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Upon almost-every realisation of the Brownian continuum random tree
(CRT), it is possible to define a canonical diffusion process or ‘Brownian
motion’. The main result of this article establishes that the cover time of the
Brownian motion on the Brownian CRT (i.e. the time taken by the process in
question to visit the entire state space) is equal to the infimum over the times
at which the associated local times are strictly positive everywhere. The proof
of this result depends on the recursive self-similarity of the Brownian CRT
and a novel version of the first Ray-Knight theorem for trees, which is of
independent interest. As a consequence, we obtain that the suitably-rescaled
cover times of simple random walks on critical, finite variance Galton-Watson
trees converge in distribution with respect to their annealed laws to the cover
time of Brownian motion on the Brownian CRT. Other families of graphs that
have the Brownian CRT as a scaling limit are also covered. Additionally, we
partially confirm a 1991 conjecture of David Aldous regarding related cover-
and-return times.
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1. Introduction. The cover time, that is, the time taken to explore the entire state space,
is a natural quantity to study for a stochastic process. In this direction, a question that has been
widely considered in the probability and computer science literature is how the cover time
behaves asymptotically for a sequence of random walks on graphs of increasing sizes. How-
ever, the cover time is not always an easy quantity to pin down. Indeed, even when one has a
functional scaling limit for a sequence of random walks, the scaling of the cover time can not
typically be read off from this, since such results do not take into account the fine structure of
the paths of the processes. For instance, to see a non-trivial functional limit theorem for the
random walk on the discrete torus (Z/nZ)?, equipped with nearest neighbor edges, the time-
scaling is n2, but the cover time scales like n?(logn)? for d = 2 and n%(logn) for d > 3 (see
[32] for a more detailed result in two dimensions, and [56, Chapter 11] for an argument that
yields the order of growth in higher dimensions). Moreover, although the random walk on
the largest supercritical percolation cluster contained within the box {—n,—n +1,... ,n}d
satisfies the same global scaling (up to constants, and modulo the boundary condition), the
cover time in this case is of order nd(log n)2 for all d > 2, see [2]. (It is reasonable to expect
the same result for supercritical percolation on the discrete torus.) Thus we see that the cover
time can be highly sensitive to the detailed geometry of the underlying space.

The goal of this article is to demonstrate convergence of the rescaled cover times of random
walks on graphs that converge to the Brownian continuum random tree (CRT). The latter
object has, since its introduction by Aldous in [9, 10, 13], come to be a central object in
modern probability theory. It is known to appear as a scaling limit of critical Galton-Watson
trees [10], uniform spanning trees on high-dimensional tori [17], critical percolation clusters
on certain random hyperbolic maps [16, 24], amongst many other examples, and is also
conjectured to appear in the description of the scaling limit of critical percolation clusters on
the integer lattice in high dimensions [42]. The limiting cover time in our main convergence
result (see Theorem 1.2 below) will be expressed in terms of the cover time of the natural
diffusion, or ‘Brownian motion’, on the Brownian CRT, which is a process whose definition
was suggested by Aldous in [10] and which was first rigorously defined by Krebs in [51]. In
the course of our arguments, we establish various new results for this process.

In fact, cover times of random walks on graph trees, and more general graphs, was some-
thing of a research focus for Aldous. For example, in [11], he derived some scaling results
concerning the cover time of random walks on some particular examples of trees, including
giving precise asymptotics in the case of the balanced b-ary tree. In the same paper, he dis-
cussed the cover times of random walks on critical Galton-Watson trees, including giving a
specific conjecture on the scaling limit of the expected ‘cover-and-return’ time (i.e. the time
taken to hit all vertices and then return to the starting point) for a tree with a Poisson(1) off-
spring distribution. As a corollary of our main result, we will partially confirm his conjecture,
in the sense that we confirm a limit of the relevant sequence exists (see Corollary 1.5 below).
Moreover, since our limit is written in terms of the expectation of the cover-and-return time
of the Brownian motion on the Brownian CRT, this also supports his conjecture on the exact
value of this constant. We highlight that understanding the cover time of the latter process was
listed in a section of Aldous’ paper [10] entitled ‘hard distributional properties [of Brownian
motion on continuum trees]’.

