, —1.463).

We compute the group HCyp, (1) of unitary Hecke characters. It is isomorphic
to Z7 x R. Let ¥y, ..., ¥, denote the computed basis of the canonical complement
of ||-||™® (see e.g. [48, Section 3.5]). For each character ¥ and complex embedding 7,
we display an approximation of the pair (k,t) € Z x R such that U, = U¢(k,it).

Uy Uy L Uy Uy Vg Uy
1 (2,0) (=2,0)  (0,0)  (—3,-0.898) (1,-0.367) (1,-0.367) (—2,1.149)
m[(=2,0) (2,0)  (2,0) (3,0.898) (—2,-1.265) (0,—1.265) (0,—1.149)
73| (4,0) (=9,0) (-2, -0.611) (~10,0)  (5,—0.015) (3,1.647) (-1, —0.525)
74| (=4,0) (9,0)  (2,0.611) (12,0)  (—6,1.647) (—4,-0.015) (3,0.525)

We then compute the subgroup HC, 1) of unitary Hecke characters ¥ such
that U2U has finite order. It admits a basis ¥/, ..., ¥/, where
U =0y, Uy,=Uy V=0, U,=0'0,0,"02
We display the W’ as above.
LA 7 vy v
71| (2,0) (=2,0) (—3,—-0.898) (4,—2.298)
T2(—2,0) (2,0) (3,0.898) (—4,2.298)
73| (4,0) (=9,0) (-10,0) (6,0)
71|(~4,0) (9,0) (12,00  (~10,0)
Projecting on the values (kr,,kry, kr,), we obtain a lattice generated by the
columns of a matrix, say B, and with LLL-reduced basis with matrix B’, where

2 -2 -3 4 2 0-1
B=|4-9-10 6 |, B=[-12-1
—4 9 12 —10 123

From this it is clear that there is no 2°-shady character of L, as such a character
would have to satisty k., € {—1,0,1} and k., k,, € {1}. By Corollary the
orbifolds Y7 and Y. are therefore i-isospectral for all ¢ > 0.

The maximal cyclic subgroups of PI'; have order 2, 3 or 5, the maximal cyclic
subgroups of PI'; have order 2, 3 or 10, and we have

H,(PT,Z) = (2/22)®> and H(PT.,Z) = (Z/27)>.


http://www.lmfdb.org/NumberField/4.2.1375.1
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FIGURE 1. Isospectral and 1-isospectral but not representation
equivalent 3-orbifolds (volume = 0.251)

Remark 7.5. The above example is, in particular, an example of a pair of orbifolds
that are i-isospectral for all ¢, but not strongly isospectral. Wolf had asked in [69]
whether such examples exist, and their existence was first shown in [42] in all
dimensions greater than 4.

The following example proves Theorem [B] It is the smallest example we could find
of a pair of hyperbolic 3-orbifolds that are 0-isospectral but not not 1-isospectral.

Example 7.6. Let F' = Q(a) where a* —3a2?—2a+1 = 0. The field F is the unique
number field of discriminant —1328 and signature (2,1) (LMFDB 4.2.1328.1).
Let D be the unique quaternion division algebra ramified at every real place and
no finite place of F. Let 9 = (1). We have C = Cjso = Cy, which therefore has a
single non-trivial character x, corresponding to the quadratic extension L = F({4).
Let o be the non-trivial automorphism of L/F. Let C' = {1,c}. We have

| 13283/2¢p(2)
N 2876
Take representatives (74 )x of Hom(L, C) modulo complex conjugation such that

(Tk(C4))k = (7’3 77552‘37:)3
(re(@)) ~ (—1.138 + 0.485i, —1.138 + 0.485i, 1.940, 0.337).

vol(Y7) = vol(Y,) = 0.2461808 .. ..

