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Reminder: disc(z™ + bx + ¢) = (—=1)"""D/2((1 — n)" 10" + n"c™ ™).

Exercise 1 (10 points)

3-2v6
V6 +2
Let us first express this number as a polynomial in /6. In principle, we should
use the U(z)A(z) + B(z)V(x) = 1 as in exercise 1 of sheet 1 for that, but here we
are in degree only 2, so we can just apply the good old “conjugate expression” trick:
3-2v6  (3-2V6)(—v6+2)  —3V6+6+2(+/6)2—4v6 T

V6+2 (V6 +2)(—V6+2) 22 — (V/6)? R

Now, there are (at least) two ways to conclude:

Is

an algebraic integer ¢

e As /6 is algebraic of degree 2 over Q, every element of Q(v/6) can be written
uniquely as a + by/6 with a,b € Q; besides, 6 is squarefree and 6 % 1 mod 4 so
the ring of integers is Z[v/6], in other words, an element a4 bv/6 is an algebraic
integer if and only if a and b are both integers. This is not the case for —9—1—%\/6,
so it is NOT al algebraic integer.

e The characteristic polynomial of this number (with respect to the extension

Q(v6)/Q) is

<$_(_9+;\/6>><x_(_9_g‘/6>> :w2—18x+§

(because of complex embeddings; we could also have written down the matrix of
course). This does not lie in Z[x], so this number is NOT an algebraic integer.
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Exercise 2 (40 points)
Let f(z) =23 —x — 1.
1. The aim of this question is to prove that f(x) is irreducible over Q.

(a) (5 points) Prove that if f(x) were reducible, then it would have a rational
root.

That’s because the degree of f is only 3: if it factored, it would have either
one factor of degree 1 and one of degree 2, or 3 factors of degree 1 (possibly
not all distinct); anyway, it would have at least one factor of degree 1.

(b) (10 points) Prove that this root would in fact be an integer by using the
notion of algebraic integer.

Let 8 be this hypothetic root. Then 5 € Q by construction; besides, [ is
a root of f(x) which is a monic polynomial with coefficients in Z, so ( is
also an algebraic integer. As a result, g € Z.

(c) (5 points) Prove that this root could only be £1, and conclude that f(x) is
irreducible over Q.

From f(3) = 0, we infer that 5(8% — 1) = 1, so 8 divides 1. But neither
1 nor —1 is a root of f(z), so by contradiction we deduce that f(z) is
irreducible over Q.
2. (5 points) Compute the discriminant of f(x).
From the formula disc(z® + bz + ¢) = —4b% — 27¢*, we find that

disc f = —23.

3. (15 points) Let o be a root of f(x). Compute the ring of integers of Q(«).

Let K = Q(«). Since « is both an algebraic integer and a primitive element for
K, Z|a] is an order in K. The discriminant of this order is disc f, which is —23
by the previous question. So we have

—23 = m?disc K,

where m = [Zi : Zla]] € N is the index of the order Z[a]. Since —23 is
squarefree, we must have m = 1, so Zx = Z|a] (and also disc K = —23).



Exercise 3 (50 points)

Let f(x) = 2% —2x+4, which you may assume without proof is irreducible over Q,
and let K = Q(«), where a satisfies f(a) = 0.

1. (10 points) Compute and factor the discriminant of Z[a.
Hint: 210 — 33 = 997 is prime.
We know that disc Z[a] = disc f, and according to the formula

disc(z" + bx +¢) = (=1)"" D2 ((1 = n)" 1" + "),
we have

discZ[a] = +(=3% - 22 +4* . 4%) =21 - 33 .20 = 2% . (21 — 3%) = 2% . 997.

2. (12 points) At this point, what are the possibilities for disc K, and the corre-
sponding values of the index of Zla] ?

We know that
disc Z[a] = m? disc K,

where m is the index of Z[a]. Since 997 is prime, this leaves 3 possibilities:

e Either m = 1 (which means that Zx = Z[a]), and so disc K = 2% - 997,

e or m = 2 (so Z[a] is not 2-maximal, but is p-maximal for all primes p # 2),
and disc K = 22 - 997,

e or m = 22 (so again Z[a] is not 2-maximal, but is p-maximal for all primes

p # 2), and disc K = 997.

In the last two cases, the fact that Z[a] is not 2-maximal would imply that the
elements of Zx would in general have denominators which are powers of 2 when
we write then as polynomial of degree < 4 = deg f in a. In the first case, the
elements of Zx would have no denominators at all.