Part of the difficulty of studying the cover time of Brownian motion on the Brownian
CRT is that it does not concentrate on its mean. In [12], Aldous gave a characterisation of
when concentration of the cover time occurs; namely, the phenomenon arises if the maximal
expected hitting time of vertices is asymptotically of a smaller order than the expected cover
time, but there exist starting states for which concentration is not seen if this is not the case.
(See [1] for work that helps explain which kinds of graph fall into each of these categories.
Also, a recent result in [43] gives a related characterisation of cover time concentration for
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a class of graphs that includes transitive ones in terms of the spectral gaps of the graphs in
question.) In the case when concentration occurs, the first order behaviour of the cover time
can be understood from its expectation, which was shown in the seminal work of [34] to
be strongly connected to the expectation of the maximum of an associated Gaussian field;
see also [33] for tighter estimates in the case of bounded degree graphs and trees (in the
concentration regime). However, in ‘low-dimensional’ settings, it is easy to find examples
where the cover time does not concentrate on its mean, and so its expectation is not sufficient
to describe the asymptotic distribution to first order. Consider, for example, one-dimensional
Brownian motion on the unit interval [0, 1] and the simple random walks on (n~'Z) N [0, 1]
approximating this. Clearly the cover times of the graphs, when rescaled by n =2, have a
random limit, and it is a simple exercise to show that this can be described in terms of the
cover time of the limiting diffusion. We will show a corresponding result when the limiting
space is the Brownian CRT.

In order to state our main results, let us introduce some of the main objects of the subse-
quent discussion. In this introduction, we denote the Brownian CRT, equipped with its natural
metric, by (7, dy) (see Section 3 for a precise definition of this space in terms of a Brownian
excursion, including our choice of normalisation). We also write p for the root vertex of T,
w for its canonical measure, and P for the probability measure on the underlying probability
space upon which 7 is built. Given a typical realisation of (7, d7, 1), one has an associ-
ated, canonical Brownian motion ((X/ )i>0,(PJ )ze7) (see Section 2 for the definition of

such a process on a compact real tree more generally). Setting X [7(; = {XT: s€]0,t]} for

the range of X7 up to time ¢, the cover time of X7 is defined as follows:
(1) TCOV::inf{tZO: X7, :T};

as we will note in Section 2, this is a finite random variable, almost-surely. Additionally, the
Brownian motion on the Brownian CRT is known to admit jointly continuous local times
(L] (%))zeT, 1>0, and a study of these will be central to our work. Whilst it is obviously the
case for random walks on graphs that the cover time is the first time that the local times
are strictly positive everywhere (possibly with a difference of one time-step in the case of
discrete-time random walks), and the same property is readily checked for one-dimensional
Brownian motion on [0, 1], for example, it is by no means clear for diffusions on more gen-
eral spaces, especially ones with a fractal structure such as the Brownian CRT. Yet, as was
discussed in [28, Remark 7.4] (cf. [15]) and will be used in our proof below, checking this
property of local times yields a potential route for establishing convergence of the cover times
of the random walks approximating the relevant diffusion. Thus it is a key target of ours to
prove the following result. Indeed, the majority of the article is devoted to its proof.

THEOREM 1.1.  For P-a.e. realisation of T, for every x € T, it PJ -a.s. holds that
2) Teov =inf {t>0: L] (y) >0, Yy € T}.

