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Abstract

We consider sequences of finite weighted random graphs that converge locally to uni-
modular i.i.d. weighted random trees. When the weights are atomless, we prove that the
matchings of maximal weight converge locally to a matching on the limiting tree. For this
purpose, we introduce and study unimodular matchings on weighted unimodular random
trees as well as a notion of optimality for these objects. In this context, we prove that,
in law, there is a unique optimal unimodular matching for a given unimodular tree. We
then prove that this law is the local limit of the sequence of matchings of maximal weight.
Along the way, we also show that this law is characterised by an equation derived from a
message-passing algorithm.
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1 Introduction

Optimal matchings in random graphs is a problem with a long history dating back to the paper
by Karp and Sipser [16]. In this seminal paper, they obtain the asymptotic size of a maximal
matching in a sparse Erdés-Rényi random graph with average degree ¢ € (0, 400). Their method
relies on the analysis of a greedy algorithm that constructs a matching in a graph. It turns out
that the algorithm is simple when ¢ < e and less straightforward when ¢ > e, making the analysis
trickier in this regime.

More recently, Gamarnik, Nowick and Swirscsz [13] studied the edge-weighted version of this
maximal matching problem on the Erdés-Rényi random graph and on regular random graphs.
Their approach does not rely on the Karp—Sipser algorithm, but on a local optimality ansatz
inspired by the earlier introduction of the so-called objective method by Aldous [3, 6, 1, 5].
Gamarnik, Nowick and Swirscsz were able to compute the asymptotic weight of the optimal
matching in Erd&s-Rényi random graph when ¢ < e and in the special case where the weights
have exponential distribution.

The fundamental tool for studying these kinds of problems is the belief propagation algo-
rithm. Informally, this algorithm assigns numbers to all oriented edges of the graph, with an
explicit dependency between neighbours, hence the name “propagation”. Moreover, they can be
interpreted as beliefs: the the lower the number, the more likely an edge belongs to the optimal
matching!. In unimodular random graphs every vertex plays the role (see later for a proper
definition), and the above dependency gives a fixed point equation in law for the beliefs, called
the “belief propagation equation”. The restriction ¢ < e in [13] comes from the fact that the
employed method takes as input the uniqueness of solutions of iterates of the belief propagation
equation.

One of the principles of Aldous’s objective method is that many asymptotic results for com-
binatorial optimization on large discrete structures can be obtained via defining appropriate op-
timization problems on limiting infinite structures. In many settings involving random graphs,
these infinite structures are limits in law of the graphs for the local topology. In the special case
where graphs are rooted uniformly, the graphs and their limits are called unimodular. This line
of research has found tremendous success since the seminal paper by Benjamini and Schramm
1.

In this article, we study optimal matchings on weighted random graphs that converge to a
random tree with iid weights in the Benjamin—Schramm sense. This means that while the weights
in the sequence of graphs can be correlated, they are required to be independent in the limit.

I This seems unconventional at first sight, but this will become clear when we introduce the proper definition
of our beliefs.



This includes classical models of random graphs such as Erdgs-Rényi random graphs, regular
random graphs or configuration models that all converge to unimodular versions of Bienaymé
Galton Watson random trees. See for instance the books by van der Hofstad |14, 15], Benjamini
Lyons and Schramm [3], or Aldous and Lyons [0], and references therein.

Strikingly, in this setting and under mild assumptions, the uniqueness of the solution to the
iterates of the belief propagation equation mentioned above is not required for the convergence in
law of the optimal matching. Informally, the limit M is a random matching on the unimodular

limiting tree T rooted at a distinguished oriented edge 0 = (0—,04) € E(T) and with i.i.d.
edge-weights w = (w(e))ecp(r) With law w, whose law is invariant by re-rooting. We call such
random matchings unimodular (see Section 2 for precise definitions). In addition, the limit M is
optimal in the sense that the quantity

perf(T, 0, M) := E [w(?)ﬂgeM} (1)

is maximal among all unimodular matchings of (T, 3, w). Note that for finite graphs, when o is
chosen uniformly among directed edges, this performance is maximal when the total weight of
the matching is maximal.

Before stating our main result, we need to define more precisely Unimodular Bienaymé Galton
Watson random trees (UBGW). Let 7 be a distribution on non-negative integers with finite
variance and generating function ¢. We denote by 7 the size-biased version of 7, whose generating
function is ¢, defined by gZ;(x) = % We say that a rooted tree (T, 3) is a UBGW with offspring
distribution 7 if the law of the tree can be obtained as follows. Take (T_,0_) and (T4, 04) two
vertex-rooted independent Bienaymé-Galton-Watson trees with offspring distribution 7 (that is,
each vertex of these trees have an independent number of children distributed according to 7) .
The tree (T, 3) is then obtained by connecting (T_,0_) and (T4, 04 ) with the additional edge
0= (0o—,04). This naming convention stems from the fact that these trees are the local limit of
configuration models whose degree distribution converges to = when rooted at a uniform oriented
edge.

We can now state our first main result:

Theorem 1 (Existence and uniqueness of the optimal matching for iid weighted UBGW). Let
(T,g,w) be an edge-rooted Unimodular Bienaymé-Galton-Watson (UBGW) tree with reproduc-
tion law w and i.1.d edge-weights with law w such that:

e both m and w have finite expectation,
o the law w is atomless.

There exists a unique (in law) optimal matching Mopt(T) on (T, g,w). Furthermore, the distri-
bution of (T, 0, w, Mopt (T)) is explicitly described in Proposition 3.2 (ii).

Remark. The condition on w being atomless is necessary. Take for instance constant weights and
consider finite trees. There are then many maximal hence optimal matchings and uniqueness
fails.

The description of Mo (T) given in Proposition 3.2 (ii) relies on the belief propagation
algorithm mentioned above. In the simple case of a finite deterministic tree, the algorithm assigns
to any oriented edge (u,v) a belief variable Z(u,v) that captures the penalty of excluding v in the
optimal matching of T{, .y, where T(, .y is the connected component of T'\ {{u,v}} containing



v. When T{, ) is finite, this corresponds to the difference between the maximal weight of a
matching of 7(, ,) and the maximal weight of a matching of T{,, . \ {v}. From this, we can infer
(see Section 3 for details) the so-called decision rule of the belief propagation procedure:

{u,v} € Mopt(T) © Z(u,v) + Z(v,u) < w(u,v). (2)

We will also see that the tree structure induces the following recursive equation for the belief
variables:
Z(u,v) = max | 0, max (w(v,u') = Z(v,d)) | . (3)
by

On an infinite random tree, such variables can still be defined, and this will be done in detail
in Section 3.1. In a UBGW tree with reproduction law 7 and i.i.d weights of law w, the stationary
distribution satisfies the following equation in law:

7 ") ma <0 max (w; — Z )) (4)
a < < (w: — 7
) ISZSN 1 2 I
where N ~ 7, the w;’s and the Z;’s are all independent, w; ~ w and Z; ~ Z.

As we shall see, it is not very hard to show that this equation in law always has a solution, but
the question of its uniqueness is trickier. It is not hard to see that any solution to Equation (4)
gives with the decision rule of Equation (2) a unimodular matching of the underlying tree.
Surprisingly, it turns out that the matching associated to any solution of Equation (4) is optimal.

Our second main result states the local convergence of maximal matchings on random graphs.

—
Before stating the result we define the set of oriented edges of a graph (V, E) by E = {(u,v) {u,v} €
E} so that every non oriented edge corresponds to two directed edges.

Theorem 2 (Local convergence of maximal matchings). Let G,, = (V,,, E,,wy) be a sequence
of weighted random graphs and let Mopi (Gy,) be any mazimum matching on Gy,. Choose a root

Bn uniformly among the directed edges and suppose that the sequence of rooted weighted random
— . .

graphs (Gp, 0y, wy) converges locally to a vertex-rooted Unimodular Bienaymé-Galton- Watson

(UBGW) tree (T, 3,11)) with reproduction law 7 and i.i.d edge-weights with law w such that:

e both m and w have finite expectation,
e the law w is atomless,

2”5:“' converges in probability to the expectation of .

e the ratio

Then (G, 3n,wn,Mopt(Gn)) converges in law to (T, Z,w,Mopt(T)) for the local topology.

Theorem 2 describes the full local geometry of the optimal matching. In particular, it can
be used to obtain the asymptotic weight and density of the optimal matching on the sequence
of graphs:

Corollary 1. Let G, = (Vn,En,wn,gn) be a sequence of uniformly rooted weighted graphs as
i Theorem 2. Let (Tjw,g) be the local limit of the previous sequence, which is a UBGW tree
with reproduction law w. We denote by ¢ the generating function of m and by ¢ the generating



function of the size-biased distribution 7. Take Z and Z’ to be independent copies of random
variables satisfying (4) and W with law w independent of Z and Z'. One has

, 2 e B(Mopt (Gr)) W (€) —

Ji B [ Sl 1 =E[0()15a0,m) = EWzizawl, ®)
. 1B Mope(Gu))l] _ (2 _ / _ 1= (P(Z2=0))

lim E [éﬂ,} =P (0 €Mopn)) =P(Z+2' <W) = 70 . (6)

Notice that (6) is the probability that a uniform edge is in the optimal matching. It could
also be stated as the probability that a uniform vertex is in the matching:

|V Mopt(Gn))|

lim E {
|Vl

n—oo

|=1-s(@z=0p).

We can also establish a conditional version of this statement:

Corollary 2. Let G, = (V,, En,wy) be a sequence of weighted graphs as in Theorem 2. Let oy,
be a uniform vertex of G,. One has

lim P (0, € V (Mopt(Gn))ldeg(on) = k) = 1 - (¢ (P(Z = o>))k‘ : (7)

n—oo

With the aid of Theorem 1, we are able to give a probabilistic proof of the uniqueness of
solutions to Equation (4):

Theorem 3 (Uniqueness of the belief propagation stationary measure). Let w be a non atomic
law that is not entirely singular with respect to Lebesgue measure in the neighbourhood of sup(supp(w)).
Let & be a law on natural integers with finite expectation. Then there is a unique law ¢ satisfying:

7 % nax <0, max (w; — ZZ)) ,
1<i<N

where N ~ 7, the w;’s and the Z;’s are all independent, w; ~ w and Z;, Z ~ (.

As mentioned, we are not able to prove Theorem 3 directly, however, we are able to prove
that if we take two different solutions ¢ and ¢’ to Equation (4), we are able to construct two
distributions (T, 0, w,M¢) and (T, o, w, M) that are both optimal but different. Since Theorem 1
gives uniqueness of the optimal matching, this would imply a contradiction. We conclude that
there is only one solution to Equation (4). Conversely, we emphasise that assuming uniqueness
of the solution of Equation (4) does not help in proving Theorem 1.

Let us put our work in perspective in light of Aldous’ long series of articles on the objective
method and on belief propagation. In particular, we seek to identify the main differences between
our work and that of Aldous, in order to underscore the novelty of our contribution.

Recursion 3 appears in the survey by Aldous and Steele in the context of optimal matchings
on uniform random trees [3, Chapter 3]. Their setting is very different from our setting since
their random graphs G,, are almost surely finite trees for every n, so messages can be defined
almost surely on G, for every finite index. This approach collapses as soon as the graphs G,, are
not trees.

Still, the local limit in our case is a random tree. However defining messages on it is
not straightforward. In the survey by David Aldous and Antar Bandyopadhyay [3], a generic



blueprint was given to construct tree processes with message variables verifying generic recursions
including Recursion 3 (called Recursive Tree Processes shortened RTP in the survey). The first
step of the blueprint |3, Figure 2, Lemma 14, Lemma 15] is to show that the message at the root
is measurable with respect to the tree and the weights. They call such Recursive Tree Processes
endogenous. They give generic criteria to guarantee that it is the case, namely that the message
on the root almost surely only depends on a finite weighted subtree [3, Lemma 14|, or that the

recursion possesses monotonicity properties |3, Lemma 15]. In our setting, we were unable to
verify any of those hypotheses. We thus reverted to adapting Aldous’ original strategy in the
setting of the random assignment problem [5, 4] which was done before Antar Bandyopadhyay 7]

showed that the associated RTP is endogenous. This proof, rather than measurably construct-
ing the messages on top of the tree, builds the distribution of the RTP and uses Kolmogorov’s
extension Theorem to obtain the existence of the process.

Still, some major differences with the random assignment problem remain:

e We consider partial matchings rather than perfect matchings.
e Our sequence of graphs G, is generic locally tree-like rather than complete bipartite graphs.

e The local limit appearing in our problem can have any i.i.d. non atomic weights and any
degree distribution rather than the specific distribution of the PWIT.

These differences lead to major differences in the proofs that we will underscore when they
appear.

Let us conclude this introduction by mentioning a few papers that deal with matchings
and Benjamini-Schramm convergence. Usually, the setting in these works consist of unweighted
random graphs that converge for the topology and they prove the convergence of some matching
statistics. Among these are the size of the maximal matchings (see Karp and Sipser 16| and
Bordenave, Lelarge and Salez [!1]) or the number of maximal matchings and the matching
polynomial (see Abért, Csikvari, Frenkel and Kun [1] and Abért, Csikvari and Hubai [2]).

Organisation of the paper In Section 2, we recall basic definitions on unimodularity and
local convergence of random graphs. We then introduce the notions of unimodular matchings
and optimality for unimodular matchings.

Section 3 carries out the study of optimal matchings on UBGW trees and contains the proof of
Theorem 1. Our construction of unimodular matchings M is based on the message passing algo-
rithm and inspired by Aldous’ work [5] on the Poisson Weighted Infinite Tree (PWIT). However,
there is no explicit solution to Equation (4) so we will work with an arbitrary solution instead.
In order to sidestep the fact that we have partial matchings rather than perfect matchings, we
introduce self-loops in Subsection 3.2. We then prove in Subsection 3.3 that the unimodular
matching M we constructed is in fact optimal. Finally, in Subsection 3.4, we prove that the law
of M is the only optimal matching law and thus does not depend on the particular solution of
Equation (4) used.

The main idea behind Theorem 2 is to construct almost optimal matchings of finite graphs
from an optimal matching Moyt (T) on their limiting tree. This is the purpose of Section 4.
A similar program has already been carried out by Aldous in the special case of the random
assignment problem on bipartite graphs [4].

In Section 5, we deduce Theorem 3 by studying path conditionings on (T, 0, w, Mgy (T)), in
particular we show that if Mo (T) is given by a family of variables (Z(u, v))(u veB through

)



the rule (2), then the conditional law of the matching with respect to given weights on paths is

sufficient to recover the law of the variables (Z(u, v))( B

In Section 6, we show how to apply Theorem 2 to obtain the announced corollaries. Finally,
in Section 7, we discuss a few generalisations of the method to adjacent problems such as when
the weights are on vertices instead of edges.
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2 Unimodular matched random graphs

The goal of this section is to precisely define our objects of interest. The key concepts are local
topology and unimodularity of rooted graphs. Depending on the context, it is often easier to
work with graphs rooted either at a vertex or at an oriented edge. We will present both cases,
as well as the classical correspondence between the two points of view. For a more complete
exposition on the subject, we refer to [0].

Finally, we will define unimodular matchings and a concept of optimality with respect to a
natural performance for vertex-rooted or edge-rooted graphs. We will see that the correspondence
mentioned above conserves our notion of optimality.

2.1 Rooted graphs and local convergence

We will work on rooted weighted graphs defined as follows.