We compute the group HCy (1) of unitary Hecke characters. It is isomorphic

to Z" x R. Let Uy,..., ¥, denote the computed basis of the canonical complement
of || - ||'®. We display the ¥; as in the previous example.
‘ \Ill \112 \1/3 \114 \1/5 \IIG \117

71| (4,0) (=23,—0.651) (—31,0.550) (2,—0.453) (—31,0.531) (—6,—1.266) (19,1.114)
T2[(=4,0) (21,-0.651)  (30,1.266) (—2,—0.453) (30,—1.634) (7,—0.550) (—20,—2.218)
73| (4,0) (—22,0.737) (—31,-0.568) (2,—1.120) (—32,—0.191) (—7,0.568) (21,—0.191)
74| (4,0)  (—22,0.564) (—32,—1.248) (2,2.026) (—31,1.295) (—8,1.248)  (20,1.295)

We then compute the subgroup HC, 1) of unitary Hecke characters ¥ such
that U7U has finite order. It admits a basis ¥/, ..., V), where

I=0y, W,=Us0s, U, =0'0, U =0,'0, 100,

We display the W’ as above.
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FIGURE 2. Isospectral but not 1-isospectral 3-orbifolds (volume ~ 0.246)

‘ v v, N VA
71| (4,0) (=37,-0.716) (50,0.584) (9,2.748)
T2|(—4,0) (37,0.716) (—50,—0.584) (—9,—2.748)
73 (4’ ) (7387 0) (533 0) (9’ O)
74| (4,0) (—40,0) (51,0) (9,0)
Projecting on the values (kr,,kry,kr,), we obtain a lattice generated by the
columns of a matrix, say B, and with LLL-reduced basis with matrix B’, where

4 —=37509 1-11
B=(4-38539|, B'=[(120
4 —40 51 9 10 -2

From this it is clear that there is no Q°-shady character of L, as such a character
would have to satisfy k,, = 0 and k,, k., € {£1}. By Corollary the orb-
ifolds Y7 and Y, are therefore O-isospectral. However, there exists an 2°-shady char-
acter, namely Wgpaay = (¥7) 720/, and the set of Q®-shady characters is \I'Sihlady\I/%,
where ¥ = (¥})~%(¥/))%
| Usnaay Yo

7| (1,2.748)  (0,10.994)

72 |(—1,-2.748) (0,—10.994)

T3 (1,0) (0,0)

T4 (1,0) (0,0)

For all n € Z, the character Ugpaqy, U3 contributes an eigenvalue A(n) ~ 4(2.748+

10.994n)? to the Laplace spectrum of Q1())) by Proposition The first few
corresponding eigenvalues are

30.2167..., 271.9505..., 755.4182..., 1480.6196..., 2447.5549....

The quadratic growth of these eigenvalues is an example of the phenomenon
described in Theorem Only \I/Sihlady contribute to the eigenvalue A(0), so by
Lemma@ the orbifolds Y; and Y, are not 1-isospectral.

The maximal cyclic subgroups of both PI'; and PI'. have order 2, 3 or 4, and
we have

H,(PT'1,Z) = H,(PT.,Z) = (Z./27.)*.

The following is an example of 0-isospectral 3-orbifolds with distinct Betti num-
bers (in particular, they are not 1-isospectral). Note that Tenie [64] has constructed
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a pair of isospectral 3-manifolds that have non-isomorphic rational cohomology
rings.

Example 7.7. Let F = Q(a) where a® —a® —3a* +2a% +4a+1 = 0. The field F
is the unique number field of discriminant —958527 and signature (4,1) (LMFDB
6.4.958527.1). Let D be the unique quaternion division algebra ramified at every
real place and no finite place of F. Let 91 = (1). We have C = Ci;, = Cs,
which therefore has a single non-trivial character y, corresponding to the quadratic
extension L = F((g). Let o be the non-trivial automorphism of L/F.

Let C = {1, c}. We have

958527%/2((2)

vol(Y7) = vol(Y,) = 51310 =3.397413....

Take representatives (74 )x of Hom(L, C) modulo complex conjugation such that

(T(Ga))k = (7 Fh e Tl e e T e F ),

(73(@))i =~ (1.959, —0.411 + 0.835i, —0.411 — 0.835i, —0.287,1.511, —1.361).

We compute the group HCy (1) of unitary Hecke characters. It is isomorphic
to Z'1 xR. Let ¥y, ..., ¥; denote the computed basis of the canonical complement
of || - ||'®. We display the ¥; as above.