Before proceeding to the application of the above theorem to scaling limits of cover times,
let us briefly outline our strategy for verifying it. As is at the heart of [34], we will appeal
to the strong connection between local times and Gaussian fields via a Ray-Knight theorem.
More specifically, we give a version of the classical first Ray-Knight theorem in which we
describe the distribution of the local time at the hitting time of a specified vertex in terms
of certain squared Bessel (BESQ) processes (tree-indexed in our case), see Lemma 2.12. We
will apply this at a certain approximation to the cover time that occurs (just after) the time
XT covers a subtree 7(9) C T with finitely many branches that approximates 7 to within
dr-Hausdorff distance . When 7 is selected according to the It excursion measure and
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F1G 1. The above illustration shows the decomposition of the Brownian CRT that we will apply. The tree ’T(E),
shown with bold lines, spans a collection of leaves (xz)zj\i(le) such that the Hausdorff distance between T(E)
and T is smaller than €. Moreover, our particular choice of leaves means that the closures of the connected
components T\T(E), which are denoted (T;), c7(e) are distributed as rescaled copies of the Brownian CRT. On

T(E), the local times are easily checked to take strictly positive values just after the cover time. To check the same

is true on the remaining parts of T\T(E), we use a Ray-Knight theorem, which enables us to understand the local
times within these in terms of a tree-indexed zero-dimensional squared Bessel process, and thereby apply results
[from the literature for generalised Brownian snakes.

7 is chosen according to a particular ‘height decomposition’ (see Section 3 for details),
we have that the (closures of) the components of 7\ 7 () form a Poisson process of copies of
rescaled Brownian CRTs, see Figure 1. Together with our Ray-Knight theorem, this implies
that the local times of X7 at our cover time approximation behave on these components
as independent tree-indexed zero-dimensional BESQ processes. With this perspective, we
are able to obtain the result of interest by appealing to a certain path property of BESQ-
Brownian snakes, which we check by applying an argument that involves expressing the
measures of certain events as solutions of differential equations; this part of the work is based
on techniques developed by Le Gall in [53]. We emphasise this means that, in our approach,
rather than sampling the entire tree, and then the processes X7 and L7 upon this, we first
sample 7, then the local times upon this set at a particular stopping time, before finally
sampling the remaining parts of the tree and local times together. In particular, we interleave
the selection of the random environment and the stochastic process that has this as its state
space.

We now come to our main convergence result. Although our motivation is principally to
understand cover times of random walks, we will not need to restrict to such. Rather, we will
work in a more general setting of stochastic processes associated with resistance forms, as
developed in [29, 31, 47, 48, 61], for example. In particular, we consider objects of the form

(3) IC:(K7RK7MK7PK7PK)7

where (K, Ry ) is a compact resistance metric space that satisfies a certain metric entropy
condition (see Section 5.1 below for a definition of this and the other components that we now
introduce), u is a finite Borel measure on K of full support, px is a marked point of K, and
PX is the law of the associated stochastic process X = (X/[€);>¢ and its jointly continuous
local times L = (LXK (x))ze i, 10, where we will always assume that X is started from the
root pr-. We note that the process X X takes values in D(R ., K), the space of cadlag paths in
K, equipped with the usual Skorohod .J; topology, and L* takes values in C'(K x Ry, R,).
A convenient topology for describing convergence of such objects was introduced in [61, 62],
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and this will be recalled below in Section 5.1. Essentially the convergence K,, — K means
that all the spaces can be isometrically embedded into a common metric space in such a way
that the sets converge with respect to Hausdorff distance, the measures converge weakly, the
roots are identified, and the laws of the stochastic processes converge weakly, with the local
times L close to those of LX for nearby points (see Lemma 6.1 for details). Following
[61], we write the collection of (K, Rk, ik, pK ), identified if they are root-preserving and
measure-preserving isometric, as I, and the space containing elements of the form /C as
My, .. (In fact, My, . is a larger space that contains elements with fewer restrictions, but this
is unimportant here.) In this setting, we have the following consequence of Theorem 1.1,
where we write Tcoy (K) for the cover time of a process X K defined analogously to (1).

THEOREM 1.2.  For P-a.e. realisation of T, if (K., Rk, , K, , px,, ) € Fe are such that
(4) (Kn, R, ik, pK,, P*") = (T, 2d7, ur, p, P])

in My, ., and moreover, for each n, either K, is at most a countable set or X Kn s PEn_gs.
continuous, then the law of Teoy (K,) under PX» converges to that of Teoy (T) under PZ— .