Definition 2.1. Let G = (V, E) be a (locally finite) graph. We call vertex-rooted weighted graph
—

(resp. edge-rooted weighted graph), the triplet (G,o0,w), where o € V (resp. o € E) and w is a
function from E to R.

%
It will be useful to add graph decorations, namely functions that map E to R.

Definition 2.2. Let (G,o0,w) be a vertez-rooted (resp. edge-rooted) weighted graph. Fiz I an
—

integer and (fi)ieqa,...,ry some functions from E to R. We then say that (G,o,w, (fi)icq1,...1) 1
a decorated vertexz-rooted (resp. edge-rooted) weighted graph. If f; is symmetrical then we will
identify it with a map from E to R.

Since we are not interested in the labels of the vertices, we will work up to graph isomorphism.
We will say that (G, o0,w, (fi)icqi,...1y) = (G',0",w', (f{)ieq1,...1ry) if there exists some one-to-one
function ¢ called graph isomorphism from V to V' such that if g(o) = o' and for all (u,v) € V,
w'(g(u), g(v)) = w(u,v) and for all ¢ € {1,...,T}, fl(g(u),g(v)) = fi(u,v) .

Definition 2.3. Let G* be the space of locally finite decorated vertex-rooted weighted graphs up
to isomorphism. We will write L(G*) for the space of laws on this space. Similarly, we denote
by G* and L(G*) the corresponding edge-rooted space and laws.



When we do not need to keep track of the weights, root, or some decorations of the graphs, we
will denote elements of G* indifferently by G, (G, 0), (G,0,w), (G,0,w, (fi)icqi,..,1}); ---» keeping
only the quantities we are currently interested in.

Remark. To be completely rigorous, the space £(G*) depends on the value I and the topology
that we put on the decorations (f;)icr. We will choose topology of uniform convergence for the

_)
decorations f; : E +— R. Since [ is always uniformly bounded in this paper, we will simply take
the product topology of (f;)icr-

The topology of local convergence on G* and G* was first introduced by Benjamini-Schramm [9]
and by Aldous-Steele [3], whose precise definitions follow. We denote by dg, the graph dis-
tance between vertices of a graph. For any vertex-rooted decorated weighted graph (G =
(V,E),0,w, (fi)icr) and H > 0, the H-neighborhood By ((G,0,w, (fi)ic{1,..,1y)) of o in the graph
is the vertex-rooted decorated weighted graph (Gu,0,wm, (fi.n)ieq1,..,ry) With Gg == (Vu, En)
such that

-----

Vi ={v e V,dg-(0,v) < H},
Ep = {(u,v) € B, (u,v) € Vii},

wy are the weights of edges in Ey and, for all ¢ € {1,..., I}, the decoration f; p is the decoration
fi restricted to E‘H

Let (G, 0,w, (fi)iequ,..,ry) and (G', o', w', (f{)ieq1,....ry be two vertex-rooted decorated weighted
graphs. Let H > 0 be the largest integer such that there exists a graph isomorphism g from
Bu(G,0) to Bp(G',0') such that ||wl o g — whlle < % and 1figog— finle < + for all
ie{l,...,I}. We set

1
dioc ((Ga 0, w, (fi)ie{l,...,l})a (G/7 0,7 wla (f{)ie{l,...,[}) : (8)

“irm

The function dj. is a distance on G* and the space (G*,doc) is a Polish space. The topology
induced by djo. is called the local topology on G*. Weak convergence on £(G*) for the local
topology is called local weak convergence. Similar definitions can be given for the edge-rooted
versions.

2.2 Vertex-rooted and edge-rooted unimodularity

We now introduce the notion of unimodularity for (possibly decorated) random graphs (recall
Definition 2.2, in the following all graphs can be decorated). To this end, we define the space
of doubly rooted graphs up to isomorphism G** similarly as before, but with two distinguished
roots. It will be simpler to give separately specific definitions for vertex-rooted and edge-rooted
graphs. We refer to Aldous-Lyons [0] for a comprehensive exposition on the topic.

Definition 2.4 (Vertex-rooted unimodularity). We say that a probability measure p on decorated
vertex-rooted graphs is unimodular if the following statement holds for every measurable f : G** +—
R+ N

[ X o ) auco=[ 3 #Gwo) ) au.o)
9 \vev(a) 9 \wev(a)

The subspace of unimodular laws on vertex rooted-graph will be noted Ly (G*)



The definition can be written alternatively as

EGoyn | 2. 1(©0,0)| =Egoyu| Y, f(G,v,0)

veV(Q) veV(Q)
For edge-rooted graphs, we will use the following definition:

Definition 2.5 (Edge-rooted unimodularity). Let i be a probability measure on decorated edge-

rooted graphs. Let (G, (o_,04)) be a random edge-weighted decorated graph with law fi. Let 21
be a uniformly picked directed edge of the form (o4,v) for v # o_. We say that i is:

o stationary if (G, (o_,04)) = (G, ¢1)
o revertible if (G, (o—,04)) £ (G, (o4,0-))
o unimodular if it is both revertible and stationary.

The subspace of unimodular laws on edge-rooted graphs will be noted £U(G*)

To simplify notation, we will say that a random rooted graph (as a random variable) is
unimodular when its corresponding law is.

Remark. Fix G a finite deterministic graph, and let o be a random vertex (resp. 0 an oriented
edge). It is straightforward to check that (G, o) (resp. (G, 8)) is vertex-rooted unimodular (resp.
edge-rooted unimodular) iff o is a uniform vertex (resp. 0 is a uniform oriented edge). Hence,
unimodular graphs can be viewed as generalisations of uniformly rooted graphs, which is one of
the fundamental findings of [9].

We now present the classical transformation that maps a unimodular vertex-rooted graph to
a unimodular edge-rooted graph. Heuristically, to transform a graph rooted at a uniform vertex
into a graph rooted at a uniformly oriented edge, one has to pick an oriented edge starting at
its root vertex, but this induces a bias by the degree of the root vertex. Indeed, a directed edge
(u,v) will be less likely to be the new root the greater the degree of u is. This bias has to be
taken into account to conserve unimodularity. This is done in the following transformations on
the laws.

Definition 2.6. Take p, € L(G*) such that 0 < m := [;. deg(o) du,(G,0) < oo. Let R(uy,) €

E(Q*) be the unique measure such that, for every f measurable from G* to R4,

[ 16000 ARG (0-00) / L™ 160, u) dun(Go o)

u~o

Remark. The operator R is the composition of two transformations. The first operator consists of
choosing a uniformly oriented edge started at the root vertex, giving a measure Rj(u,) € L£(G*):

o f(G, (0—,04)) AR (o) (G, (0—,04))) = o deg

Zf (G, 0,u)duy,(G,0).

The second step is then to cancel the bias by the degree of the vertex, giving R(u,) = Rz o
Ri(po) € L(G*):

deg(o-)

* m

o f(G, (0, 04))dRy 0 Ry (1) (G, (0, 04)) = / f(G, (0, 04)) dR1 (1) (G, (0, 04)).
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Figure 1: A 2-Neighbourhood of an edge-rooted UBGW tree with the law of the number of
children drawn on every vertex.

Equivalently, to obtain an edge-rooted version of a vertex rooted random graph, one can
consider the size-biased version of the original measure du,(G,0) (namely sample a graph with
deg(o)

measure —>=du,(G,0)) and then from this sampled graph, starting from the root, select an

edge uniformly at random to get the edge measure dR(u,).

The following proposition links vertex unimodularity and edge unimodularity.

Proposition 2.7 (Theorem 4.1 in [0]). Let p, € £(G*) be such that 0 < [, deg(o) duy(G,0) <
00. Then the measure p, is unimodular if and only if R(u,) is unimodular.

2.3 Unimodular Bienaymé-Galton-Watson trees

In this subsection, we introduce Unimodular Bienaymé-Galton-Watson trees (UBGW) along with
models of random graphs that converge locally in law to these trees. We will present both the
vertex and the edge-rooted point of view, without weights. In either case, the weighted version
with weight law w corresponds to drawing (w(e))ecr independently of law w.

Let 7 be a probability measure on Z, = {0,1,...} with finite expectation m > 0. Let & be
the size-biased version of , that is, Vk > 0, #1(k) = (k).

In the introduction, we defined the edge-rooted Unimodular Bienaymé Galton Watson Tree
with reproduction law 7. Let us recall the construction: take two independent copies of Bienaymé-
Galton-Watson trees with offspring distribution @ with respective root vertex o_ and o4, and
connect their roots by the oriented edge (o_, 04 ). The resulting random tree (T, (o_,04)) is an
edge-rooted unimodular random graph. See Figure 1 for an illustration.

The vertex-rooted UBGW tree is the random tree T with the following law:

e The number of children of vertices of T are all independent.
e The number of children of the root o is distributed according to .

e Every non-root vertex has a number of children distributed according to 7, the sized biased
version of .

The random tree (T, o) is a vertex-rooted unimodular random graph. See Figure 2 for an illus-
tration.

The most classical examples of random graphs converging to UBGW trees we consider are
sparse Erdgs—Rényi and configuration models:

10



Figure 2: A 3—Neighbourhood of a vertex-rooted UBGW tree with the law of the number of
children drawn on every vertex.

e Sparse Erdds—Rényi: Introduced in the celebrated paper of Erdds and Rényi [12], for
¢ > 0 and N > 1, the random graph G(N, &) is defined on the vertex set {1,...,N}
with independent edges between vertices with probability . Once uniformly rooted,
these graphs converge locally when N goes to 0o, to a UBGW tree with reproduction law
Poisson with parameter c.

e Configuration model: This model was introduced by Bollobas in 1980 [10] and can
be defined as follows. Let N > 1 be an integer and let di,...,dy € Z4 be such that
di + --- + dy is even. We interpret d; as a number of half-edges attached to vertex
i. Then, the configuration model associated to the sequence (d;)1<i<y is the random
multigraph with vertex set {1,..., N} obtained by a uniform matching of these half-edges.
If di +--- 4+ dy is odd, we change dy into dy + 1 and do the same construction. Now,
let d®) be a sequence of random variables defined on the same probability space (2, F,P)
such that for every N > 1, d®V) = (dgN), .. ,d%v)) € Zf. Furthermore, suppose that there
exists m a probability measure on Z with finite first moment such that

N
1
> — 1 .
20 2 ey, TR

The sequence of random configuration graphs associated to the d™) has asymptotically

a positive probability to be simple. In addition, this sequence of random graphs, when
uniformly rooted, converges locally in law to the UBGW random tree with offspring dis-
tribution 7, see [15] for more details.

2.4 Matchings, optimality and unimodularity
We start with the definition of matchings on a graph.
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Definition 2.8. For any weighted graph G = ((V, E),w), a matching M = (V,E') on G is a
subgraph of G such that E' C E and every vertex of V belongs to at most one edge of E'. A
matched graph is a pair (G, M), where M is a matching on G.

We can extend the notion of unimodularity for random graphs to random matched graphs by
transforming a matching into a canonical decoration. If (G, M) = ((V, E), (V, E')) is a matched
graph then we can define the associated decoration 1, : £ — {0,1} with 15/(u,v) = 1 if and
only if (u,v) € E'.

Definition 2.9. Let (G,M,0) be a random matched rooted graph. We say that (G,M,o0) is

unimodular iff (G, o, 1) is unimodular.

The correspondence between (G, M, 0) and (G, o, 1) gives a representation of the space of
unimodular laws on decorated matched graphs as a subspace of unimodular laws on decorated
graphs Ly m(G*) € Ly (G*).

Definition 2.10. The subspace Ly m(G*) C Ly (G*) is defined as the set of elements p of Li7(G*)
such that for (G,o,w, (fi)icq1,..1y) ~ K, we have that fr(u,v) maps E to {0,1} and the subset
{(u,v), fr(u,v) = 1} almost surely induces a matching on G in the sense that

P (Elu, u' v e Vyu#u and f(v,u) = f(v,u') = 1) =0.
Similarly we can define the edge rooted version Ly m (Q*)

We recall that the central object of interest is optimal matching, which corresponds to the
classical notion of maximal weight matching in finite graphs. When G is infinite, this optimality
is ill-defined. However, in the case of a unimodular random weighted graph, since the root edge
is informally a typical edge, we can define optimality via its expected weight when it belongs to
the matching. This leads to the following definition:

Definition 2.11. Let (G,0,M) be a unimodular random matched rooted graph, we define the
performance of (G,0,M) as:

perfg(G,0,M) := E [w((0-,04))L(o_o,)em] in the edge-rooted setting,

perfy(G,o0,M) :=E

Zw(o,v)]l(o,v)eM] in the vertex-rooted setting.

v~o

When the context is clear, we will shorten the notation to perf(M). By extension, since those
quantities only depend on the law of (G, 0, M), we will freely use the same notation perfg(u.) :=
perfE(G,o,M) for (G,o0,1ym) ~ pe and perfy(p,) := perfy (G, o,M) for (G, o, 1y1) ~ p, where
pe € Lum(G) and iy, € Ly m(GF).

Let (G,0) be a (undecorated) unimodular vertex-rooted graph. We say that (G',0’,M) is
optimal if it is a unimodular matched vertex-rooted graph such that perfy ((G’, o), M) is maximal
among all unimodular rooted matched random graphs (G, o', M) such that (G’, o’) has the same
law as (G, o).

In the edge-rooted setting, optimality is defined similarly. The next proposition shows that
the operator R, introduced in Definition 2.6, preserves optimality.

Proposition 2.12. Let j1, € Lym(G*), assume m = [, deg(o) duy(G,0) < oo, then:

perfy (i) = mperfg(R(iy)).

12



Remark. If the graph is finite and the root is chosen uniformly either among the vertices or among
the directed edges, then perfy is simply the average contribution per vertex, and perfg is the
average contribution per directed edge. It is then clear that the two quantities are proportional.
The proposition shows that it generalises to unimodular matched graphs.

Proof. We will decompose both quantities with respect to the degree of the root. Let us write

(G, 0,1pm) ~ pw and (G, (0—,04), 1) ~ R(y). In the edge-rooted case, we get:

Z E[w((0*7 0+)) H(o,,mr)GM]ldeg(of):k] )
k=1

while in the vertex-rooted case, it reads as:

Z E Z w(07 U) ]l(o,v)eM]ldeg(o):k] = Z E
k=0 1

v~Oo
For each k > 0, we shall prove the following that will give the result:

Z U}(O, U) ]]-(o,v)GM ]]-deg(o):k

v~o

E Z UJ(O, v)l(o,v)GMldeg(o):k = E[deg(o)]E [UJ(O_, O+>]1(0770+)EM]1deg(o_):k} .

v~o

First, let us show that

1
E [w(ofv0+)1(07,0+)€M1deg(o,):k} =B > w(o—,v)L, crigLdego- )=k

v~Oo—

For this purpose, we use reversibility to show that:

E [w(o_, O+)ﬂ(o_,o+)€Mﬂdeg(0—):k} =E [w(0+’ 0_)1(0+:0—)€M1deg(0+):k} '
Then use the 1-step stationarity to show that:
1
E [w(O-HO—)ﬂ(o_,'_’o_)eMﬂdeg(oJr):k} =E E_1 Z w(o—vU)]]-(O_,U)EM]]-deg(O,):k )

v~o_
vF#o4

hence:

E Z w(o—,v) Lio_ wyenitLdeg(o)=k

v~YO—

=E Z w(o,, U)]]-(o_’v)em]]-deg(o,):k +E [U}(O,, O+)ﬂ(o_70+)€Mﬂdeg(o,):k}
v;éojr
= (k - I)E ['U}(O_, 0+)1(0770+)6M1deg(0_):k} +E [w(0—70+)ﬂ(0770+)emﬂdeg(o_):k}

= kE [UJ(O_, 0+)1(0770+)6MHdeg(0_):k} .