3. (4 points) Let f = %3 € K, and consider the lattice O C K with Z-basis
La,a? .

Prove that O 1is stable under multiplication by 3.
Hint: what is § -« ?.
We have O = {a + ba + ca® +dB3, a,b,c,d € Z}.

The relation f(a) = 0 yields a? = 2a — 4, whence 8-a = a —2 € O. Similarly,
we find that B-a? € O, 8- 3 € O, and of course 5 -1 € O. Therefore,

B-(a+batca®+dB)=aB-1+bB-a+cB-a*+d3-BcO

as soon as a,b,c,d € Z, so - O C O.
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4. (6 points) Deduce that 5 is an algebraic integer.

Multiplication by [ stabilises a lattice, so 8 is an algebraic integer (Recall the
proof: we can write down the matrix of multiplication by 8 w.r.t. a Z-basis of O,
and this matrix will have coefficients in Z since §- O C O, so the characteristic
polynomial of 3 lies in Z[x]).

5. (2 points) Which of the possibilities listed in question 2. remain ?

We have just seen that 8 € Zg, but 8 € Z[a] (because Z[a] = {a + ba + ca® +
do?, a,b,c,d € Z} since « is an algebraic integer), so Zx # Z[a]. So only the
second and third possibilities remain.

Alternative, quicker proof : = a?/2 € Zg has a denominator divisible by the
prime 2, so Z[a] is not 2-maximal.

6. (6 points) Prove that O is an order in K.
Hint: Prove that O is also stable under multiplication by o.

We find that o - 1, a -, a - @? and « - 3 all lie in O, which as in question 3.
proves that O is stable under multiplication by «a. It is therefore also stable
under multiplication by o2, and also by 3 by question 3., and of course also by
1. Therefore, O is stable under multiplication by any Z-linear combination of
1,a,0? and 3,ie. O-O C O. As 1 € O, this proves that O is a subring of K.
By construction, O is also a lattice in K, so it is an order in K.

7. (10 points) It turns out that Zx = O. Give the discriminant of K in factored
form.

Thanks to the relation
disc Z[a] = m? disc K,

finding disc K amounts to computing the index m of Z[a] in Zx = O. We do
so by writing a change-of-basis matrix between a Z-basis of O and a Z-basis of
Z[a].

A Z-basis of O is 1,a,0%, 3 = o®/2, and a Z-basis of Z[a] is 1, a, a?, o since
a is an algebraic integer of degree 4 = deg f. (Technically we could use any Z

bases, but why make things complicated 7). The matrix expressing the latter
in terms of the former is

100 0
0100
00 10|
000 2

whose determinant is clearly 2, so the index is
m [0 Z[a]] = 2.
Therefore, we are in the second of the three cases listed in question 2., so

disc K = 22 -997.



In conclusion, the factor 2* of disc Z[a] actually came both from disc K and from
the index !

Note that we could also have expressed 1, a, @, 8 = ®/2 in terms of 1, a, o, a;
this would lead us to the inverse change-of-basis matrix

100 0
010
0010
0001

whose determinant is (up to sign) the inverse of the index. Doing things this
way is sometimes easier. Also, don’t worry if you can’t remember if you should
express this basis in terms of that basis, or the other way round: you’ll either
get a matrix with integer coefficients, whose determinant is (up to sign) the
index, or a matrix with rational coefficients, whose determinant is (up to sign)
the inverse of the index, and since the index is an integer, the result that you
get will tell you which case you are in !

UNASSESSED QUESTIONS

Exercise 4

1. In the picture below, the centre of the hexagonal floor tiles (both black and white
ones) form a lattice, and the centre of the black tiles form a sublattice. Compute
the index of this sublattice by writing down a change-of-basis matriz. What is
the proportion of black tiles ?




Let us choose a Z-basis (in red) for the whole lattice, and another (in blue)
for the black sublattice, as shown on the picture. The change-of-basis matrix
expressing the blue vectors in terms of the red ones is

2 0
0 2)’
whose determinant is 4, so the index is 4. In other words, 1 out of 4 tiles is

black.

2. Same questions for this other tiling pattern.

Let us choose again Z-basis (in red) for the whole lattice, and another (in blue)
for the black sublattice. This time, the change-of-basis matrix looks like

4 1

0 2
(depending on how you order the bases). The determinant is 8, so the index is 8. In
other words, 1 out of 8 tiles is black.