For random spaces, it is also natural to deal with the annealed law of the cover time, i.e.
the law averaged over the randomness of the space. Specifically, we write

) PK(TCOV(K)G'):/PK(TCOV(K)E')P(d(K>RKaNKaPK))a

where we suppose that the underlying probability space for (K, Ry, ik, pxc) is also denoted
P. We note that the measurability of the map (K, Rk, 1, px) — K was checked in [61,
Proposition 6.1], which means the above integral is well-defined. From the previous result, it
is straightforward to deduce the following.

COROLLARY 1.3. If(K,, Ry, K., pK, ) are random elements of . such that (4) holds
in distribution, and moreover, for each n, either K, is at most a countable set or X Kn
is PK»_a.s. continuous, P-a.s., then the law of Teoy(Ky,) under PX» converges to that of
Teov(T) under its annealed law P7 ( defined similarly to (5), with the measure within the
integrand being given by P[T ).

Whilst the statements of Theorem 1.2 and Corollary 1.3 are broad, they are maybe a
little abstract for those not familiar with resistance forms. So, let us outline how they ap-
ply in the case of random walks on graphs. In particular, suppose K is the vertex set of a
connected, finite graph containing no loops or multiple edges. Equip the graph with con-
ductances (¢(z,y))qyek, i.. ¢(x,y) are non-negative numbers such that ¢(z,y) = c(y, z)
and c¢(x,y) > 0 if and only if {x,y} is an edge of the graph. Write Rx = (Rk (2,Y))zyeck
for the associated effective resistance (see, for example, [56, Section 9.4] for a definition).
Moreover, let 1 be a finite measure on K placing a non-zero mass on each vertex. In this
case, (K, Rk, K, pK) € Fc for any vertex px € K, and the associated stochastic process
(X[)>0 is the continuous time Markov chain with generator given by

1
Agf(x):= MK({"L‘});C(%?J) (f(y) = f(z)),

for f: K — R. One standard choice for i is the counting measure, i.e. ux ({z}) =1 for all
z € K, in which case XX is called the variable-speed random walk (VSRW). Another is the
conductance measure, i.e. ux ({2}) =3_ ¢k c(x,y) forall z € K, in which case the process
is called the constant-speed random walk (CSRW) since it has unit mean holding times. The
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latter property means the CSRW closely resembles the discrete-time simple random walk
with transition probabilities given by P(x,y) = c(x,y)/ >, c x c(x, z). Although we will not
discuss the discrete-time process to any great extent later, where we have the conclusion of
Theorem 1.2 or Corollary 1.3 for the CSRW, we will typically be able to transfer this to the
discrete-time random walk with no problem. (For moments of the cover time, one should be
slightly careful in moving between discrete and continuous time, see Section 7.) As for the
local times of X, these are given by

1 t
LK( )= / 1ixrx_pds.
uic({x}) Jo THETH
In examples, we will generally discuss a sequence of graphs (K, ), > for which the effective
resistance and measure have been rescaled. That is, writing PXEx for the law of XX started
from pg, , we are able to check

(6)

1 K., K, ~17K, )
<Kn,an Rk, by ik, pi,. P <<(Xtanbn)t20, <an Lmnbn(x)>xeKmt20> c ))

converges to the right-hand side of (4), either for a typical realisation of the Brownian CRT
(as in Theorem 1.2) or in distribution (as in Corollary 1.3), where (ay,)n>1, (bn)n>1 are some
divergent sequences of non-negative numbers. We then obtain that

(7 (anbn) ooy () = Teoy (T)

in the appropriate sense. Various examples for which the convergence of objects as at (6)
can be checked are presented in [61] (see also [15, 63]), and these include the following.
We stress that, although these two examples are graph trees, our result should be applicable
beyond such. See Problem 2 below for details of some non-tree models for which we expect
similar results to hold.