1 U, Vs vy Uy Vg

ol (1,0)  (-L,-0610) (-1,0.610) (1,0242) (-1,0.072) (2, -0.030)
7| (=1,0)  (0,1.032)  (0,0.078)  (0,0.299)  (0,0.007) (—1,—0.421)
7| (=1,0)  (0,—0.078) (0,—~1.032) (—2,0.299) (2,0.007) (—2,0.414)
™ ) (0.-0.395)  (0,0.395)  (1,—0.847) (—1,—1.271) (0,0.635)

| (1,0)  (1,-0202) (1,0.202)  (1,-0.643) (—1,0.259) (1,—0.130)
76| (1,00 (0,0.344) (0,-0.344) (—1,0.650) (1,0.926) (0, —0.463)
Uy Uy Uy Uy Uy

T (—1,0.157) (—1,0.261) (L, —0.356) (-2, -0.428) (1,0.261)

7|(0,-0.762) (1,0.282) (—1,-0.154) (2,0.374) (-1,1.0138)

5] (0,1.068)  (1,1.014)  (0,0.381)  (1,—0.160) (—1,0.282)
71 (1,—1.050) (=2,—0.304) (2, -0.722) (-3,0.549) (2,—0.304)
75((0,-0.192) (=1,-0.721) (2,1.013)  (—3,0.754) (1,—0.721)
70| (0,0.788) (0,-0.532) (0,—-0.162) (1,—1.088) (0,—0.532)

We then compute the subgroup HC, 1) of unitary Hecke characters ¥ such
that YW has finite order. It admits a basis ¥/, ..., ¥g, where

U=, U = UyWs, U = U M0y W) = U U UL = U 02 U = U, U502

We display the W’ as above.

L, v, v, v, v

1 ( ) ) ( 2 0) (2a0) (470) (370) (270)
ol (=1,0) (0,1.110) (=2,0.732) (=3, —0.534) (=2,-0.835) (0, 1.830)
73](=1,0) (0,-1.110) (=2, -0.732) (—3,0.534) (—2,0.835) (0,—1.830)
14| (1,0) (0,0) (4,0) (6,0) (-1,0) (—2,0)
75 ( 0) (2 0) (2a0) (670) (170) (070)
T6 (_ aO) (050) (050) (_270) (170) (070)
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FIGURE 3. Isospectral 3-orbifolds with distinct Betti numbers
(volume = 3.397)

Projecting on the values (kr,, kr,, kr,, kry, krg ), We obtain a lattice generated by
the columns of a matrix, say B, and with LLL-reduced basis with matrix B’, where

1 -2 2 4 3 2 10-200
-10 -2-3-20 -11-111
B=]1 0 4 6 —-1-2{, B=|l100 02
1 2 2 6 1 0 120 00O
-10 0 -21 0 -10 0 =20

From this it is clear that there is no Q°-shady character of L, as such a character
would have to satisfy k,, = 0 and k., k-, k-, k-, € {£1}. However, there exists
an H°®-shady character, namely Uynaqy, = V1. Moreover, \Ilsjilady are the only H°®-
shady characters of L, so that the 1st Betti numbers of Y7 and Y, differ by 1. In
fact, we can independently compute the homology and see that we have

H,(PT,Z) = (2/2Z)* and H,(PT.,7)=(Z/2Z7) & Z.

The maximal cyclic subgroups of PI'; have order 2 or 6, and the maximal cyclic
subgroups of PI'; have order 2 or 3.

The eigenvalues of the Hecke operators acting on H; (), Q) = Q are rational, so
one expects them to correspond to an elliptic curve E over F. In this case, since
this cohomology class comes from a Hecke character, CM theory implies that this
elliptic curve exists, and one can find it explicitly:

E:y2+a3y:x3+a2x2+a4x—|—a6,
where
ag = o® —a* — 30 +a® +3a +2,
az = o’ —a* -3 +a? +a+2,
ay = o’ — 2a,
ag = 12159a° — 15642a* — 31998a° + 91720 + 21688« + 42423.
In other words, the fact that the elliptic curve y? + y = 2% with j-invariant 0,

after base-change to F' and a sextic twist, acquires everywhere good reduction, is
an algebraic explanation for the fact that Y; and Y, are not 1-isospectral!

The following example proves Theorem [E] It is an example of non-isospectral
3-orbifolds forming a Vignéras pair with no H*-shady character and non-zero 1st
Betti numbers; in particular their regulator ratio is rational for a non-trivial reason.
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Example 7.8. Let F' = Q(«a) where a* —2a® 4+ 7a? — 6a — 3 = 0. The field F is a
number field of discriminant —10224 and signature (2,1) (LMFDB 4.2.10224.2).
Let D be the unique quaternion division algebra ramified at every real place and
no finite place of F. Let 9t = (1). We have C = (s, = Co, which therefore has a
single non-trivial character y, corresponding to the quadratic extension L = F({12).
Let o be the non-trivial automorphism of L/F.