13



Recall that the operator R is the operation of taking o_ = o, and o4 uniformly chosen among
the neighbors of o, then biasing by deg(o). Taking f =5, , w(o_, fu)]l(oi v)eM]ldeg(O—)=k and
applying Definition 2.6 on f:

1
B Y wlom )l yeilaesto=h| = Eigeg(o©

v~vOo—

deg(o) Z U)(O, U) 1 (o,v)eEM ]]-deg(o):k

v~Oo

In this second sum, deg(0)Lgeg(o)=k = Kk Ldeg(o)=k SO it is the same as :

k
—_ 1 1 - -
E[d@g(O)} E [Z w(07 1)) (o,v)EM deg(o)—k]

v~o
Putting everything together, we have shown that

k
Eldog(0)] "

Zw(07v>ﬂ(o,v)EM]1deg(o):k] = kE [w((o_, 0+))]1(0770+)6M]1deg(0_):k] )

v~o

which immediately entails the result. O

We state a useful property of unimodular graphs: events that have probability zero (resp.
almost sure) at the root have probability zero (resp. almost sure) everywhere.

Proposition 2.13 (Lemma 2.3 in [0]). Let (G,0) be a unimodular graph, let H > 0 and f
be a non-negative H-local function on G* in the sense that if (G,0),(G',0") € G* such that
By (G,0) = By(G',d), f(G,0) = f(G',0). Assume that

E[f(G,0)] = 0.

Then almost surely, for allv € V
f(G,v) =0.

3 Optimal unimodular matchings on UBGW trees : Theorem 1

In this section, we construct optimal matchings on UBGW trees. As mentioned in the introduc-
tion, our construction relies on a message passing algorithm that we will present and study in
depth in Section 3.1. We then prove that the matchings constructed are optimal in Section 3.3.
Finally, we prove the uniqueness of optimal matchings in UBGW trees in Section 3.4.

By virtue of Proposition 2.12, it is equivalent to study optimal matchings from either vertex-
rooted or edge-rooted point of view. We will change the point of view throughout the paper
depending on which one is the most suitable to the situation. An indication will be given at the
beginning of each subsection.

3.1 A message passing algorithm

In this subsection, we shall adopt the edge-rooted point of view. Before formally introducing
the message passing algorithm mentioned in the introduction, we start by discussing the simpler
setting of finite trees. We are looking for a dynamic program that builds the maximum matching.

Fix a finite weighted rooted deterministic tree 7" with a unique optimal matching M.
Let {u,v} be an edge of T, we denote by Tyu) and T{y,) the two connected components of
T\ {u,v} containing respectively u and v. Let us start by simple but key observations illustrated
in Figure 3:
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OPT(G) = weight of  Z(u,v) = OPT(T},,)) — OPT(T,. ., \ {v}).
a maximum matching

on G.
Z(v,u) = OPT(T(,UV,U,)) — OPT( ).

Figure 3: Definitions of Z.

e The maximal weight of matchings of T' that exclude the edge {u, v} is merely the sum of the
maximal weights of matchings of T(,, .,y and T{, ), denoted OPT(T{, ) and OPT(T(,.,))-

e The maximal weight of matchings that include the edge {u,v} is the sum of the weight
of {u,v} and of the maximal weights of matchings of T(, ) \ {u} and T{, ) \ {v}. Note
that both T(, ) \ {u} and T(,.) \ {v} consist of collections of disjoint subtrees of 7" issued
from the children of u and v. We denote by OPT(T{, ) \ {u}) and OPT(T(y, ) \ {v}) the

relevant maximal weights.

From this discussion, one can see that the edge {u, v} is in the optimal matching of T iff
w(w, v) > OPT(Ty ) + OPT(Ty ) = (OPT (T \ {u}) + OPT(T 0\ {0})).

It will be instrumental to isolate quantities depending only on 7T}, ,) and T{, ) in the previous
display. This leads us to introduce the following quantities

Z(u7 U) = OPT(T(u,v)) - OPT(T(u,v) \ {U})v
Z(Uv u) = OPT(T(v,u)) - OPT(T(v,u) \ {u}),
and the criterion of (u,v) € Mgy is simply
w(u,v) > Z(u,v) + Z(v,u). 9)

Note that the variable Z(u,v) has a neat interpretation in terms of the matchings of T, .
Indeed, it is the marginal gain between allowing v to be matched or not.

The variables Z have the nice property of satisfying a recursive equation. We describe this
recursion for Z(u,v) and T(, ). See Figure 4 for an illustration.

Listing v1,...v the children of v in T{,,), assume that the maximum matching of T{, )
matches v with v;. In that situation, the maximum matching of T, .,y and the maximum matching
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of T(uw) \ {v} coincide on the subtrees T(,, ) for j # i. On T, ,,), this maximum matching has
matched v; with v, so v; is not matched to other vertices. Therefore, our maximum matching on
T(y,v) restricted to T, ,, is the union of {v,v;} with the maximum matching of T, ) \ {vi}. In
that case, the weight of the maximal matching is given by:

w(v,v;) + OPT(T(y 0 \ {vi}) + > OPT(T(y,,))
J#i

On the other hand, if a vertex v is not matched in the maximum matching of 7, ), then the
later is also the maximum matching in T{, ) \ {v}. Thus, inside each sub-tree T{, ,,), it coincides
with the maximal matching of 7{, ,,). In that case, the weight of the maximal matching is given
by:

Z OPT(T(..,))-
j

Putting all the different cases together, we have the identity

OPT(T(,,)) =max{ > OPT(T(, ) A% w(v,v;) + OPT(T(y ) \ {vi}) + Y _ OPT(T},,,))
J J#i

Recalling the definition of Z(u,v), we get:

Z(u,v) = OPT(T(yp) — Y OPT(T(y;))
j

= Inax {07 . ?llaxk} {w<v7 vi) - (OPT(T(v,vl)) - OPT(T(v,vi) \ {vz})}}
1€1,...,

= O) s Vi -7 ) Z}
max{ ie?ll,ia.}fk}w(v v;) (v, v;)

In conclusion, we have obtained the recursive Equation (3) given in the introduction.

Note that, since T is a finite tree, it is possible to calculate Z(u,v) for all vertices u ~v € T
by starting when v is a leaf, in which case Z(u,v) = 0. By construction, our decision rule (2)
constructs the optimal matching on 7" from the values of Z.

Now, let us discuss how to extend the construction of variables Z(u,v) when the underlying
tree is a (possibly infinite) UBGW tree 7. This is not trivial since the previous deterministic
construction starting from leaves is impossible when the tree is infinite. Moreover, it is not
always clear that a solution of the recursive system (3) on a given random weighted UBGW tree
T can be constructed measurably.

We want to construct a random couple (7, Z(u,v) ~) such that the decorated tree is

(u,v)eE

unimodular and the variables Z satisfy the recursive system (3). The unimodularity of the pair
requires that the variables Z have the same distribution. In addition, we will restrict ourselves
to variables such that, for any vertex v with neighbours vy, ..., vy, the variables (Z(v,v;))1<i<k
are independent. This assumption comes from the fact that, in the finite setting, the variables
Z(v,v;) are computed from the disjoint subtrees T, ,,). As consequence, the law of the variables
Z must satisfy a recursive distributional equation. Lemma 3.1 below guarantees the existence of
a solution to this equation.
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Figure 4: Illustration of the deduction of the recursive equation assuming v; is matched to v.

Lemma 3.1. Let N be a random variable with law 7t and (wk)ken be a sequence of i.i.d. random
variables with law w, independent of N. Then there exists a law  such that for all sequence
(Zi)k>0 i.i.d of law ¢ and independent of N and of the sequence (wi)ken, the following equality
i law holds: ()
law
Zy = 0 i — Z;)).
o =" max(0, max (w;—Z))
Remark. We do not claim at this stage that the invariant law ( is unique, this will be the purpose
of Section 5.

Proof. Let us express the invariance of ¢ in terms of its cumulative distribution function h. Let
us call ¢ the generating function of 7, ¢(x) = S 70 (P(N = k)z* = 332, wpa.
Let t € R, then by definition of A and Z;,

h(t)=P(Zy <t)=P (maX(O, max (w; — Z;)) < t>

1<i<N
= ]ltzop(V’L' S N,wi — ZZ' S t)

= ]ltZO Zﬁ'kP(ZZ > w; — t)k

The invariance of ( is equivalent to:
VtER, h(t) = Lizod(1 — E[h(w) — t))). (10)

The objective is to apply Schauder’s fixed point theorem on the subspace X of non-decreasing
functions of R + [0, 1] equipped with the product topology of RE. The space X is closed and
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contained in the compact space [0,1]® (by Tychonoff’s theorem) so X is compact. It is also
convex, hence a compact convex subspace of RF that is a Hausdorff topological vector space. Let
us define the map

F: X > X
f=F(f): R—[0,1]
t = 1ys00(1 — E[f (w1 —t)]).

By dominated convergence theorem, the map F is a continuous map from X into itself. Hence,
Schauder’s fixed point theorem implies that there exists a function fo € X such that F(fy) = fo.
To conclude we just need to verify that the image F(X) is contained in the subspace of cadlag
functions. Since elements of X are non-decreasing, the fact that they admit left limits is obvious,
we just need to show that any element of F(X) is right-continuous, that is for any increasing
map f, the map ¢t — 1;500(1 — E[f(w; — t)]) is right continuous. It is just a consequence
of w1 having no atoms, increasing functions having at most countable discontinuities and the
dominated convergence theorem. O

Now that we know that solutions to Equation (4) exist, we want to construct unimodular
pairs (7, Z) for which the variables Z have the same stationary law and satisfy the propagation
Equation (3). More precisely, we will see in the next proposition that for any law ¢ with cumula-
tive distribution function h given by the previous lemma, a pair (77, Z}) satisfying the following
properties can be resampled:

i) The family Zj, is a solution of Equation (3) on 77,

5
ii) For all (u,v) € E, the variable Zj,(u,v) is distributed according to ¢, in average over T(, ),
iii) The first marginal 7' has the same law as 7.

Actually, our next proposition states this fact in the more general setting of unimodular decorated
weighted UBGW tree. Indeed, this more general setting will be important later.

Proposition 3.2. Let h be a solution to Equation (10) so that the law ( with cumulative
distribution h is a solution to Equation (4). Let T be a unimodular decorated weighted UBGW
tree with reproduction law w and weights law w (for example, T = (T, 1ym), where M is a matching

of T).

(i) There exists a unimodular random decorated tree (T', Zy(u,v) e%’) such that:
u,v

o The law of T is the law of T.

o Let (ex)r>0 = ({uk, v })k>0 be the list of edges of T' in the BFS order. For every k,
the marginal law of Zp(ug,vr) and of Zp(vg, uk) is Cp.
_>
e For every (u,v) € E', one has

Zp(u,v) = max { 0, max {w(v,u") = Zy(v,u)}
u ~v

u'#u
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Us Us
1- The variables Z1, Zy, Z3, Z4 and

Zs5 are independent with law (j,

2- We can define
Zy = max{0, max{w; — Z1,wy — Za}}
Z(/) = maX{O, max{w3 — Zg,’w4 — Z4, Wy — Zs}}

s
3- We can then define Z1, Z4, Z%, Z) and Z{, eg:

Z}y = max{0, max{wy — Zy, w3 — Z3, w5 — Z5}}

Figure 5: Construction of the law of Z; on a 1—neighbourhood.

(ii) The pair (T, Zh(u,v)( eﬁ’) defines a unimodular matching My, on T" via the rule

u,w)EE

{u,v} e M, & Zp(u,v) + Zp(v,u) < w(u,v).

Furthermore, this "edge-rule"” is equivalent to the following "vertex-rule”: v is the neighbour
of w in My, if and only if
v = argmax(w(u,v') — Zp(u,v")) and w(u,v) — Zp(u,v) > 0.
v~

In particular, almost surely,

u is not matched by My, < max(w(u,v’) — Zy(u,v")) < 0.

v~

Remark. The proof of the existence of random variables (T, Z) is not constructive and we do
not know of a construction for the variables Z that is measurable in terms of the tree and that
satisfies the recursion (3), except in specific examples (e.g. finite trees).

We now turn to the proof of the proposition:
Proof of Proposition 3.2. i) For an illustration of this proof, we refer to Figure 5. Let H € N*,

recall By (T) the H—neighbourhood of the root edge of T. We first construct the restriction
of (Zp(u, ’U))( ‘B to By (T), then observe consistency over H, and then apply Kolmogorov’s
u,v

extension theorem.
We call the depth of a non-oriented edge {u, v} its distance to the root edge. For k € N, let
_)

E}, be the set of directed edges (u,v) € E such that the depth of {u,v} is k and (u,v) is pointing
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away from the root. We set (Zx(u,v))wv)eE, to be independent variables with law (j, as defined
in the previous lemma.

We can then use Recursion (3):

Zp(u,v) = max(0, n}ax(w(v,u’) — Zp(v,u')))
'
to define (Zp(u,v)))wv)eEy_,- By induction, we define every Zj(u,v) for (u,v) pointing away
from the root and then on the edge-root and its symmetric. We can then define Z,(u,v) on the
set of directed edges pointing towards the root of depth 1 that we call £_;, then by induction,
we can define them on the set of directed edges pointing towards the root of depth k£ that we
call E_, for k running from 1 to H.

In this way, we have defined Zj,(u,v) on By (T). We can see that because (j is an invariant
law for the RDE, the restriction of Zj(u,v) to Bg_1(T) has the same law as if we defined it
directly on By _1(T). By Kolmogorov’s extension theorem, we deduce that there exists a process
(T, Zy) such that the first marginal’s law is T and Zj, satisfies Recursion (3) on T’ with the
prescribed law.

It remains to show unimodularity. First, we want to show that the law of Z; restricted to a
H —neighbourhood of (o4,v) with v chosen uniformly among the children of oy is the same as
the law of Zj, restricted to the H—neighbourhood of (0_, 04 ). Since Recursion (3) is preserved,
one only needs to show that the exterior variables of Z;, on the H—boundary of (o4,v) are i.i.d
variables of law (;,. The H—neighbourhood of (04, v) is included in the (H + 1)—neighbourhood
of (o_,04) and thus all the message variables Zj, inside the H —neighbourhood of (o4, v) can be
calculated from those of the (H + 1)—neighbourhood of (0 — o4). One can check by applying
Recursion (3) up to twice from the (H + 1)—boundary of (o_, 04 ), that we effectively recover
variables Z on the H—boundary of (o4, v) that are i.i.d of law (;,. The decorated tree (T, Z3) is
thus stationary.