Example 1: Critical, finite variance Galton-Watson trees. Let T}, be the tree generated by a
Galton-Watson process whose offspring distribution is non-trivial, critical (mean one) and
has finite variance o2, conditioned to have n vertices. (One may consider only those n for
which the probability of the latter event is strictly positive.) Let ¢, (z, y) =1if {z,y} is
a parent-child bond in T,, and set cp, (z,y) = 0 otherwise. Also, let NT be the counting
measure on 7;,, and NT be the conductance (or degree) measure. Since the spaces are trees,
one has the associated effective resistance R,, is the usual shortest path graph distance on
T, and we have from [15, 61] that the convergence described at (6) holds in distribution,
with scaling factors given by

_Vn
T 90

) - 2”’

by = be =
where the superscripts V' and C' distinguish between the cases of the variable- and
constant-speed random walks. (The convergence of the random walks was initially es-
tablished in [25].) Moreover, we highlight that in results concerning the scaling of graph
trees to the Brownian CRT, the most common measure considered is the counting measure.
However, for a tree with unit conductances, it is easy to check the discrepancy between this
and half the conductance measure is small, and so there is no problem in checking the re-
sult for both the VSRW and the CSRW.) Thus we have that (7) holds in distribution under
the relevant annealed laws. In particular, for the CSRW (or discrete-time random walk) on

T}, the time scaling factor is given by anbg =0 1n3/2,
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Example 2: Uniform spanning trees on high-dimensional tori. Consider the uniform span-
ning tree U,, on a d-dimensional torus (Z/nZ)? with d > 5. Equip edges of the graph with
unit conductances, and suppose 7, is either the counting measure or the conductance
measure on the vertices of U,,. Based on the work of [17], it is then shown in [61] that the
convergence at (6) holds in distribution, with scaling factors given by

an = a(d)n??,

by =n, be = 2n,

where a(d) is some dimension-dependent constant and again the superscripts V' and C' dis-
tinguish between the cases of the variable- and constant-speed random walks. (In [17, 61],
only the counting measure was considered, but, similarly to the comment of the previous
example, it is straightforward to replace this with the conductance measure, and thereby
obtain the result for both the VSRW and the CSRW.) In particular, for the CSRW (or
discrete-time random walk) on T, the time scaling factor is given by a,,b¢ = 2a/(d)n>%2.
We note that [17, 61] also consider a more general model of a ‘high-dimensional’ uniform
spanning tree and our results would cover this; we restrict to the case of tori simply for
brevity.

Whilst the above discussion covers the main contribution of this paper, we continue this
introduction by presenting a couple of further consequences of our results that we believe
are also of interest. Firstly, for any p > 1, we check the uniform L?-integrability of the cover
times of random walks on critical Galton-Watson trees whose offspring distribution admits
finite exponential moments. In conjunction with our earlier results, this allows us to conclude
that the pth moments of the cover times of the discrete models converge, with again the limit
being expressed in terms of the cover time of Brownian motion on the Brownian CRT. As
part of the result we note that the latter quantity also admits finite moments of all orders. (Our
argument could also be used to yield a corresponding result for certain stretched exponential
moments, see Remark 7.2 below.) Note that we write EX for the expectation under PK (and
similarly for other spaces).

COROLLARY 1.4. As in Example 1 above, let T,, be the tree generated by a Galton-
Watson process whose offspring distribution is non-trivial and critical (mean one), condi-
tioned to have size n. Additionally, suppose that the offspring distribution (py)x>0 has finite
exponential moments of some order, i.e. ).~ eMpy, < oo for some \ > 0. Writing o for the
variance of the offspring distribution and Tco.(T},) for the cover time of the discrete-time or
constant-speed random walk on T, started from the root, it then holds that, for all p > 1,

Upnisp/z]ETn (Tcov (Tn)p) — ET (TCOV (T)p) ’

where the right-hand side above is finite. In particular, the cover time of Brownian motion on
the Brownian CRT admits finite polynomial moments of all orders.

Secondly, again motivated by the work of Aldous in [10, 11], we consider the cover-and-
return time. In particular, for Brownian motion on the Brownian CRT started from p, this is
defined as

7t :=inf {t > Teov - XtT: p} ,

cov

i.e. the first time X7 returns to its starting point p after the cover time 7o,. We define the
corresponding stopping time similarly for other processes. It is not difficult to incorporate the
additional time from 7.,y to 7.5, into our arguments and thereby obtain the following result.