Let C = {1, c}. We have

1022432 (2)
- 2876
Take representatives (i) of Hom(L, C) modulo complex conjugation such that

(Tk(Cr2))k = (e P87, e 0031, €131 e 1Y),
(T(a))r ~ (1.345, —0.345,0.500 — 2.493, 0.500 — 2.4937).

We compute the group HCp (1) of unitary Hecke characters. It is isomorphic

vol(Y1) = vol(Y,.) =5.902455. . ..

to Z7 x R. Let ¥y, ..., ¥, denote the computed basis of the canonical complement
of || - |'®. We display the ¥; as above.
‘ \Ijl \:[12 \:[13 ‘114 \115 \:[16 l1}7

| (1,0) (3,00  (=2,0) (—2,0.714) (—3,—0.140) (0,—0.140) (0,0.953)
| (1,0) (3,00  (=2,0) (—2,-0.714) (—4,0.140) (1,0.140)  (0,0.239)
75|(—19,0) (—33,0) (26,—0.480)  (26,0)  (43,-0.215) (—9,0.215) (—6,—0.356)
74| (19,0) (33,0) (—26,0.480) (—26,0) (—42,0.215) (10,—0.215) (6,—0.836)

We then compute the subgroup HC, 1) of unitary Hecke characters ¥ such
that U2U has finite order. It admits a basis ¥/, ..., U}, where

V=0, Uy=T, Ui=Us V), =U"0,
We display the ¥ as above.

vy vy Uy v,
71| (1,0)  (3,0) (—2,0) (3,0)
T2 (LO) (3a0) (*230) (570)

73|(—19,0) (—33,0) (26,—0.480) (—52,0.430)
74| (19,0) (33,0) (—26,0.480) (52,—0.430)
Projecting on the values (k;,,kr,, kr,), we obtain a lattice generated by the
columns of a matrix, say B, and with LLL-reduced basis with matrix B’, where

1 3 -2 3 -1-21
B = 1 3 -2 5 |, B=|1-21
—-19 —33 26 —52 0 25

From this it is clear that there is no H®-shady character of L, as such a character
would have to satisfy k. € {£1} for all 7 € Hom(L,C). However, there exists
an Q°®-shady character of L, namely Wgaay = (¥7)7H(¥5) "W}, and the set of
Q*-shady characters is \Ilsihlady\I!%, where Wy = (U))~1(W4)~1(W])~2:

‘ \I/shady \IJO
71| (=1,0) (0,0)
To (1,0) (0,0)

73] (0,0.430) (0,0.960)
74((0,—0.430) (0, —0.960)
For all n € Z, the character Wynaqy VUf contributes an eigenvalue A(n) ~ 1+
4(0.430+0.960n)? to the Laplace spectrum of 22!()) by Proposition The first
few corresponding eigenvalues are

1.741..., 2.123..., 8735..., 9.883..., 23.107..., 25.020....
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FIGURE 4. Non-isospectral 3-orbifolds with Betti number 1 and
rational regulator square quotient (volume =~ 5.902)

Only \I/;Elady contribute to the eigenvalue A(0), so by Lemma the orbifolds Y;
and Y, are not l-isospectral. Since these characters are also Q2°-shady, by the same

argument these orbifolds are also not 0O-isospectral.
Since there is no H*®-shady character of L, by Theorem we have

Regl(Y1)2 c QX,
Reg, (Y.)?
and the Betti numbers of Y7 and Y, are equal. In fact, we have
H,(PT,,7) = (Z2/2Z)*®Z and H,(PT.,Z)=(Z/22)*®Z,

and in particular both 1st Betti numbers are 1, so the rationality of the ratio of reg-
ulators is a non-trivial statement. Moreover, since the orbifolds are not isospectral,
the Cheeger—Miiller theorem does not say anything about this rationality.

The maximal cyclic subgroups of PI'y have order 2, 3, 4 or 12, and the maximal
cyclic subgroups of PI', have order 2 or 3.

REFERENCES

[1] C. C. Adams, Limit volumes of hyperbolic three-orbifolds, J. Differ. Geom. 34 no. 1 (1991),
115-141.

[2] A. Ash, Galois representations attached to mod p cohomology of GL(n,Z), Duke Math. J.
65 no. 2 (1992), 235-255.