Clearly, the law of the variables Zj,(u,v) does not depend on the direction of the root since its
finite dimensional statistics are symmetrical on every By (T), so changing (o_, 04 ) into (o4,0_)
does not change their law. Hence, the decorated tree (T, Z,) is also reversible.

ii) For an illustration of this proof, we refer the reader to Figure 6. We need to show that for
every vertex u € V, there is at most one neighbouring vertex v € V satisfying Rule (2)

w(u,v) > Zp(u,v) + Zp(v,u).
To this end, we will first show the following implication for any {u,v} € E

w(u,v) > Zp(u,v) + Zp(v,u) = {v} = argmax(w(u,v’') — Zp(u,v")).

v ~u

Indeed:

w(u,v) > Zp(u,v) + Zp(v,u)
= w(u,v) — Zp(u,v) > Zp(v,u) = max(0, max(w(u, V') — Zp(u,v"))).
This implies that for every neighbour of u, v’ different from v, w(u,v) — Zp(u,v) > w(u,v’) —
Zp(u,v"), which in turn implies that v is the unique element of argmax,,_,, (w(u,v") — Zp(u,v")).
Hence the vertex u is matched to at most one neighbour.
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U1 = max (0, ws — Z2)

A

= max(0,w; — Z1)

V2

= max(O w1 — Zl)

Suppose w1 — Z1 > wo — Lo > wg — Z3.
We can see that the 7. pointing towards u
are all equal to maxy,~, (0, w(u,v) — Z(u,v))
except for the v hitting that maximum

in which case the value is the second largest.

w3

U3

Figure 6: Illustration of the behaviour of the Z; around a vertex w.

To show the equivalent vertex rule, we only need to show that « is not matched if and only
if max, ., (w(u,v') — Zp(u,v")) <0.

For the if part, we have that any incident Zj(v,u) for v ~ u evaluates to zero by applying
Recursion (3). So for any v ~ wu, Zp(v,u) + Zp(u,v) = Zp(u,v). Since max, ., (w(u,v’) —
Zp(u,v")) <0, we deduce that for any v ~ u, w(u,v’) < Zp(u,v’). But we have just seen that
Zp(v',u) = 0, hence w(u,v') < Zp(u,v") + Zp(v',u) for any v’ ~ u. So v’ is not matched to u.

Reciprocally, if u is not matched by My, then for any v/ ~ u

max(O maX(w(uv U/) - Zh(uv U/))) = Zh(U/> U) > ’LU(U, U/) - Zh(u7 U/)a
'U/;:ll}t
so the maximum of argmax, ., (w(u,v") — Zp(u,v")) is either not reached by any v’ ~ u or there
are several v/ in the argmax. Since w is non-atomic, there is almost surely no ties and the max
is not reached. So max,/ ., (w(u,v") — Zp(u,v") < 0 which concludes. O

From now on, despite resampling T when applying Proposition 3.2, we will forgo the notation
T’ for T to ease notations.

We conclude this section with a technical, but useful, result. It gives a property of the
probability distributions that are solutions of Equation (4).

Lemma 3.3. Any law (;, defined as a solution of Equation (4) is integrable and atomic at zero
and only at zero.

Proof. Let h be any solution to Equation (10). First, let us show that (; is atomic at zero.
Evaluate Equation (10) at 0: X
h(0) = ¢(1 = Ewrcs [A(W)]).
The result if immediate if ¢(0) > 0, hence we assume ¢(0) = 0 and h(0) = 0. Since ¢ > 0
n |0, 1], we deduce that Ey,[h(W)] = 1. This implies in particular that inf(supp(w)) >
sup(supp(¢p)). Since supp((p) C Ry, this implies that supp(w) C Ry as well.

Recall equation (10): X
B(t) = Lso (1 — By [h(W — 1)),
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Evaluate this equation at some variable W’ of law w, this yields:
h(W') = Lw>00 (1 — Bwew (MW = W)]) .

We have shown previously that W’ > 0 almost surely so we can discard Lyr>o. Now take
expectation with respect to W', this yields:

1 =Ewie |6 (1 — Ewnw [A(W = W)])].
But since qg < 1 outside of 1, this implies that almost surely on W,
Ew~wh(W — W) = 0.
Let W/, W" independent variables of law w. Evaluate equation (10) on W’ — W":
(W' = W") = Lyr—wrs00 (1 — Ewew [R(W + W = W")]).
Taking the expectation on both sides,
0=E [Twr—wrz06 (1 — Ewew [R(W — (W = W")])].

So almost surely, either W/ — W” < 0 or Eyp[h(W — (W' — W"))] = 1. Conditionally on
W' —W" >0, Eweu[h(W — (W' — W"))] = 1. But the function h is non-decreasing so this
statement stays true for W/ — W" < 0.

So now, taking expectations on W’ — W, we obtain:

E(h(W + W —W')) = 1.

We can now iterate this procedure. Let (W;);en+ be i.i.d variables with law w, we will show
the following statement by induction:

Vn € N E

n n—1
h (Z Woi_1 — ZWQZ)] =1. (11)
=1 =1

The statement holds for n = 2. Assume it holds for some n € N*. Evaluating h at Y ;" | Wa;—1 —
Sois) Wai, we get

n n—1
h <Z Wai—1 - Z W2i> =1 m Wa =0t W2i20¢ (1 —E
=1 i=1

where the expectation is taken only over Wa,,.
Now take expectation over (W;)i<an—1, by the induction hypothesis the left-hand side will
evaluate to one:

(s )])

1=E

12?:1%%172?;11 W%zoqj (1 —E [h (Z Wai — Z W%—l)])] :
=1 =1

We deduce that almost surely on (W;);<on—1,

Ew,,~w [h (Z Woi — Z WQi—l)] =0.
=1 i—1
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Now evaluate h on > " | Wo; — Y1 | Wa,_q, this yields:

(e (S )])

where the expectation is over Wa,11. Now take expectation over (W;)i<an, the left-hand side

evaluates to 0 as we have just shown:
h <W2n+1 - (Z Wai — Z sz‘—1> )] )] :
i=1 i=1
ZW% - ZW%—I > 0) = 1.
i=1 i=1

P (EWQnHNw [h <W2n+1 - <Z Wai — Z WQi—l))] =1
i—1 i—1 '

Again, since h is non-decreasing, we can discard the conditioning to obtain:
n+1 n
P (EW2n+1~w [h (Z Waoi—1 — Z W21>] = 1) =1.
i=1 i=1
So taking expectation over (W;)i<an41, we have proven that:
n+1 n
h (Z Wai—1 — Z W2z>] =1,
i=1 i=1

which completes the induction. Now, introducing a variable Z; of law (; independent from the
(Wi)i<i<2n+1, Equation (11) can be rewritten as:

n+1 n
Vn € N*,P <Zh < ZWQi_l — ZWZ> =1.
=1 =1

= sz:l Wai—> i W2i—120¢ <1 —-E

0=E

I Wi n Wai 200 <1 -k

We deduce that:

E

This implies that:
Vn € N*, inf(supp(w)) — n [sup(supp(w)) — inf(supp(w))] = sup(supp(¢a))-

But since w is atomless, supp(w) is not reduced to a single point so sup(supp(w))—inf(supp(w)) >
0. Taking n — oo then shows that —oo > sup(supp((p)). This is clearly impossible as (j is a
law on R;. We then conclude that h(0) > 0 which exactly means that ¢, is atomic at zero.

Now let us observe that ¢ is non-atomic outside of zero. This is essentially a consequence of
the RDE, for Z, Z; ~ ¢ and w; ~ w, all mutually independent:

7 £ max (O, max (w; — ZZ)> .

1<i<N

As w; is non-atomic, w; — Z; is non-atomic as well, so the right-hand side is non-atomic when it
doesn’t evaluate to zero, which concludes. It also gives that Z can be stochastically dominated
by max(0,w; — Z;) < max(0,w;) that is integrable, so Z must be integrable. O
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3.2 Adding self-loops

In the remainder of this section, we will adopt the vertex-rooted point of view. Dealing with
partial matchings rather than perfect matchings will be very cumbersome in future proofs. For
example, when comparing two matchings, we would need to discuss several cases depending
on whether a vertex is matched or not for the two matchings. A simple solution to deal with
this is to add self-loops, in which case the graphs always have perfect matchings, and any partial
matching on the graph without self-loops can be augmented into a perfect matching on the graph
with self-loops. Reciprocally, a perfect matching on a graph with self-loops can be restricted to
a partial matching on the corresponding graph without self-loops.

Another goal of adding self-loops is to recover the same type of recursion on perfect matchings
that Aldous had [5]. We thus want to choose messages and weights on self-loops in a way to
achieve that purpose.

We also need to choose adequate weights for the self-loops so that a partial matching on the
graph without self-loops is optimal among all partial matchings of the original graph if and only
if the corresponding perfect matching on the augmented graph with self-loops is optimal among
all perfect matchings of the augmented graph.

The key innovation of this section is that it is possible to achieve both goals at the same
time: it is possible to define weights and self-loops to simultaneously recover the same equation
structure as in perfect matchings and preserve the notion of optimality of matchings.

Starting with a system of variables Z(u,v) for (u,v) € Z? that satisfies recursion (3), we
want to extend it to variables Z(v,v) for each self-loop so that we get a similar recursion as (3)
and the decision rule (2) constructs the perfect matching of the augmented graph associated to
the matching defined by the original variables. Recall that, for u # v and u ~ v, the original
recursion (3) on the variables Z reads

Z(u,v) = max(0, max (w(v,u) — Z(v,u))).

To take into account the self-loop (v,v), we want instead

Z(u,v) = max(0, max(w(v, u') — Z(v,u'))).
'
Choosing
w(v,v) = Z(v,v)
ensures that this recursion is still valid and reads
Z(u,v) = max(w(v,u') — Z(v,u')).

u ~v

u'#u
For Z(v,v) to satisfy the same recursion, we set

w(v,v) = Z(v,v) 1= g}gﬁ(w(v,u’) — Z(v,u)).

u'#v

This definition of Z(v,v) has a simple interpretation in the finite setting: it is the (signed) gain
if one forces v to be matched to one of its neighbours.
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Figure 7: Extension to self-loops.

Formally, we define the extension

( Za Z}Sm (fis)iG{O,...,I}) = ((Vsa ES)) o, /wfu Z}SL’ (ff)z‘e{o,....,l}) (12)

deterministically on every outcome of (T, Zy,) = ((V, E), 0,w, Zn, (fi)ieqo,....1y), refer to Figure 7
for an illustration. The vertex set, the root and the decorations remain unchanged, V¢ = V

0® = o and f} restricted to ?? is f; and 400 otherwise. We will enrich the edge set by adding
self-loops (v, v) for every v € V' to construct E®. If e = (u,v) with u # v, we do not change w
nor Zy: we set wj (u,v) = w(u,v) and Zj (u,v) = Zp(u,v).
If e = (v,v), we set
Z}SL(Ua U) = H/laX(’w(U, U,) - Zh(va u/))v
u'Fo
wj (v,v) = Z5 (v, v).

The following recursive equation holds for (T}, Z}):

%
V(u,v) € E°,  Zp(u,v) = max(wp (v, u') — Zj (v, u')). (13)
u
This is the same recursion that has been studied by Aldous [5] in the setting of the complete
graph and the Poisson Weighted Infinite Tree.

Now, let us look at the analogous decision to the decision rule (2):

{u,v} e Mj < wj (u,v) > Zj (u,v) + Zj (v, u)

and show that My is the perfect matching of T} corresponding to Mj,.

If (u,v) is not a self-loop, the rule for M7 is the same as for M, since we have not modified
the variables appearing in the equation. Therefore, the only extra edges of Mj are self-loops.

Now we need to show that a self-loop (v,v) € M7 iff the vertex v is not matched in M. By
Proposition 3.2 ii), v is unmatched by M, if and only if max(0, max, ., w(v,v") — Z,(v,v")) = 0.
Since we have defined Z}(v,v) as max, ., w(v,v’") — Zp(v,v"), we deduce that v is unmatched
by M, if and only if wj (v,v) = Zj(v,v) < 0. Since the w’s are non-atomic, we can replace the
previous inequality with a strict one. On the other hand, the rule for self-loops reads

{v,v} e M} & wj(v,v) > Zj(v,v) + Zj (v,v) = 2wj (v, v),
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which is equivalent to wj (v,v) < 0 and to v not being matched in Mj,.
Furthermore we have also found the equivalent vertex-rule for Mj:

{u,v} € M}, & wj(u,v) > Zj(u,v) + Zj(v,u) & v = argmax(wj, (u,v") — Zj (u,v")).  (14)

v ~v

The following property we have just shown will be key later:
(v,v) e Mj < Z; (v,v) = wj(v,v) <O0. (15)

Intuitively, this corresponds to the fact that u is matched to one of its neighbours if and only
if the gain of forcing u to be matched to one of its neighbours is positive. In other words, u is
matched by M), if and only if w} (u,u) = Z°(u,u) > 0. However, this does not give information
about who is the chosen neighbour of u.

We will later use the fact that introducing self-loops with this specific choice of weights
conserves unimodularity:

.....

Fiz h a solution to Equation (10) and recall the definition of T} in Equation (12). Then
(T3, Z;, (fis)ie{o’.n,f}) 18 unimodular.

)

idea is that (Ty, (f;)ic{o,...,r}) is the image of (T, Zj, f;) through a deterministic bijective operator
that doesn’t modify vertices. For every f that is a measurable function over the space of doubly
pointed decorated trees, we want to show that:

Proof. We need to show that the mass-transport principle still holds for (Ty, (f;)icqo,...,ry)- The

E(T,Z,fi)N(T;,Zg,f;) [ Z (T, Zy, (fi),0,v)

veV's

= E(T,Z,fi)N(TS,Zg,ff) [Z f(T, Zy, (fz‘),Uaf))] .

veV's

To this end we will write (7%, Z, f#) ~ s(T', Zn, f)) where (T, Zy, (f#)) ~ (T, Z), and notice

that neither the vertex set nor the root have changed so the required equality rewrites as:

B, Zp )T, Zn () [Z f(s(T, Zy, (f:)),0,v)

veV

= E(T,Zh,fi)N(T,Zh,(fi) [Z f(S(T7 Zh: (fz))v v, 0)] .

veV

which is true by unimodularity of (T, Zp, (f;))- O

Finally, we define a new performance on the space of matchings on T3, we only consider
perfect matchings M®* where every vertex has exactly one neighbour.

perf},(T), M*) = E

v~o

Zwi(07v)l(o,v)€M5] : (16)

The aim of the next section is to first prove that M} always maximises perfj, among unimodular
perfect matchings of (T, w;). As a consequence, as can be guessed from (15), we will then show
that M}, is optimal among unimodular matchings of (T, w).
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Figure 8: Illustration of the configuration in the proof of Proposition 3.2.

3.3 Optimality
The goal of this subsection is to prove the following statement:

Proposition 3.5. For any solution h to Equation (10), the matching (T,My,) is optimal on T.
Furthermore, almost surely, any unimodular optimal matching M on (T, Z;,,M},) shares the same
set of unmatched vertices.

Before stating the proof, let us stress the fact that given any unimodular matching M on T,
Proposition 3.2 ii) states that My, can be resampled on top of (T,M) such that (T, M, My) is
unimodular, and both matchings co-exist on the tree while retaining unimodularity.

We will proceed by proving the following lemma:

Lemma 3.6. Fiz h a solution to Equation (10) and recall the definition of Ty in Equation (12).
Gwen (T, Zy), the matching My maximises perfy, among all unimodular perfect matchings of
T3.

Proof of Lemma 3.6. This proof closely follows the equivalent version in the random assignment
problem [5, Proposition 18].

Fix M® any unimodular matching on T}. And sample (T}, M?, Mj}) as in Proposition 3.2 ii).

We define the neighbour function n associated with M?® for which n(u) is the vertex matched
with « in M®. Similarly, we define the neighbour function n; associated with M.

Set v = 0, v1 = n(0), v_1 = ny(0), v_2 = n(v_1) = n(ny(0)), see Figure 8 for an illustration.
We want to show that

E[w; (v, v1) — wj (vo,v—1)] < 0.

To this end, we will use the recursion on Z; to bound the expectation by an expression involving
Z5.