COROLLARY 1.5. (a) Under the assumptions of Theorem 1.2, the law of .5 (
P& converges to that of 75, (T) under PZ— .

cov
(b) Under the assumptions of Corollary 1.3, the law of 75, (K,,) under PX» converges to that
of 75, (T) under its annealed law P

cov

(c) In the setting of Corollary 1.4,
oPn PR (1F (T,)P) = ET (r5,(T)),

K,,) under

cov

where the right-hand side above is finite. In particular, the cover-and-return time of Brownian
motion on the Brownian CRT admits finite polynomial moments of all orders.

Finally, we set out some problems of varying difficulty that are left open by this work.

Problem 1. Whilst the argument we give for the Brownian CRT has some appealing as-
pects, we believe that it should be possible to generalise the conclusion of Theorem 1.1
significantly. Somewhat obvious modifications should allow us to cover tree-like spaces
with similarly nice recursive decompositions, such as a-stable trees (see [3]) or the scaling
limit of critical Erdos-Rényi graphs (see [5, 6] for a recursive decomposition of this space
and [20] for a study of the associated cover time asymptotics); indeed, essentially all our
technical arguments for Brownian motion on real trees have been written in a general way
so that they could easily be applied directly or adapted to such spaces. More ambitiously,
though, it is not unreasonable to conjecture that the identity at (2) holds for any of the
stochastic processes associated with elements of IFC, such as nested fractals (as introduced
in [58]) or the two-dimensional Sierpiniski carpet. For all these spaces, the processes in
question admit jointly continuous local times, and so it is harder to conceive that they ad-
mit exceptional points, as would be needed for the conclusion of Theorem 1.1 to fail. At
the moment, however, we have no idea of a strategy to tackle this issue.

Problem 2. Other examples for which a Brownian CRT scaling limit is known include the
high-dimensional critical branching random walk [21, 22] and lattice trees [23], as well as
the critical percolation cluster on the random hyperbolic half-planar triangulation [16]. To
apply Corollary 1.3 in these cases, it will suffice to verify the metric entropy condition of
[61], as described in Remark 6.2 below. At least for the branching random walk model,
this should be an easy consequence of the corresponding result for Galton-Watson trees.
Another model for which we would also expect the result to be applicable is the incipient
infinite cluster of percolation on the integer lattice in high dimensions. However, deriving
the scaling limit in this case is still an open question. (See [42] for rigourous work in this
direction, and [29] for a detailed conjecture on the resistance scaling of this model.)

Problem 3. We do not believe exponential moments are essential for the conclusion of
Corollary 1.4 to be applicable, rather we expect that a finite variance assumption is suffi-
cient. The one part of the argument for which we apply the exponential moment assump-
tion is in deducing a suitable quantitative bound for the metric cover size of the graphs in
question (see the comment above Lemma 7.6 for further detail). As with the bounds in [7],
however, one might hope that second moments of the offspring distribution are enough to
yield exponential tail estimates for the distribution of the metric cover size associated with
the conditioned Galton-Watson tree.

Problem 4. Concerning cover-and-return times, in [10], Aldous conjectured that

E (7:5,(T)) = 6v2r.

This assertion was based on a consideration of the asymptotics of cover-and-return times
for random walks on conditioned Poisson(1) trees, as studied in [11]. (We note that such
trees can also be interpreted as uniform random trees on n labelled vertices {1,2,...,n},
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with root vertex 1, see [11, Lemma 12] or [50, Section 2.2], for example.) In partial support
of this conjecture, Corollaries 1.4 and 1.5 confirm that indeed the cover-and-return times
of the relevant discrete models converge to the corresponding quantity for the Brownian
CRT. To complete the proof of the above identity, one also needs to make rigourous various
heuristic arguments in [11]. We believe that the local time scaling limits now known to hold
in this setting will contribute to this program, but it seems more detailed estimates will be
needed to complete it.