[3] A.I Badulescu, Global Jacquet-Langlands correspondence, multiplicity one and classification

of automorphic representations, Invent. Math. 172 (2007), 383-438.

A. Bartel and A. Page, Torsion homology and regulators of isospectral manifolds, J. Topology

9 no. 4 (2016), 1237-1256.

[5] A. Bartel and A. Page, Group representations in the homology of 3-manifolds, Comment.
Math. Helv. 94 no. 1 (2019), 67-88.

[6] N. Bergeron and A. Venkatesh, The asymptotic growth of torsion homology for arithmetic
groups, J. Inst. Math. Jussieu 12 no. 2 (2013), 391-447.

[7] N. Bergeron, M. H. Sengiin and A. Venkatesh, Torsion homology growth and cycle complexity
of arithmetic manifolds, Duke Math. J. 165 no. 9 (2016), 1629-1693.

[8] N. Bergeron and L. Clozel, Spectre automorphe des variétés hyperboliques et applications
topologiques, Astérisque 303 (2005).

[9] A. Borel and N. Wallach, Continuous cohomology, discrete subgroups, and representations of
reductive groups, 2nd edition, Mathematical Surveys and Monographs 67, American Math-
ematical Society, Providence, RI, 2000.

[10] D. Bump, Automorphic Forms and Representations, Cambridge Studies in Advanced Math-
ematics 55, Cambridge University Press, Cambridge, 1997.

[11] C. J. Bushnell and G. Henniart, The Local Langlands Conjecture for GL(2), Grundlehren
der mathematischen Wissenschaften 335, Springer—Verlag Berlin Heildelberg, 2006.

[4



64

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

[20]

21]
22]
23]
[24]
[25]

[26]

[27]
(28]
[29]
[30]

31]

32]
[33]

[34]
[35]

[36]
[37]
[38]
[39]
[40]
[41]

[42]

ALEX BARTEL AND AUREL PAGE

J. F. Brock and N. M. Dunfield, Injectivity radii of hyperbolic integer homology 3-spheres,
Geom. Topol. 19 no. 1 (2015), 497-523.

F. Calegari and D. Geraghty, Modularity lifting beyond the Taylor—Wiles method, Invent.
Math. 211 (2018), 297-433.

F. Calegari and A. Venkatesh, A torsion Jacquet—Langlands correspondence, Asterisque 409
(2019).

A. Carajani and J. Newton, On the modularity of elliptic curves over imaginary quadratic
fields, preprint, arXiv:2301.10509 [math.NT| (2023).

F. C. Caramello Jr., Introduction to Orbifolds, preprint, arXiv:1909.08699v6 [math.DG]|
(2022).

W. Casselman, On Some Results of Atkin and Lehner, Math. Ann. 201 (1973), 301-314.

J. Cheeger, Analytic torsion and the heat equation, Ann. of Math. 109 (1979), 259-322.

H. Cohen, Advanced Topics in Computational Number Theory, Graduate Texts in Mathe-
matics 193, Springer—Verlag New York, 2000.

D. DeTurck and C. S. Gordon, Isospectral deformations II: trace formulas, metrics, and
potentials, with an appendix by K. B. Lee, Comm. Pure Appl. Math. 42 no. 8 (1989), 1067—
1095.

T. Dokchitser and V. Dokchitser, Regulator constants and the parity conjecture, Invent.
Math. 178 no. 1 (2009), 23-71.

P. G. Doyle and J. P. Rossetti, Laplace-isospectral hyperbolic 2-orbifolds are representation-
equivalent, preprint, arXiv:1103.4372v2 [math.DG]|| (2014).

D. Eisenbud, Commutative algebra with a view toward algebraic geometry, Graduate Texts
in Mathematics 150, Springer-Verlag, New York, 1995.

P. X. Gallagher, Determinants of representations of finite groups, Abh. Math. Semin. Univ.
Hambg. 28 (1965), 162-167.

I. M. Gel'fand and I. I. Pyatetski-Shapiro, Automorphic functions and the theory of repre-
sentations. (Russian), Trudy Moskov. Mat. Obs¢. 12 (1963), 389-412.

P. Gérardin and J.-P. Labesse, The solution of a base change problem for GL(2) (following
Langlands, Saito, Shintani), in: Automorphic forms, representations and L-functions (Proc.
Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc. Sympos. Pure
Math. XXXIII, Amer. Math. Soc., Providence, RI, 1979, pp. 115-133.