The expectation is zero outside the event A = {ny(0) # n(o)} = {v_1 # v1}. Let us work on
this event from now on. By definition of Z;, we have that

Zp(v_g,v_1) = max (wp(v_1,y) — Zj(v_1,¥)).
Y~U_1,YFV—2

However, because (vg,v—1) is in M, we know that

vy = argmax(wj, (v_1,y) — Z5,(v-1,9))
y~v_1
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Zp(u,v) € B Zp(u,v) € B

V_1 Vo

V_2 V1

Figure 9: The second idea is that the two events have the same probability seen either from vg
or v_q.

and that v_y does not satisfy that maximum (else, v9 = v_s which contradicts being in A).
Hence

Zp(v_g,v_1) = wy(v_1,v0) — Z(v_1, V). (17)

Now, by definition of the Z;, we also have

Zp(v-1,v0) = max ((wp,(vo,y) — Zp(vo,y)) = wp(vo,v1) — Z(vo, v1) (18)

Y~vo
yFv_1

as we condition on v_1 # vy.
Combining (17) and (18), we get that:

wj,(vo, v1) — wj,(vo, v-1) = wj,(vo, v1) — Zj(v-1,v0) — Zj(v-2,v-1) (19)
= [w},(vo, v1) = Z5(vo, v1) — Zj(v—1,v0)] + Z (v, v1) — Zj; (v—2,v-1)

(20)

< Zj(vo,v1) — Zj (v_9,v_1). (21)

Taking expectation and remembering that v; = n(o) and v_1 = np(0), we get that:

perfy® (T}, M?) — perfy®(T7, Mj,) = Efwj,(0,7(0))] — E[wy, (0, n1(0))

]
]

= E [(w},(vo, v1) — wj (vo, v-1)) 14
< E[(Z;(vo, v1) — Zj(v—2,v-1))14].

It remains to show that the final expectation is zero, to this end, we will use unimodularity to
prove that conditionally on A, Z; (v, v1) and Zj(v_g2,v_1) have the same law.
Let B some Borel set of R, we want to show that:

]P’(Z,‘i(vo,vl) S B,A) = P(Zfl(’l)_Q,U_l) S B,A) . (22)

To prove this, we will use a chain of intermediary equalities between the two events by applying
the mass-transport principle, which is possible thanks to Lemma 3.4.
Let us recall the definition of vy so the desired equality rewrites as

P (Z;(0,n(0)) € B;n(0) # nu(0)) = P (Z;(n(nn(0)), nn(0)) € B,n(0) # ni(0))
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Define the measurable function f on the space of double rooted decorated trees

f(T, M, Z}Sp a, b) = ]lZi(a,b)EB,n(a);énh(a),b:n(a)'
Applying mass-transport principle to f we get

E | f(T; M, Zj0,0)| =E

veV

> F(T5.M?, Z; v, 0)

veV

Computing the first expectation yields

E Z HZfL (o,v)€B,n(0)#np(0),v=n(o0)

veV

= E (153 (o,n(0))eBn(o)tnn (0]

=P (Z;(o,n(0)) € B,n(0) # np(0)) .

Computing the second expectation yields

E [Z ﬂz;<v,o>eB7n(v>¢nh(v>,o—n<v>] = E {12 (n(0).0)c Bn(n(o)) s (n(0))
veV

=P (Zj(n(0),0) € B,n(0) # nn(0))

where we used that o = n(v) is equivalent to v = n(o) and the fact that n(n(o)) # np(n(o)) is
equivalent to n(o) # np(0).
We now define another measurable function f’ on the same space:

JI(T, M, Zjy,a,b) = 1 ¢ (n(a),a)€ Bin(a) #nn () b=np (a) -

Once again, applying the mass-transport principle to f’ we get

=E|>  f/(T;,M*, Z;,v,0)

veV

E [Z F1(T5,M*, Z3, 0,v)

veV

Computing the first expectation yields

E | 125 (0(0)0)eBin(o)nn(@)w=nn(o) | = E [12(n(o)0)e Banfo)nn (o)

veV

=P (Z;(n(0),0) € B,n(0) # nn(0)).

Computing the second expectation yields

E [Z ]lzz<n<v>,v>eB7n(v>¢nh(v>,onhw)] =E [ﬂzz(n(nh(o)),nh<o>>eB,n<nh<o>>¢nh(nh(o»]

veV
=P (Z;(n(nn(0)), nn(0)) € B,n(o) # np(0))

where we used that o = ny(v) is equivalent to v = ny(0) and the fact that n(np(0)) # (ny(ng(0)))
is equivalent to n(o) # np(0).
In conclusion, we showed

P (Z5,(0,n(0)) € B,n(0) # nn(0)) = P (Z;(n(0), 0) € B,n(0) # nu(0))
= P (Zj,(n(nn(0)), nu(0)) € B, n(0) # nn(0)),
yielding (22) and the Lemma. O
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We are now ready to prove our optimality result for unimodular matchings.

Proof of Proposition 3.5. Let (T,M) an optimal matching on T and n its associated neighbour
function. Let (T,M, Z;,) such that the law of the marginals (T,M) and (T, Z;,) are preserved.
The main idea is that by adding self-loops with the rules given in the previous subsection, the
matching My is the most penalised perfect matching of T;. This allows us to compare M and
M, by comparing their counterparts on T;. The fact that M is optimal translates into the fact
that

perfy (M) = E [w},(0,7(0))Lozn(o)]

is maximal among unimodular perfect matchings of T .
Let us decompose wj(0,n(0)) and wj(0,n,(0)) into their positive and negative parts. We
denote by M* the perfect matching of T} corresponding to M.

peerS (MS) =E [wz (0, n(o)) ILw,sl(o,n(o))z()} +E [wisz(07 n(o)) ]]-wz (o,n(o))<0}
perfy* (M) = E [w},(0,72(0)) Lug (o1 (0))20] + E [5(0,74(0)) L (0,10 (0)) <0 -

But remembering (15), M is precisely the matching that includes all the strictly negative weight
self-loops and only them.
This implies that the previous decomposition can be written as

perfy®(M3) = perfy (My) + E[wj (o, O)Hw;(o,o)<0]-

Now we can lower bound the positive part of perfy®(M?®) by perfy (M) by omitting the positive
weight self-loops and we can lower bound the negative part by wj (o, O)Ilw;(o,o)<0- because M?*
can at most include every negative self-loop:

perfy®(M?) > perfy (M) + E[wj,(0, 0)) Ly (6,0)<0]-
But M is optimal so perfy (M) > perfy (M), so we proved
perfy®(M?) > perfy (Mp) + E[w} (0, 0)Lys (0,0)<0)] = perfv®(M).
However, we proved in Lemma 3.6 that M7 is optimal for perfy® so
perfy®(My) > perfy®(M?).

So equality holds and all previous inequalities were equalities:

perfy (M) = perfy (M),

perfy (M) = E [w}(0,7(0)) Lug (o,n(0))>0) -

E [w},(0,7(0)) Lug (on(0))<0] = E[w},(0,0)Lyp (0.0)<0)].

So we have shown that M®* maximizes perfy® and that My, is optimal on T. Furthermore, by
unimodularity, we get that the set of unmatched vertices by M is almost surely the same as
the set of unmatched vertices by My, and it is almost surely the set of vertices v such that
wi (v,v) < 0. O

Remark. If Ml is optimal, we have perfy®(M?) = perfy*(Mj ) in addition to perfy (M) = perfy (Mj).
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Figure 10: Alternating path from o.

3.4 Uniqueness

We will keep using the vertex-rooted point of view in this section. The goal of this section is to
prove that M, is also the unique optimal matching in law. We will actually prove the following
stronger result:

Proposition 3.7. Let (T,M) be a unimodular optimal matched UBGW tree, sample (T, M, Zy,)
with Proposition 3.2. Almost surely, Ml = M.

Proof. This proof also follows much of the equivalent version on the PWIT |5, Proposition 18].
A difference is that we do not have the explicit law of the messages. Nevertheless, we overcome
this difficulty thanks to Lemma 3.9 later.

We will show that almost surely, M* = M and deduce that almost surely, Ml = M, through
the projection that forgets self-loops. Recall that A is the event when ny(0) # n(o) and assume
P(A) # 0.

Going back into the proof of optimality of M. Taking expectation in Equation (19) we get

perfy®(M?®) — perfy®(Mj) = E [(w,sl(vo, v1) — Zj (vo,v1) — Zﬁ(v_l,vo))]lm#l,il] .

Equality between perfy®(Mj) and perfy®(M?) (see Remark 3.3) implies that the right-hand side
is equal to 0. Furthermore, Equation (18) says that the variable in the expectation of the right-
hand side is non negative almost surely. We conclude that, almost surely,

Z(v-1,0) = max (wj,(0,y) — Z;(0,y)) = wy((0,v1) = Zj(0,v1))-
yFv—1
By definition of ny,
v_1 = nn(0) = argmax(wj (0, y) — Zi(0,1)).
Yyr~o

So v achieves the maximum among the list of (wj(o0,y) — Z;(0,y)) stripped of its maximum.
We deduce that v; = n(o) achieves the second largest among the (wj (0,y) — Z;(0,y)) that we

2
will write as arg[r]nax(wi(o, y) — Z;(0,y)).
Yy~o
Thus:
2
P (n<o> — argmax(w}(0,y) — Zi(0,)) or argmmax(w(0, ) — Zi(o, y>>) ~ 1.
y~o y~o

Now let us set:
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Vo = O,

[2] S S
vy = argmax(wy,(0,y) — Zj(0,y)),

yNO
v_1 = argmax(wi(0,) — Z3(0,%)),
Yy~o
[2] S S *
v_g = argmax (W (v_2k+1,Y) — Zp(V—2k+1,Y)) Vk € N7,
Y~W_2k41
v_op—1 = argmax(wy, (v_ok,y) — Zj(v_2k,¥)) Vk € N¥,
Y~w_2k
Vo = argmax(wi(vgk,l, y) - ZfSL(,U2k717 y)) Vk € N,
Y~w2k—1
[2]
Va1 = argmax(wy, (vak, y) — Zp(vak, ¥)) vk € N*.
Y~wak

We always have by construction that (v_ok,v_ox_1) € M, for any k € Z.
Conditionally on the event A = {np(0) # n(o)}, we get that:

P (U {(’U_Qk_l,’U_Qk_Q) € M} A) =1.

kEZ

Furthermore, by the second part of Proposition 3.5, almost surely, for any v € V| np(v) = v
if and only if n(v) = v, from this we deduce that on A we have v_; # vy and, by induction,
Vk € Nyv_j # v_g_1 (no loops in the path) and also that Vk € N,v_j_o # v_j (the path cannot
go back up).
Thus, P (k — vy, is into |A) = 1. Let us write C' = {k € Z — vy, is into}. Define for (N, N') €
7', N < N':
CN,N’ = {k — v 18 into for N < k < N/}.
We have that P(A) > 0 and P(C|A) = 1 so P(C) > P(A) > 0. Furthermore, C' C C_ ¢ so
P(C_oc,0) > 0. We are going to show that this is not possible by establishing a contradiction for
the value on the probability
P (Co,2

C_o0) - (23)

First, we will use unimodularity to show that P (C072\C_0070) = 0. We will rely on the
following Lemma whose proof is postponed to the end of this Section.

Lemma 3.8. For any N € N,

P(C_aonp2) =P (C_an—20)-

From this Lemma we deduce that:
P(C_x2) =P(C_xp)-

As long as deg(o) > 1, there is one regular edge with o as an endpoint and the self-loop {0, 0} the

2
argmax and arg[rr}lax around o are thus automatically different. We can then decompose C_ 2
as 0_0070 N 0072 N {deg(o) > 1}

P (Co2 N {deg(o) = 1}|Coop) = 1.
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Figure 11: The variables attached to T, only depend on T, , U {vg,v_1} and its attached
variables through Z(vg,v_1) and w(vg,v_1).

Hence P (Cp 2 U {deg(0) < 1}|C_o,0) = 0 and
P (Co2|C—o0) = 0.

Second, by exhibiting explicit configurations of positive total mass where Cpo happens, we
will show that P (Cp2|C—oc0) > 0.

Set T3, , the subtree rooted at v_j.

Referring to Figure 11, the idea is that if vg # v_1, the only dependence the {v_,k > 1}
has from T'\ T;,_, comes from Z}(vg,v_1) and w(v_1,vp), so we will condition on the values of
Znp(vo,v-1),w(vg,v—1). Let P be the law of Zj (v, v—1), w(vy,v—_1) conditionally on C_ o, we
have then shown that:

P (Co2|C-c0)
// (Co.2|Zn(vo,v-1), w(vg,v-1),C—oo0) dP.

:// IP(®|Zh(vo,v_1),w(vo,v_1)) dp.
It suffices to show that L
P (C()g’Zh(UQ, 1)_1), w('l}o, 1}_1)) >0

P-almost everywhere and this will imply a contradiction.
The next Lemma shows an explicit lower bound as required:

Lemma 3.9. Let (W;)i>1 be i.i.d variables of law w.
Let 7, = P(deg(o) = k|C—0)-
Let X any Borel subset of supp(w) x supp((p):

P (Co2l (w(vo,v-1), Zn(vo,v-1)) € X) = > #4Pgeg, (Z = 0)
k>1
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Lemma 3.3 implies that Pz, (Z = 0) > 0. This uniform lower bound does not depend on
the values of w(vg,v_1), Zp(vg,v_1), so it is P almost-sure. O

We now turn to the proof of our two Lemmas.

(|
(Y v_ v_
2 " 2 4
V1 v—1 v_3 V_5

Figure 12: We see the same event from the perspectives of vo inside the orange box and vg inside
the green box.

Proof of Lemma 3.8. Refer to Figure 12 for an illustration. Define the alternating path starting
from a vertex u as:

2
w1 () = argmax(w(u, y) — Z§(u, ), us () = argaax(wi(ur, y) — Z(ur, y)),

y~u Yy
and for n > 1,
2]
Ugnt1(u) = argmax(wy (un, y) — Zj; (u2n, y)), uont2(u) = argmax(wj (uznt1,y) — Zj (u2n+1,9))-
y~uzn Y~u2nt1

By convention, set ug = Idy, in other words, up(u) = u. Let N € N, define events:
Cn(T, Zy,a,b) = {n > up(a) is into for 0 < n < 2N} N{n +— u,(b) is into for 0 <n < 2N}.

Let us define fN(T, M, Zh, a, b) = HCN(T,Zh,a,b)ﬁ{b:ug(a)}'
On one hand,

E

Z fN(T7 M7 Zhv O,U)] =P (O—N,Q) s

veV
on the other hand

E [Z IN(T, M, Zy,,v,0)| =P(C_Nn_20)-

veV

Applying mass-transport principle to fy gives equality to the left hand sides of both equations
above, hence the result. O

Proof of Lemma 5.9. Let u; be the children of o as vertices for ¢ < deg(o), Z; = Zp(0,u;). This
follows from seeing that:

{(W(Uo,v_l),zh(vo,v_l)) S X,@}
- {(W(’Uo,’v_l),Zh(’Uo,’U_l)) c X,nh(vl) = 1)1}
C{(W(vo,v-1), Zn(vo,v—_1)) € X,Vi < deg(o), Z; = 0}.

Refer to Figure 13 for an illustration. Every variable appearing in this event is independent of
all others, so we can sum over deg(o) to obtain the bound:
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Figure 13: For My, to stop, it suffices that all the Z; = 0.

