ERRATUM: NORM RELATIONS AND COMPUTATIONAL
PROBLEMS IN NUMBER FIELDS

JEAN-FRANCOIS BIASSE, CLAUS FIEKER, TOMMY HOFMANN, AND AUREL PAGE

We found an error in Theorem 4.11 of [2]. When constructing the set T" used to
test for the existence of d-th powers, one should take all prime ideals p with N(p) =
1 mod p instead of only those satisfying N(p) = 1 mod d. Here is an explicit coun-
terexample.

Example E.1. Let K = Q(3)T, d =4, S = 0 and a = —1. We have L =
K(¢4) = Q(¢s), which is a quadratic extension of K, so that the extension L/K
is cyclic. Let p be a prime of K of degree 1 such that N(p) = 1 mod d, and
let ¢ = N(p). We have ¢ = £+1 mod 8, but since ¢ = 1 mod 4, we get ¢ = 1 mod 8,
so that % = 1 mod 4 and therefore —1 is a 4-th power in pr. All the hypotheses
of the original formulation of the theorem are therefore satisfied. However, « is
clearly not a d-th power in K.

The mistake in the proof was in the descent step from L to K (note for instance
that in Example E.1, « is indeed a d-th power in L), which was only sketched in
the published version of the paper. The correct statement of Theorem 4.11 and
proof are the following.

Theorem E.2 (Effective Grunwald-Wang). Assume GRH. Let d = p” with p
prime and r > 1. Let K be a number field of degree n, and L = K({;). Let S be a

finite set of primes of K, let Ms = [][,csN(p), and let S, = SU{p | p}. Let

co = 18d% (2log | Ak | + 6nlogd + log Ms)> .
Let T be the set of prime ideals p of K such that
p &Sy

p has residue degree 1,

N(p) = 1 mod p, and

N(p) < ¢g.

Let oo € K* be such that all valuations of « at primes p ¢ .S, are divisible by d and
such that for every p € T', the image of a in K, is a d-th power. Then « € (L*)4.
If in addition L/K is cyclic, then o € (K*)<.

Proof. Note that the degree of L/K is at most ¢(d) and the discriminant Ay, of L
satisfies

»(d)
AL Ak Ag(c)-
We first prove that « is a d-th power in L. By contradiction, assume otherwise
and let 8 be a d-th root of « in some extension of L, so that L(8)/L is a cyclic

extension of degree d’ # 1 dividing d. Let x be a faithful 1-dimensional character

Date: April 2, 2025.
2010 Mathematics Subject Classification. Primary: 11Y16, 20C05, 11R32; Secondary 11R29,
11R04, 11Y40, 11R18, 11R27.

1



2 JEAN-FRANCOIS BIASSE, CLAUS FIEKER, TOMMY HOFMANN, AND AUREL PAGE

of Gal(L(pB)/L), which we see as a ray class group character of L of some conductor f
by class field theory. Write f = ftamefwila Where fiame and fyig are coprime and fwilg
is supported at primes above p. By the assumption on the valuations of «, the
extension L(8)/L is unramified outside the prime ideals that do not lie above a
prime in S;; indeed, locally at every such prime 3, the extension is generated by a
p'-th root of a unit of Ly for some i < r. Therefore, by [3, Proposition 2.5] applied
to L(B)/L and x, we have

log N(fwia) < 2ne(d)(logp +log ¢(d)) < 4ndlogd.
In addition, ramification is tame at all primes in S not above p, so we have
N(ftame) S Mf;i

By [1, Theorem 4], there exists a prime ideal 8 of L that has residue degree 1 (so
that N(8) = 1 mod d), does not lie over primes of S, such that x() # 1 and such
that

N(P) < 181log*(AZN(f)) < 18 (2dlog |Ak| + 6ndlogd + dlog Ms)* = c.

In particular, the prime ideal p = PN K lies in T, so « is a d-th power in K, and
a fortiori in L%. This implies that L(8)/L is completely split at 3, contradicting
the fact that x(3) # 1. This proves that a € (LX)

Now assume that L/K is cyclic, and let L’ = K((,). Let p1,...,8q € L be the
d-th roots of a, so that we have L’ C L'(8;) C L for all 4. Since L/L’ is a cyclic
extension of degree a power of p, its intermediate extensions are linearly ordered,
so that we may choose our numbering so that L'(8;) C L'(8;) for all i.

Assume for contradiction that the cyclic extension L'(f1)/L’ is nontrivial. Then
as above there exists a nontrivial character x of Gal(L'(f1)/L’) and a prime ideal P
of L' of degree 1 (so that N(8) = 1 mod p) such that x(P) # 1 and p = PN K lies
in 7. By hypothesis, a is a d-th power in K, so that there exists i such that 3; €
K,; since L'($1) C L'(5;), this implies 81 € L{n, ie. L'(81)/L" is completely split
at P, contradicting x () # 1. This proves that the extension L'(f1)/L’ is trivial,
ie B € L.

We have 3{ = «, so that all:K] = N k(o) = NL//K(Bl)d, and therefore alF K]
is a d-th power in K. Since [L' : K] is coprime to d, this implies that « is a d-th
power in K, as claimed. [

This does not affect the validity of the rest of the paper.
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