J. R. Getz and H Hahn, An Introduction to Automorphic Representations with a view toward
trace formulae, Graduate Texts in Mathematics 300, Springer, Cham, 2024.

R. Godement, The spectral decomposition of cusp forms, Proc. Sympos. Pure Math. 9, Amer.
Math. Soc., Providence, R. 1., 1966, 225-234.

C. S. Gordon, Riemannian manifolds isospectral on functions but not on 1-forms, J. Differ-
ential Geometry 24 (1986), 79-96.

C. S. Gordon, Survey of isospectral manifolds. Handbook of differential geometry, Vol. I
(2000), 7A7-778.

C. S. Gordon, Orbifolds and their spectra, in: Spectral Geometry, Proceedings of Symposia
in Pure Mathematics 84 A. H. Barnett, C. S. Gordon, P. A. Perry and A. Uribe (eds.), 2012,
pp. 49-71.

G. Harder, Eisenstein cohomology of arithmetic groups. The case GLg2, Invent. Math. 89
(1987), 37-118.

H. Jacquet and R. P. Langlands, Automorphic Forms on GL(2), Lecture Notes in Mathematics
114, Springer-Verlag, Berlin, 1970.

M. Kac, Can one hear the shape of a drum? Amer. Math. Monthly 73 (1966), 1-23.

D. Kelmer, A refinement of strong multiplicity one for spectra of hyperbolic manifolds, Trans.
Amer. Math. Soc. 366 no. 11 (2014), 5925-5961.

J. Labesse and R. P. Langlands, L-Indistinguishability For SL(2), Canad. J. Math. 31 no. 4
(1979), 726-785. doi:10.4153/CIM-1979-070-3

T. Y. Lam, A First Course in Noncommutative Rings, Graduate Texts in Mathematics 131,
Springer-Verlag, New York, 1991.

S. Lang, Algebraic Number Theory, 2nd ed., Graduate Texts in Mathematics 110, Springer-
Verlag, New York, 1994.

R. P. Langlands, Base Change for GL(2), Annals of Math. Studies 96, Princeton U. P.,
Princeton, 1980.

E. A. Lauret and B. Linowitz, The spectral geometry of hyperbolic and spherical manifolds:
analogies and open questions, New York J. Math. 30 (2024), 682-721.

E. A. Lauret, R. J. Miatello and J. P. Rossetti, Representation equivalence and p-spectrum
of constant curvature space forms, J. Geom. Anal. 25 (2015), 564-591.

E. A. Lauret, R. J. Miatello and J. P. Rossetti, Spectra of lens spaces from l-norm spectra
of congruence lattices, Int. Math. Res. Not. IMRN 2016 (2016), 1054-1089.


https://arxiv.org/abs/2301.10509
https://arxiv.org/abs/1909.08699
https://arxiv.org/abs/1103.4372

[43]
[44]
[45]
[46]
[47]

[48]
[49]

[50]
[51]
[52]
(53]
[54]
[55]
[56]

[57]
[58]

[59]
[60]
[61]
[62]
[63]
[64]
[65]
[66]
[67]

[68]

[69]

VIGNERAS ORBIFOLDS: ISOSPECTRALITY, REGULATORS, TORSION HOMOLOGY 65

B. Linowitz, Selective orders in central simple algebras and isospectral families of arithmetic
manifolds, Manuscripta Math. 147 (2015), 399-413.

B. Linowitz and J. Voight , Small isospectral and nonisometric orbifolds of dimension 2 and
3, Math. Z. 281 no. 1 (2015), 523-569.

T. H. Marshall and G. J. Martin, Minimal co-volume hyperbolic lattices, II: Simple torsion
in a Kleinian group, Ann. of Math. 176 no. 1 (2012), 261-301.

H. Matsumura, Commutative ring theory, Cambridge Studies in Advanced Mathematics 8
(2nd ed.), Cambridge University Press, Cambridge, 1989.

Y. Matsushima, A formula for the Betti numbers of compact locally symmetric Riemannian
manifolds, J. Diff. Geom. 1 (1967), 99-109.

P. Molin and A. Page, Computing groups of Hecke characters, Res. Number Theory 8 (2022).
W. Miiller, Analytic torsion and R-torsion of Riemannian manifolds, Adv. Math. 28 (1978),
233-305.