P (Co2| (w(vo, v-1), Zn(vo,v-1)) € X)

> P((w(vo,v,l), Zh(’Uo,Ufl)) S X) Zk>1 ﬁkPchh(Z = O)k_l
B P(w(vo,v_l),Zh(vo,v_l)) S X) .

The factors P ((w(vo,v—_1), Zn(vo,v—1)) € X) cancel out, so we get the desired expression. O

4 From infinite to finite : Theorem 2

In this entire section, unless stated otherwise, we will adopt the edge-rooted point of view. The
aim of this section is to prove Theorem 2, namely that the optimal matching on a random graph
converges locally to the unimodular optimal matching on the limiting UBGW tree. Theorem 1,
proved in Section 3, states that there is a unique unimodular optimal matching on a UBGW tree
with iid weights. A natural approach to prove Theorem 2 is then to show that every subsequential
limit of optimal matchings is a unimodular optimal matching on the limiting tree. More precisely,
we will prove the following statement:

Proposition 4.1. Assume (G, 0n)n>1 i a sequence of finite graphs which converges locally to

the unimodular BGW tree (T, 0) with reproduction law 7 and weights w.

Assume En[N] < 00, Eyu[W] < 00, w is atomless, and that |‘€:|‘ converges in probability

tO ENNW[N}

2
Let Mopi(G) be the optimal matching on Gy, then every subsequence of (G, 0n, Mopt(Gr))
has a subsequence that converges locally to (T, 0,M) where M is an optimal unimodular matching
on T.

The proof can be broken down into two parts, one relatively easy, and one more challenging:

e Every subsequence of (G, 0, Mopt(Gr)) has a subsequence that converges locally to some
(T, 0,M) where M is a unimodular matching on T.

e The previously found M must be optimal.
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The complexity lies in showing that the limit of any convergent subsequence is necessarily
optimal. We will do this by constructing an almost optimal matching on G,, from the optimal
matching (T,Mj). Indeed, as a consequence, this will show that M, (G)) does asymptotically
better than perfy (Mp,).

4.1 Local convergence of subsequences

In this section we will carry out the easy part using the following lemma:

Lemma 4.2. Let (G, 0,) be a sequence in the space of rooted graphs, Gy, = (Vy, Ey). Let (fn)nen
be any (random) functions on E,, such that the sequence (fy,) is uniformly bounded. Assume that
G, converges locally to an almost surely locally finite graph G. Then for any H € N, the sequence
of decorated graphs By (Gp, on, frn) is tight.

Proof. Let H € N and € > 0. Denote by 74 n the set of rooted graphs of depth H and degree

bounded by N. Since G is locally finite, for IV large enough, we have P(By (G, 0) € Ty n) > 1-5.

By local convergence, P(By(Gy,0p) € Tu,N) — P(Bu(G,0) € Th,n) hence for n large enough,
n—oo

P(Bu(Gn,on) € THN) > 1 —€

Let A = sup,,>q || fullcc, denote by 7x x4 the set of edge-decorated graphs consisting of elements
of 77, v decorated by a function bounded by A. Then 7y y 4 is compact and for n large enough:

P(BH(GﬂaOnvfn) S 7—H7N,A) >1-— €,
By (Ghp, o, fn) is thus tight. O

We can now go back to the proof of Proposition 4.1. Take f, = 1y ,(g,), it is uni-
formly bounded by 1. Apply Lemma 4.2 to By(Gy, 0n, fn) to obtain a subsequence such that
By(Gy,,, ok, , fx, ) converges.

But (G, , ok, ) still converges locally to (G, 0), so apply Lemma 4.2 again to find a subsequence
k! of ky such that B1(Gg:,, 0k, frr ) converges locally. Repeat the process and use a diagonal
argument to obtain a subsequence l,, such that for all H € N, By (G;, , 0, , f1,,) converges weakly
to some limit By (G, o0, gp) for some decoration gg.

Furthermore, since the decorations gy are obtained from a diagonal extraction, the family
(g9m) >0 is consistent and therefore defines a limiting decoration g. To prove that this decoration
is a matching, we just have to take successively limits in n — oo and H — oo in the equalities

P (Z fi, (u,v) <1, (u,v) € V(BH(Gn,on))> =1,P(fi,(e) € {0,1},e € E(Bu(Gn,0r))) = 1.
u~v

Now we just need to check that the limiting object is unimodular, it is a consequence that
any local limit of unimodular graphs is unimodular, we refer to [0].

The sequence of graphs (G,,,0,) converges weakly to T. Take j, a subsequence such that
perfy (G, , Mopt (G, )) converges to limsup,, . perfy(Gp, Mopt (Gh))-

Now do the previous procedure on the sequence of (Gj,,0;j,, fj,) to find a subsequence I,
such that (Gy,,0,, fi,) converges weakly to some (T,g). Set M the matching on T such that
1y = g, then M is at most optimal by definition so it has less performance than My:

limn sup perfy (G, Mopt (Gn)) = perfy (T, M) < perfy (T, My,).

n—oo
We have thus shown that every subsequence of (G, 0p, Mopt(Gr)) has a locally convergent
subsequence to some (T, M) where M is an at most optimal matching on T.
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A Lo o]

Figure 14: Example of the universal cover of an edge-rooted graph.

4.2 Optimality of limits of subsequences

In this section, we carry out the hard part of the proof of Proposition 4.1. The proof strategy
is drawn from Aldous’ blueprint in [!], where it was done for perfect matchings on bipartite
complete graphs with exponential weights. This strategy has to be adapted to our setting and
we will point out the major differences below.

We want to reconstruct a quasi matching on Gy, = (V,,, Ey,) from (T, M},) that has asymptoti-
cally the same performance as M. The term quasi matching has to be understood as a subgraph
that differs from a true matching with o(| E,,|) amount of edges. The crucial idea is to introduce
a random score matrix on V.2 whose entries are given by the likelihood of matching vertex i
with vertex j by looking at their neighbourhood up to a given depth. More precisely, for every
(i,7) € V;2, we consider the probability that (i,j) € My conditionally on the H-neighbourhood
of o in T being the corresponding one of (i,j) in G,. This random score matrix is symmetric
with a null diagonal by construction.

The first difference with Aldous’ work is that we deal with partial matchings. Since the
sum of the entries of each row corresponds informally to the probability that the corresponding
vertex is matched, we have to set diagonal entries so that each row sums to 1. We will show that
asymptotically with high probability these extra diagonal entries are non-negative.

The second hurdle is that the H- neighbourhood of (i,7) in G, may not be a tree, so we
will consider the universal cover of Gy, rooted at (i,j) instead (see below for a definition), and
control the resulting error.

Finally, we want to show that our score matrix is close to a symmetric stochastic matrix on
(V,,)? that we decompose into a convex combination of involution matrices with the Birkhoff-Von
Neumann theorem, which we reinterpret as a random matching as Aldous did. In our setting,
our matrix is symmetric and close to a stochastic matrix. We will prove that this implies that it
is close to a matrix that is both stochastic and symmetric via purely geometric arguments. The
second difference with Aldous’ work is that the graphs were bipartite and (7, j) was interpreted
as vertex ¢ "on the left side" and j "on the right side". There was thus no need to produce
symmetric matrices.

By construction, the random matching on G, obtained via this procedure has the same
performance as (T, M) with asymptotically small error, which yields the result.

4.2.1 Score function on edges of finite graphs

Let (i,5) € V,2, we define G,(fjgg as () if {4,7} is not an edge of G, and as the universal cover

GSCQ of Gy, rooted at the oriented edge (i, 7) if {¢,7} is an edge of G,,. This cover is the tree of
non-backtracking trajectories from the edge (7,j). Namely, when {i,j} is an edge of G,, Ggfgg
is a tree rooted at the oriented edge (7, j), children of i (resp. j) are the neighbours of ¢ (resp.
j) in Gy, with j (resp. i) excluded. The children of any vertex v with parent v’ are then the
neighbours of v in G,, with v’ excluded. See Figure 14 for an illustration. For H > 0, we set

G\1) == Br(GLA).
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We will need the following statement that translates the fact that the universal cover of G,
converges locally to the same limit as G,,.

Lemma 4.3. Let (i,j) be chosen uniformly in E,, then:
(ij) toc
GyX — T.

Proof of Lemma 4.3. Fix H > 0, G, converges locally to T so:
P(By(Gn, (i,7)) is a tree) — P(Bg(T) is a tree) = 1.
n oo

So w.h.p B ((Gn, (i,7))) is a tree, in which case the universal cover of G,, rooted on o, up to
height H coincides with G,,. The conclusion follows. O

Let A be the law of the UBGW tree of i.i.d weights w and reproduction law 7, let A be the
measure arising from G&’gc), with (4, j) picked uniformly in E,. We also denote by Ay and A, g
the corresponding measures when restricted to the space of trees of height H. Lemma 4.3 states
that:

weak 3

VH >0, At % .
n—oo
From (T, My}), we define a function on the space of rooted graphs G* in the following way:
g(T) =P(o € M|T = T),VT € G*, (24)

where it is seen as a Radon-Nikodym density.
Integrating with respect to the second marginal, we can rewrite perfg(T,M}) as

perti(T,141) = E [u(0)Loes, | = | w(o)g(D)AaD), (25)

g

For H > 0, we define the restricted gy as gy (0) = 0 and
gu(T) = P(o € M| By (T) = By(T)),VT € G*. (26)

The function gz, which can be seen as a conditional expectation if we only looked at 7" up to depth
H, is exactly what we wanted at the beginning: it returns a matching score for the root if My,
"sees" T up to depth H. Furthermore, it can be computed explicitly from the law (5, on By (T)
with an identical construction as in Proposition 3.2 as follows. Given By (T), draw i.i.d variables
of law (}, on the H—boundary pointing away from the root, then use recursion (3) to define it
inside By (T), then, writing o = (0—,04), gg(T) is the probability that Z(o_,04)+ Z(04,0-) <
w(0).

For integrability reasons, we also exclude large weights, for = € R, define gy = g Ly(o)<a-
We can finally define a random "score" matrix:

Definition 4.4. For all (i,7) € V.2,i # j, define

Gigtnae = 9Ha(GLL), (27)
and
qj,j,H,n,:E = 1 - Z Qj,i,H,n,:E- (28)
i#]
The score matriz is the |V,| x |V,| random matriz defined by
QH,n,:c(Gn) = (%,j,H,n,x)(i’j)eVg . (29)

38



/

{

_—
Vi ~

1-Neighbourhood of (i, j)

Figure 15: Example of a score ¢; j r,, when the H—Boundary is a tree. Here, the score g; ;1 . is
the probability that Z(i,j) + Z(j,1) < w(i,j) < x where Z(i,j) and Z(j,i) are computed from
independent exterior variables Z with law (5 (drawn as red arrows) on the 1—boundary.

Once again, g; j i7,n,» can be computed from the distribution ¢y, see Figure 15.

We will use several intermediary results which proofs are postponed to Subsection 4.2.3. Let
w; ; be the weights of (4,) in (V,,)? (we set it as 0 if the edge is not present).

Lemma 4.5. The matrices Qun . are asymptotically optimal:

1
VH >0, lim lim E | — Z 4i.5,Hn,zWi,;j :peer(T,Mh). (30)

T—00 N—00 ‘Vn’ (i jeve
9, n

Lemma 4.6. The matrices Qpn are asymptotically non-negative:

o 1
Vr € R, I}lm limsupE | — Z @5, Hnzl_| =0. (31)

—00  n—00 ’Vn‘ jev;
n

Let Birky be the Birkhoff polytope on My(R), Sym, the subspace of symmetric matrices,
RStocy the right stochastic matrices for which every row sums to 1 and LStocg the left stochastic
matrices for which every column sums to 1.

Lemma 4.6 controls the distance of the matrix Q 5, , to LStoan|. Since Q g, is symmetric,
it also controls the distance to RStocyy;,|. Now, we would like to control the distance to Birky, | =
LStOC|Vn‘ N RStOC|vn|.

For this purpose, we need some geometric result. Write ||[M||1 =, ; [m; ;| for M € Mg(R).
We will use the following proposition that states that if a matrix M is o(d) close to LStocy and
o(d) close to RStocg, then it is o(d) close to Birky:
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Proposition 4.7. Assume M € My(R) has non-negative coefficients.
Assume that there is some % > e > 0 such that:

1| < de.

2|2 mi =1+
i | j

Then there is some constant C' that does not depend on n such that:
dHHl(M’ Birkd) < Ced.

By Proposition 4.7, the distance of Q. to Birky,| is thus o(|V,]). We need another
geometric lemma that controls the distance to symmetric bistochastic matrices from the distance
to bistochastic matrices and the distance to symmetric matrices:

Lemma 4.8. Let M € My(R):
d(M,Sym, N Birkg) < d(M, Symy) + d(M, Birky). (32)

Combining Equation (32) with Lemmas 4.5 and 4.6, the expected distance of Qg 5 to
symmetric bistochastic matrices is o(|V,,|) as n, H — oo.

4.2.2 Proof of the second part of Proposition 4.1

Fix ¢,n > 0.
Applying Lemma 4.5 , there exists H,,, z;, and IV, big enough such that for any n > N,,

1
E Y g, ne,wig | > perfy(T, M) —

’ Val (4,5)€EV;2

Now, applying what we just showed at the end of the previous subsection, by taking H, . and
N, ¢ big enough, such that for any n > N, ., the previous inequality holds along with

82

Ly

1
E LV ‘ (QHT,E,n zn,Blrk‘v | N StOC‘V |)

Applying Markov inequality,

1
[|V | (QHnE,nxnyBlrk|V|ﬂStOC\V|) > n} <e.

We drop the dependency of H and x in n and ¢ from now on to ease notation. With
probability at least (1 — ¢), there exists some bistochastic symmetric matrix Q Hon,e such that
||Qan —Qunzl1 < ]V |. Now apply Birkhoff-Von Neumann theorem on QHn » and QHn -

P +2P where P is a

to show that Qng is the convex combination of matrices of the form

permutation matrix. This shows that Q Hon,z 18 a convex combination of involution matrices.
Involution matrices are in bijection with the set of matchings on the complete graph Ky, .

Therefore Q Hon,z encodes a random matching M (Q Hng) on Gy (we just leave edges unmatched

40



if they are not in G,). On the event where QH,n,z exists, we have

N 1 A
perfy (Gn, M(Qu ) = E A > Gijamawig
n ..
L (4,5)€V;2
1 1 .
>E | Z Gij,HnzWij| —E | 5= Z \qm,H,n,x = 45i,5,Hn,z|Wi,j
‘V”|(i'2 5 Val 5=,
L J)PEVE (6,3)%€V;;
1 A
> perfy(T,My) =n—E | — Y |Gij#ne — Gijanalwi;
Vol = 5,
i (4,9)2€V
1 N
> perfy (T, My) =0 —E | 7 > Naijane — Giganelwi(Le, <o)
L eV
; R
> perfy (T,Mp) —n—=z (QH’?"I/’ ?H’n’x)
n

> perfy (T, M) —n — mg
> perfy (T, M) —n —e.

We have shown that with probability at least (1 — €) there exists a random matching
M(QHnz) on Gy, whose performance is at least perfy (T, My) —n — . In particular, Mo (Gy,)
has to do better. So

perfy (Gn, Mopt (Gr)) > (1 — ¢) perfy (G, M(QH,n,x)) > (1 —¢)[perfy(T,My) —n — €.
Taking the limit inferior we get
linn_1>ioréf perfy (G, Mopt (Gr)) > perfy (T, Mp,).
In conclusion, we showed that

lim perfy(Gp, Mopt(Gr)) = perfy (T, M),

n—oo
and as such, all locally convergent subsequences of (G, Mopt (G,)) converge to an optimal match-
ing couple (T, M) as desired.
4.2.3 Proof of the technical lemmas

We start by proving a stronger version of Lemma 4.5, where we show the asymptotic correspon-
dence not just for w; ; but for a well-behaved local function.

Definition 4.9. Let f : Qi* — R. We say that f is a local function if there exists some H > 0
such that for any T, T" € G*,

By(T) = Bu(T') = f(T) = f(T").

41



Proposition 4.10. Let f be a non-negative local function. For every i,j € Ey, set f;; =
f(Gn, (i,7)), which is f evaluated on Gy, rooted at (i,7) and f; ; =0 if {i,j} ¢ E,. Assume f is
either bounded or Lipschitz with respect to the weight of the root w(o), then:

 Enex|N]

9 E [f(Tv O)]]'OGMh] . (33)

3H; € N,YH > Hy, lim lim E W > Gijrnalis

T—>00 N—r00
1,7)EV;2

Lemma 4.5 follows by taking f(G,0) = w(o) that is local with H = 0.

Proof of Proposition 4.10. Let Hy be the integer arising from the locality of f. First we will
condition on (7, j) being in E,, else f;; = 0.

2| F
: Z g Hnwfijligen, | =E |Vn| 2|E,
| n‘ (i,5)€V;2 Vol 2|E]

E %,],Hn:pfz,j (i,j)EEn

(i,9) €V,

- <
Notice that 2|E,|=|E,|. We will now integrate with respect to A, g for H > Hy:

Z QZ,anxfz,j —/ gH(T)]lw(o)gxf(T)d;\n,H(T)'
‘E’ 1,7)EV;2 g

Let M be the Lipschitz constant of f on the weights of By (T'). As f1,(,)<, is bounded by
Mx and gy by 1, we have that

[ om0 et OB0n(T) — [ g0 Luad )Au (D).

g*
On the other hand:

E [Q’Enq L, Ener[N].

|Vi| | n—oo
So by Slutsky’s lemma:
2|F,| 1
E ]’V “ Z 4i,j, Hnl’fw (1,9)€ nﬁo ENNTF[N] /* gH( ) <xf( )d)‘H( )
|E ‘ (i,j)EV,2

Now taking x — oo by monotone convergence theorem:

| ot t OBu@) s [ ou() ) (D).

n—o0 gA*
Since we only look up to height H, we can substitute f by fr so by law of total expectation:
[ an@F@u(T) = [ o@)FT)ANT) = B[ (T, 0)Loeus]

So the limit is
EN~r [N]E[f(Ta O)HOEM]'
When f(T,0) = w(o), then we recover

En~r[NE[w(o)Loem] = En~r[N] perfg[T, M} = perfy [T, My,
by Proposition 2.12. O
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Proof of Lemma /.6. For this equation, we adopt the vertex-rooted point of view, let A, the law
of uniformly vertex rooted G, and X the law of vertex rooted UBGW, then:

1
7 3 gl | = [ 1= o (T 0.0 Luiores
n jevi, G* B

v~o
Neglecting 1,,()<, can only increase the negative part, so:

/ dAn,z(T) </*

Now with a proof almost identical to the one of Lemma 4.3, we can prove that for any H, A\, g
converges weakly to Ag. Since En.r[N] < oo, we can first integrate on deg(o) to bound the
integrand by Ex.[N]. So as n — oo, we get:

J;

Zg(T, (0,v)) = P (0 is matched by M|T =T) <1 X — almost surely on G*.

v~o

A,z (T).

1- ZgH w(o)<x

v~o

1—291{ (0,v)

v~o

A1 (T).

I—ZgH (0,v) ‘ d g (T).

v~O —

Now:

So applying L' martingale convergence theorem as H — 0o, we recover:

1= ou(T, (o,v))‘ AN(T) =

O

Proof of Proposition 4.7. We will modify M into a bistochastic matrix with a load-balancing
algorithm. The idea is to redistribute the load of the heaviest rows to the lightest rows while
preserving the columns, then redistribute the load of the heaviest columns to the lightest columns
while preserving the rows. At the end of such an algorithm, every row and every column sums
to the average of the columns or rows at the start.

Set M©) = M, LZ(O) = Zj mi j, CJ(.O) = >, m;;. Fort <d, we will do the following:

o Rank L such that LV = ... =¥ > 1\ > .. >0 =.. =L

P kp+1 - n

e Set (L; it C](-Hl),m?(f;l)) — (Lgt),C]( ), ()) for now.
Now, while L(Hl) > LY As each row has a positive sum, there are some coefficients

S I )
t+1 t+1 t+1
Fugl s Mgy o > 0.
We will redlstrlbute a fraction of these coefficients along their respective columns to the

rows with the smallest sums. Note that by doing so, the sum of each column stays unchanged.
However, we want the distribution to:

m

(t+1)

1. never distribute more than one of the m,_ i
iJ5
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2. not exceed Ll(:H) — Ll(:) otherwise p has to be increased,
p+1 p+1

3. not exceed L(Hl) — L(t+1)

o ko otherwise [ has to be increased.

The maximal weight that can be distributed is then

(t+1) _ . (t+1)> (t+1)  L@4+1) P (t+1)  p(t+1)
= min (lglilgp (mk ’Lkp Lkml 1] [Lknflfl Lknfl } )

Thus, we set ml(ff}) — m,(:v—;.}) — a1 and L](ffl) — L,(ffl) —alt) for 1 < i < p,

mi ) e mit) 4 2ttt and LY e LY 4 2o for d—1 < i < d.

As long the second condition is not satisfied, we recompute [, redraw coefficients m and
repeat. This is possible as long as the sum of each line is positive, which is the case since we only
increased the minimum of the LgHI) away from zero. At every step, the algorithm increases p by
at least 1, and at step n every line sums to the same amount. Furthermore, it has not changed
the value of any Cj.

We then apply the same algorithm to the columns in order to obtain a matrix M whose rows
and columns sum to the same amount L, which is L := vl Z -m; ;. Finally we output S := M

that is a bistochastic matrix.

It remains to bound ||.S — M ||;. Tracking the values of L; over the course of the algorithm, we
see that the total modification to its coefficients is L; — L during the first step and then C; — L
during the second step. So the total amount of modification we did before dividing by L is:

SO L+ Y10 L. (34)
i J
When we divide by L, we make a modification of at most

E m; ;|1
2%

~

First, we see that L is close to 1:

_1‘

dzL—l
1
§gZ|Li_1|

i

<e.

We can now bound (34):

> -1+ 310" -

i J

<SS (E” =1+ = L)+ > (10 =1+ 1 - L)
i J

<D OILi =1+ > 1€ — 1| +2d[1 - L]
i J

< de + 2de = 3de.
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For (35), since 3 > ¢ > 0, we have |1 — %] = |%] < 4e. Finally, we have that dL =

~ 0
St = Y my) < d(1+e)
Summing everything up, we established that:

IS — M|y < 3de 4+ 4de(1 +¢) < 12de
and C' = 12 works. O

Proof of Lemma 4.8. This is true because the Birkhoff polytope is symmetric through the sub-
space of symmetric matrices.

M+ MT
2

M+ M7

1 S bistochastic symmetric 2

M+MT  S+8T
2 2

inf HM_smgHM_ ~ 5

S bistochastic symmetric

1

S bistochastic symmetric

1
Now take S* such that d(M, Birk,) = ||M — S*||1, then s*+725*T is bistochastic symmetric so:

M+MT §4+ 87T

inf M — S||1 <d(M,S inf
S bistochasltrilc symmetric H Hl - ( ’ ymd) + S bistochaslgilc symmetric 2 2 1
M MT S* S*T
< d(M, Symg) + || == — T
2 2 |,
M — S* MT _ S*T
< d(M,Symy) + +
2 1 2 1

< d(M,Symy) + d(M, Birky).

4.3 Combining everything: convergence of optimally matched graphs

Proposition 4.1 shows that every subsequence of (G, 0, Mopt(Gr)) has a subsequence that con-
verges locally to some (T,M) where M is an optimal matching on T. Meanwhile, Theorem 1
states that the only optimal matching in law on the UBGW tree T is M. So every subse-
quence of (G, 0n, Mopt(Gr)) has a subsequence that converges to (T,Mj). We deduce that
(Gr, 0ny Mopt (Gy)) converges locally to (T,Mj,). This concludes the proof of Theorem 2.

5 Uniqueness of the message passing distribution : Theorem 3

We now turn to the proof of Theorem 3. Take any solution h to equation (10), the idea is to
recover the distribution (; from families of statistics on the optimal matching M, and use the
uniqueness of the distribution of optimal matchings established in Proposition 3.5.

As a warm-up, we first inspect the simple case where supp(w) = Ry. We will look at the
probability that the root is matched conditioned on the weight being x € R :

P (o € Mw(o) = x)

as a Radon-Nikodym derivative.
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Figure 16: We look at the event where vy (in the green box) is unmatched conditionally on the
sequence of weights wy, ...., wg.

From the edge-decision rule of Proposition 3.2,
P (Zn+ Zj, < x) =P (0 € Mlw(o) = x)

where Zj,, Z; are independent variables of distribution (3. Hence, this quantity does not depend
on h. This shows that for any ¢ € R:

E [eitzh} 2
does not depend on h. By continuity the characteristic function is uniquely determined in a
neighbourhood of 0, and outside of pathological cases, must determine the law of Zj,.

This reasoning breaks down when the supp(w) has "holes" as we have no access to the
information of Z at z if ¢ supp(w). To deal with generic supports for w, we will consider
conditioning on the weights of edges along a path originating from the root rather than just the
weight of the root edge.

Proof. Let us assume that 71 > 0, we will condition on the event that the weight of the root
edge is wg and that the 4 side of the root is a simple path vy, v9,....,vg of length H of weights
wi, ....,wy. We will compute the probability that vy is unmatched in the matching M;. The
total event of conditioning on the sequence of weights and vy being unmatched is measurable in
the matching and graph, Figure 16 gives a depiction of the situation.

Now writing Z = Zj(04,0-) and Z' = Zy(vg—1,vg), vy being unmatched is equivalent to:

{max(w(vH,u) — Zp(vi,u)) < 0}

UNVE

= {Z’ = max (0, max  (w(vy,u) — Zh(vH,u))> = 0,w(vg,vg-1) — Zn(ve,ve-1) < 0}

UNVH UFAVH 1
={Z'=0,wy < Zp(vg,va-1)} .
By independence we can write that the probability of this event is the product
P(Z, = O)P(wh < Zh(UH, UHfl))

which does not depend on h. We will show in Corollary 1 that P(Z" = 0) = h(0) only depends
on My, , which then implies that:

P(w, < Zp(vm, vr-1))
=P (wyg < max (0, wy_; — max (0, wy_2 — .... — max (0, w; — max (0,wp — 2)) ...)))
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Figure 17: Hlustration of Lemma 5.1 and its consequences.

does not depend on h. The probability in the previous display can be written as the following
integral:

G(wO:H) = G('w(], X U)H) = /I‘Q I[(wH§ma><(0,u)H_17max(0,wH_27....fmaux(O,wl7maux(0,wofgc))...)))d]P)h(-%')~
+

To simplify notations we will denote the function integrated by

g(l‘, U)O:H) = g(fE,wo, ) wH) = ]]-(wHSmaX(O,wH,l—max(O,wH,g—....—max(O,wl—max(O,wo—z))...)))v
so that
Gluna) = [ oo wnin)dPi (o)
+

To prove Theorem 3, we will show that for any =y € [0, sup(supp(w))], for £ > 0 small enough, we
can recover P(zg < Z < xg+¢) as a difference G(wo.x) — G(wy,;y) with (wo.xr) chosen according
to the following Lemma and (w(.;;) = (wo, ..., Wg—1, WH + €).

Lemma 5.1. Fiz a,b € Ry with a < b, xy €]0,b]. There exists H > 0, even if xg > g and odd

if not, and a sequence (wo, w1, ....,wr) € [a, b)Y satisfying the following:
1.
H
Z(*l)lwh{,i = Xy.
=0

2. The sequence Uy, := Z?ﬁo(—l)iwi is positive decreasing.

3. The sequence uy, = Z?ﬁgl(—l)iwi is increasing.

4. Forany1l <k <H, "7, (—1)wy_; #0.

5. Finally, ﬂt%J > Uy
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Proof of Lemma 5.1. Let’s first show the lemma while disregarding condition 4. Let us assume
xg > g, the other case being symmetrical. Take N = L(b xo)j for £k < N, pick wor, = a and
wog+1 = b. Then Ty = b— k(b — a) is in decreasing and u;, = k(b — a) is increasing. Finally, pick
WoN = To+uy = o+ L(b xO)J(b—a). This choice is possible as (b—xg) — (b—a) < un < (b—xo).
Then uy = wany — uy = 2o by construction, and uy < uy—;. The assumption zg > Ta also
implies that uny > up.

Now if we want to obtain condition 4., we just need to pick wo, = a + €5 and wap41 = b — €},
with (e, €;,) very small but linearly independent over Z. The distance loss can just be recovered

by doing two more steps on V. O

We return to the proof of Theorem 3.

Continuation of proof of Theorem 3. By assumption on w take b = sup(supp(w)) and a such
that [a,b] C supp(w). Now for any h, take any zp € [0,b] and take H > 0 and a sequence
(wg, ...., wpr) given by Lemma 5.1. If b = 400 then do the same reasoning with an arbitrary large
b>0. We will reuse the notations u;, and u;, from Lemma 5.1. We will only treat the case when
o > 5 b and H even, the other case being similar.

Recall g(xa Woy -y wH) = g(x,'wO:H) = IL(ngmax(O,wH_l7maux(0,wH_27....fmax(O,uu —max(0,wo—1))...)))*
Decompose the invariant integral we found earlier:

vl

-1

/R + 9(x, wo.r) APy () = /0 " 0, wourr)AP (z) + /u S o ( won ) AP ()

=0 Y =k

ol

H
? g(w, wo.p)dP(z)

UH
5 -1
-1

+

\g‘

w\m

H_q_ g b
+ /7 g(a:,wO;H)dIP’h(x)—i-/ g(z, wo. i )dPr ().

—0 Uo

~
S

—k
Our goal is to show that:

1. g evaluates to 0 on the middle interval:

YV € (g%_l,ﬂ%> , g(x, wo.pr) = 0.
2. g evaluates to 1 on the interval just above:

Vo e [ﬂ%,ﬂ%_ﬂ g(x,wo.pr) = 1.

3. If we modified wy to wyg + € for

H

Z(—l)iUJH—i

1=

€ < min
k<H

)

then none of the g(z, wp.pr)’s value would change on the other intervals.
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First, in the middle, we have the system of inequalities:

2k

H _ i
H 2k—1
< — = —1 i+l i .
vk < < g( Yt lw; < x (37)

Looking at the inequality for @y = wg > x it means that the last nested max(0, wyo—x) intervening
in g(x,wo. ) evaluates at wy — .

Then looking at the next inequality u; = wy — w; < z, it is equivalent to w; —wg+z > 0
so the next nested max(0, w; — wo + x) evaluates at w; — wo + .

Unravelling the maximums, we end up with the inequality inside g being:

wg < Z (—l)inflfi + .