W. Miiller, Analytic torsion and R-torsion for unimodular representations, J. Amer. Math.
Soc. 6 (1993), 721-753.

S. Patrikis, Variations on a theorem of Tate, Memoirs of the AMS 258 no. 1238 (2019).

R. Perlis, On the equation (i (s) = (x(s), J. Number Theory 9 (1977), 342-360.

H. Pesce, Variétés hyperboliques et elliptiques fortement isospectrales, J. Funct. Anal. 134
(1995), 363-391.

J. Raimbault, Analytic torsion, regulators and arithmetic hyperbolic manifolds, P. Charollois
(ed.) et al., Arithmetic L-functions and differential geometric methods. Regulators IV, May
2016, Paris. Cham: Birkh&duser. Prog. Math. 338 (2021), 179-212.

C. S. Rajan, On isospectral arithmetical spaces, Amer. J. Math. 129 no. 3 (2007), 791-806.
C. S. Rajan, Some questions on spectrum and arithmetic of locally symmetric spaces Adv.
Stud. Pure Math. 58 (2010), 137-157.

I. Reiner, Maximal Orders, Academic Press Inc., London, 1975.

S. Rosenberg, The Laplacian on a Riemannian Manifold, LMSST 31, Cambridge University
Press, 1997.

R. Schmidt, Some remarks on local newforms for GL(2), J. Ramanujan Math. Soc. 17 no. 2
(2002), 115-147.

P. Scholze, On torsion in the cohomology of locally symmetric varieties, Annals Math. 182
no. 3 (2015), 945-1066.

J.-P. Serre, Propriétés galoisiennes des points d’ordre fini des courbes elliptiques, Invent.
Math. 15 (1972), 259-331.

T. Sunada, Riemannian coverings and isospectral manifolds, Annals Math. 121 no. 1 (1985),
169-186.

Y. Taguchi, Induction formula for the Artin conductors of mod ¢ Galois representations, Proc.
Amer. Math. Soc. 130 no.10 (2002), 2865-2869.

A. Tenie, Strongly isospectral hyperbolic 3-manifolds with nonisomorphic rational cohomol-
ogy rings, preprint, |arXiv:2111.11454 [math.GT| (2021).

M.-F. Vignéras, Représentations l-modulaires d’'un groupe réductif p-adique avec [ # p,
Progress in Mathematics 137, Birkh&user, Boston, Boston, 1996.

M.-F. Vignéras, Variétés riemanniennes isospectrales et non isométriques, Ann. of Math. (2)
112 no.1 (1980), 21-32.

J. Voight, Quaternion Algebras, Graduate Texts in Mathematics 288, Springer, Cham, 2021.
A. Weil, On a certain type of characters of the idéle-class group of an algebraic number-field,
Proceedings of the international symposium on algebraic number theory, Tokyo & Nikko,
1955 (Tokyo), Science Council of Japan, 1956, 1-7.

J. A. Wolf, Isospectrality for Spherical Space Forms, Result. Math. 40 (2001), 321-338.


https://arxiv.org/abs/2111.11454

	1. Introduction
	1.1. Isospectral orbifolds
	1.2. Hierarchy of isospectralities
	1.3. Homology and regulators: theorems and musings
	1.4. Our approach to isospectrality
	1.5. Comparison with the Sunada method
	1.6. Our approach to rationality of regulator quotients
	1.7. Comparison with other approaches to Vignéras pairs
	1.8. Notation and conventions

	2. Regulator constants via Hecke algebras
	2.1. Adjoint pairs
	2.2. Brauer relations and regulator constants

	3. Algebras graded by finite abelian groups
	3.1. Linked modules
	3.2. Polarisations
	3.3. Regulator constants for graded modules

	4. Vignéras pairs of manifolds
	5. Self-twists in characteristic 0 and automorphic induction
	5.1. Automorphic representations of GL1
	5.2. Representations of GL2 over local fields
	5.3. Automorphic representations of GL2
	5.4. Self-twist conditions
	5.5. Sparsity of non-matching Laplace eigenvalues

	6. Self-twists in characteristic p and Galois representations
	6.1. Basics on Galois representations
	6.2. Self-twist conditions
	6.3. Local representations
	6.4. Global representations

	7. Curiosity cabinet
	7.1. Toolkit
	7.2. Collection

	References