But this is precisely the opposite of ﬂH > x, hence g(x,wp.pr) = 0.
Second, if z is between UH and ’LLH _1, then the unravelling we did in the previous case stays
true, the only inequality that becomes reversed is the final one, so we have:

which is the event on which g = 1, hence g = 1 on this interval.
Third, if  is not in the previous two intervals, then let ig = ig(z, wo.;r) be the last time the
nested maximums evaluate to zero. Then g being one is equivalent to:

H—i9—1

wg < Z (-1 g,
=0

and 7g’s value does not depend on the last values of w;, so it does not depend on wg on those
intervals (one can see iy as a stopping time on z and w;). By condition 4. of the lemma, none
of these inequalities change when we modify wg by the prescribed €, so g(z, wo.;r)’s value does
not change either.

To conclude, the only change in the integral occurs around zg, hence for all € small enough,

chwch(xo < Zp <xo+ 5)

does not depend on h. This being true for all ¢ € supp(Z), we have thus shown that the law

M for correctly
Wi

of h is unique and that the density of h at xg can be recovered by as
chosen wo, ...., wy.

If 711 = 0, take the smallest p > 1 such that 7, > 0, then condition on weights such that
every path from o, on the + side sees the same weights as in the case 71 > 0. A little bit of

analysis shows that a similar proof holds. O

Remark. It should not be too hard to lessen the hypothesis on this proof, the open question
would be whether it remains true had we picked an entirely singular distribution for w.
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6 Applications

In this section, we show a few applications of Theorem 2. Namely, we compute asymptotics of
local statistics using the local convergence.

6.1 Optimal matching performance and density

In this entire subsection, we reuse the previous notation: (G,,) is a sequence of random graphs
that converges locally to a UBGW of reproduction law 7 and weight law w on the edges with 7 and
w integrable and w atomless. Let ¢ be the generating function of 7 and (5 be % In particular,
En~x[N] = ¢'(1). The function A is the solution to Equation (10), and the family Zp,(u, v) is the
associated process on T. Finally, ¢ the law for which h is the cumulative distribution function.
Let Mopt (Gy) be any optimal matching on G, then applying the theorem to the local function
f=w(0)loem and f = 1,em gives Corollary 1, which we restate with slightly more detail:

Corollary 3. Under the same assumptions as Theorem 2, the asymptotics of the average cost
per edge and edge density can be computed on the limiting tree. Let W of law w, Z and Z' of law
Ch such that (W, Zy, Z})) are mutually independent. Then:

. 1
JmE | > wle) = Elw(0)Loeu] = E Wiz, 4z cw] - (38)
€EMopt(Gn)

1—¢(¢~"(h(0)))
¢'(1) '

. 1
JmE e > 1| =Ellean] =E|[1z,47 ] =
n eeMopt(Gn) i

(39)

Proof. The only thing to prove is the last equality []l Zn+ ZL<W} = %&(ﬁ(om_ Indeed, the
other identities are direct consequences of Theorem 2. Let us start with a simple calculation:

]P’(Zh+Z,/1<W):E [P Zh—|-Zh<W)]

P(Z), + 5 < W)dPy (s )}
P(Z), < W — s)dh(s )}

I
&=
%

— s)dh( )]
_ / ]EW[h(W _ sY|dh(s).
R
Using the fact that A is solution to Equation (10) we get

P(zh+zg<W):/R (1= &= (h(s)))dh(s).

Let g(u) = ¢(1 —u), g7 (u) =1 — ¢~ (u), G(u) = —qbé}(_l?) be an antiderivative of g. From
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there, elementary calculus gives

P(Zn+ 2y < W) = [ o7 (()dns)
1
(0)g~ (h(0)) + / g (u)du
h(0)
1

h(0)g~ (1(0)) + [ug™" (u) — Gg™" (w))] 4
= —G(0) + G(g~'(n(0)))
_ o) g1 — (1 - (h(0))))

ZoN )

_ 1-¢(¢~(h(0)))
¢'(1) '

Il
>

We can also state the following, which generalises Corollary 3.

Corollary 4. Under the same assumptions as Theorem 2, the asymptotics of the law of a vertex
being matched in Mopt(Gr) when its degree is conditioned to be (k + 1), for a vertex v chosen
uniformly in Gy, is given by :

lim P (v is matched in Mopi(Gy)| deg(v) = k+1) = 1 — ¢~ 1(h(0))*F. (40)

n—oo

Equivalently, for the edge-rooted version, let (u,v) be an uniform directed edge of Gy:

_ A1 k+1
Tim P (u,0) € Mopa(G)| deg(v) = k +1) = -~ h (+h(10)) _

(41)

Proof. We will prove the edge-rooted Equation (41). Convergence is obtained by applying Theo-
rem 2 to the local function f = 1,—(,_ o, )eM,deg(o, )=k Lhe function f is 1—local so we condition
on the 1—neighbourhood.

Let us call Z_ ; the outwards Z on the minus side and Z ; the same on the plus side. They
are an i.i.d family of law (5. Let us also write wy; and w_; the weights of the corresponding
edges that are also i.i.d of law w. Finally, let us write N_ the number of children of o_ and N,
the number of children of o4, the family (Z; ;, w4 ;, Ny, Z_ ;,w_;, N_) is independent. Refer to
Figure 18 for an illustration. The limiting quantity is thus

E []]-Z(o,,o+)+Z(o+,o,)<w(o)|N+ = k] .

N_ is unrestricted so Z(o4,0-) is simply of law ¢, whereas Z(o_,04) = maxi<j<n, (0, w4 ; —
Z ;). This leads to computing

P(Z(o04) < tIN; = k) =P ( max (0w~ Z,) < 1INy =)
1<i<Ny

k

=Pt>0)[[P(wii—Zyi<t)
=1

Liso (1 — Ew [R(W —t)])*
]ltzoﬁzgil(h(t))k

o1



Figure 18: Illustration of the notations in the proof of Corollary 4.

~

by noticing that 1 — Ey [h(W —t)] = ¢~1(h(t)) according to Equation (10). Define:
hi(t) = L0 (A(t)".

We have just seen that hy is the cdf of Z,_
respect to the value of Z,_

.o, conditionally on Ny = k Now we integrate with

>O+:

E [HZ(07,0+)+Z(0+707)<U)(0)|N+ = k;]

é—l(h(()))kIP(ZoJr,o, < w(o)) —|-/ P (Zoﬂmr Ls< w(o)) B (5)ds.
0

)

_ d;—l(h(o))k (1 B d;—l(h(o))) + /1 k‘(l u)uk_ldu
$-1(h(0))
. k -1 uk— L k+1 !
= d’ (h(O)) (1 d) (h(O))) + [ k+1 Lﬁl(h(()))
=5 0o (1=6700) + (1- 5) - (600" - 15 (600) ")
1 1 n k+1
=7~ (97 (o)
1 (672 (o)™
E+1

O

We did not manage to find further nice formulas that only depend on h(0). Indeed, if we
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uN

Figure 19: Illustration of the notations used in the proof of Corollary 5.

push the conditioning further, the expressions depend on the entire shape of the function h. This
is the case for instance for the probability of presence of a gap in the matching:

Corollary 5. Under the same assumptions of Theorem 2, we can compute the asymptotics of
the law of a "gap" on one side of an edge of Mopt(Gy,) when the side of the gap is conditioned to
be of degree k. Let h,, be the cdf of w, then:

li_}m P (no children of v in Ty, ) is matched by Mopi(Gy)| deg(v) = k+ 1, (u,v) € Mopt(Gr))
_ W)
1—¢=1(n(0))*

Proof of Corollary 5. As in the previous corollaries, we apply Theorem 2 to the corresponding
2—local indicator function of the event to obtain the convergence to the corresponding probability
on the tree. Write v; the children of o in T, ,_), w; the weight of (0—,v;), v;j the children
of v; and wj; the weight of (vi,vi;), Zi; = Z(vi,vij), Zi = Z(0-,0;), Zoy o = Z(04,0-) and
w, = w(04+,0_). Finally, write N the number of children of o_ and N; the number of children
of v;. See Figure 19 for an illustration. Fix k € N, the condition rewrites as:

KEW,2)mwscy (1w - 220 (ha(W — 2))¥].

B = {Zo+7o_ + Z(0—,04) < wy, N = k‘}
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Now, apply the recursive equation on Z,, ,  twice to obtain:
B ={Z(04,0-) 4+ Z(o—,04+) < wo, N =k}
= {max (O,mlalx (w; — ZZ)) + Z(0—,04) < wy, N = k}
1=

= {max <O,m%1X (wi — max (O,Hﬁifc (wij — ZU)))) + Z(0—,04) < we, N = k} .
1=

1=

The event we are interested in is:

A= m {max(w(vi,u) — Z(vi,u)) < 0} :
U~NV;
i<N
On B, we know that N = k, but we also know that either w(v;, 0_)—Z (v, 0) < maxy~, (w(v;, u)—
Z(vj,u)), or both are negative, because else, v; would be matched with o_ who is already matched
to 04. So AN B can be rewritten as:

N;
ﬂ {m_ax (U)i,j — Zi,j) < 0} N B.
i<k =1
This means that the maximum inside the maximums in the expression in B is simply 0, so AN B
can be rewritten as :
N; k
ﬂ {m_ax(wivj - Z; ) < O} N {max <O,m_axwi) + Z(0—,04) < wy, N = k} .
i<k =1 =1
Finally, we can notice by the recursive equation on Z that the left event can be rewritten for
1 < N into
{Z; =0}.
We also notice that the event on the right can be written as

k
{0 <wo—Z(o—,04),N=k}n [ {wi <wo—Z(o_,04)}.
i=1
In the end, we obtain that:

k
ANB={0<w,— Z(o_,04),N =k} N r){wz <wy—Z(o—,04),Z; =0}.
i=1
Every variable appearing in this expression are now independent, namely, w;, w, of law w, N of
law &, Z;, Z(0—,04) of law (. So we can compute its probability.

k

P(AN B) = P(N = k)Ew.z2)~wec, [1w—z0(ha(W = Z))*] [ [P (Z: = 0)
=1
= ﬁkh(o)kE(W,Z)~w®gh[]leZzO(hw(W — Z)M.
By Corollary 4,
. 2 (1— -1 k
b5y _ L= ;(h(o))kP(N T (1 ¢k (h(0))*)
In the end, .
PAIB) = — kB 7)o, [T z30(haW = 2P
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6.2 Exponential edge weights

The case where w is an exponential law is one of the only cases where h is explicitly computable,
and it has been solved by Gamarnik et al. in [13] in the case of Erdés-Renyi graphs and d—regular
graphs. Our method generalizes their result to a general reproduction distribution as follows.
Let us look at Equation (10) when W is of law Exp(1).

h(t) = Lizod(1 — E[R(W — t)]).

Write
+oo
Eh(W —t)] = h(w —t)e"Ydw = / h(u)e " tdu = e_t/ h(u)e™“du.
R, —t R
Set
K = h(u)e™“du,
Ry
then

h(t) = ]1,520({5(1 — e_tK),

and K has to solve

K= (1 — e “K)e “du.
R4

Now, consider the map f : x € [0,1] — fR+ o(1 — e "z)e "du. We have f(0) = 1,f(1) =

fR+ qg(l —e e "du < 1 as long é # 1 (in which case the tree is empty), and f is continuous
and strictly decreasing. Thus, there exists a unique K satisfying the equation and the solution
h is unique and explicit, as expected.

7 Extensions

To conclude, we now give a few possible generalisations. We only give the main ideas and stay
purposely light on details.

7.1 Multi-type UBGW tree and Stochastic Block Model

Our results extends to multi-type UBGW trees which also appear in [ 1] but in the unweighted
case. These trees appear as local limits for Stochastic Block Models defined as follows. Let
Vi, = {1,...,n}, and let £ € N* be the number of types. Let (ai,....,a) be strictly positive
numbers such that Ele ay = 1. For (i,j) € {1,...,k}? fix ¢; ; > 0. Partition V}, into Vj, 1..., Vo i
such that ||V, ;| — ayn| < 1, we may have to add one dummy vertex at the end to deal with
the fact that a;n may not be an integer, but it doesn’t change the asymptotic behaviour. The
(sparse) stochastic block model is the random graph generated on V;, so that independently for
xeVy;andy eV, P((z,y) € En) =pij = C;;j.

Then if we follow the same proof, the equation on the Z(u,v) can be rewritten as a system
with k% equations once we condition on the types of u and v. It should be possible to use
Schauder’s fixed point theorem on this system to get existence and then continue with the

techniques developed in this work.
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7.2 Vertex weights

Our results extend to the case where the weights are no longer on the edges but on the vertices

instead. It is equivalent to setting w(u,v) = w(u) + w(v) where the w(v) are i.i.d, the weights

on edges are no longer independent as they are correlated as soon as they share a vertex.
Going back to the heuristic:

Z(u,v) = max(0, max w(v, ') — Z(v,u'))
' Fu
becomes
Z(u,v) = max(0, maxw(v) + wu') — Z(v,u)).
w'Fu
To recover independence inside the maximum, we introduce the alternative variables

A~

Z(U, /U) = Z(ua U) - ’LU(’U),
then the equation becomes:

Z(u,v) = max(—w(v), max —Z(v,u)). (42)
'
Now the list of variables inside the maximum is independent, but we can see that Z (u,v) is
correlated with w(v) with the correlation structure appearing in the equation. This leads to the
following RDE over a law (: For W of law w, N of law pi and Z, Z; of law (, all independent:
(law)

7 ="max(—W, 11;;22\[(—21-)). (43)

Similarly as before we can define the map:

F: X—-X
f=F(f):R—[0,1]
t s Pyew(t > W)p(1 — f(—1))

with f the lower continuous version of f and use Schauder’s theorem to recover a solution to the
RDE (43).

We then proceed in a similar fashion as with edge weights by applying Kolmogorov’s extension
Theorem, with the difference that we need to correlate Z on a boundary with the weights of the
vertices at the boundary, then use the recursion to define it on an entire neighbourhood.

We recover Z by setting Z(u,v) = Z(u,v) 4+ w(v), the remaining geometric considerations
are then identical as Z still satisfies equation (3).

7.3 Maximum subgraph satisfying random capacity constraints

As noted by previous authors [5, 17], it is possible to study a slightly more general type of
problem with the approach developed in this work.

Let C be a law on N with finite expectation. Consider a random graph on G,, that converges
locally to a UBGW tree T. We decorate G, by adding random independent decorations on
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vertices ¢(v) of law C that we call the capacity of v. The local limit is then the previous tree
with additional independent capacities drawn on its vertices.
The maximum subgraph under capacity constraint is the subgraph M of G maximising

> wle)

subject to
degy(v) < c(v), Yo e V.

In the deterministic case, when c¢(v) = 1, we recover a matching, when c¢(v) = k, a maximal
subgraph with degrees less than or equal to k.
The variables Z for this problem can be defined as:

Z(u,v) = OPT(T") — OPT(T" where c(v) is decreased by 1).
k
Let I'I[lf:)]JX be the operator that returns the k** largest value of a set. The recursion becomes:

Z(u,v) = max O,%}(‘(%}c (w(v,u) — Z(v,u")) |,

u'#u

0
where we set by convention that the Ir[lelx of a list is +00. Let ¢; = Po~¢[C = ]. This translates
into an equation on its cdf A of the form:

(Bw ~ew [RM(W = 1)])P 6PV (1 — By o [M(W — 1))

which is still of the form:
h(t) = 1i>0P(Ew~w [R(W —1)])

where ® is continuous and decreasing. The decision rule remains:

(u,v) € Mopt < Z(u,v) + Z(v,u) < w(u,v).
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