The remainder of the article is organised as follows. In Section 2, we derive basic results
for Brownian motions on compact real trees, including a version of the first Ray-Knight the-
orem for trees. It is here that we reduce the problem of proving Theorem 1.1 to a technical
condition (see Assumption 2) that will later be checked using BESQ-Brownian snakes. Fol-
lowing this, our recursive height decomposition of the Brownian CRT is described in Section
3, and then the desired property of BESQ-Brownian snakes is checked in Section 4. Putting
these pieces together, we prove Theorem 1.1 in Section 5. Finally, we derive the convergence
results of Theorem 1.2 and Corollary 1.3 in Section 6, the moment convergence statement
of Corollary 1.4 in Section 7, and our result on cover-and-return times, i.e. Corollary 1.5,
in Section 8. We note that, in various estimates, we will write C' and ¢ for constants whose
particular values are unimportant, and these might change from line to line.

2. Brownian motion on compact real trees. The aim of this section is to develop the
fundamental results concerning Brownian motions on compact real trees that will provide
the basis for the proof of Theorem 1.1. In particular, after introducing the process of interest
in Section 2.1 and setting out an assumption that ensures the existence of jointly continuous
local times (see Assumption 1 and Lemma 2.1), in Section 2.2, we give a version of Theo-
rem 1.1 (see Proposition 2.7) under an additional assumption (see Assumption 2). The latter
assumption is rather technical, involving a specific property of the local times at a certain ap-
proximation of the cover time. Towards checking this, in Section 2.3, we give a Ray-Knight
theorem for local times that holds at the relevant approximation of the cover time. Together
with a key property of a BESQ-Brownian snake that we will check in Section 4, such a Ray-
Knight theorem will enable us to check Assumption 2 in our setting, and thereby establish
Theorem 1.1.

2.1. Definition and basic properties. We start by introducing the setting of this section.
Since the construction and basic properties of Brownian motions on real trees are by now
rather well understood, we will be brief with the details, and refer the interested reader to [18]
for comprehensive background. (See also [46] for earlier work on this topic, and [10, 26, 51]
for an introduction to Brownian motion on the Brownian CRT in particular.) Specifically, for
now, we assume that (7, dr) is a fixed compact real tree with root (distinguished vertex) p.
We also suppose that p7 is a Borel probability measure on 7 of full support. As is described
in [18, 46] (see [18, Theorem 1] in particular), there is a canonical local, regular Dirichlet
form (€7, F7) on L?(T, uu7) that satisfies
®)

2dr(x,y) = (inf {E7(f, f): fEFT, f2)=0, f)=1}) ",  VayeT, z#y,

and the pg-symmetric strong Markov process associated with this through the stan-
dard correspondence (of [38, Theorem 7.2.1], for example), which we will denote by
(X )0, (P])zeT), has a law that is uniquely defined from every starting point. More-
over, X’ has continuous sample paths, PZ— -a.s. for every x € 7. This process is called the
Brownian motion associated with (7, d7, p7). (In various works, the constant 2 is not in-

cluded in the characterisation of the form at (8), but we choose to do so here to align the
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definition better with standard one-dimensional Brownian motion, and also the convention
in works such as [10, 18, 19].) Since points have positive capacity in this setting (see [18,
Lemma 3.4]), it is known that X7 admits jointly measurable local times (L] (z))ze7 >0
that satisfy the occupation density formula, i.e.

©) /0 F(XT)ds = /T @) LT () (dy),

for all continuous f:7 — R and ¢t > 0, PZ' -a.s. for every = € T, see [39, Section 2]. (Pre-
cisely, when we say that X7 or L7 admits a property PZ— -a.s., we mean that there exists a
version of the relevant process that admits the property in question.)

We finish this subsection by giving a simple sufficient condition for the local time process
L7 to admit a jointly continuous version. In particular, we will generally suppose the fol-
lowing, which can be verified for P-a.e. realisation of the Brownian CRT (equipped with its
canonical measure) by applying the volume estimates of [26, Theorem 1.2], for example.

ASSUMPTION 1. There exist constants C' and 7 such that

ing_,uT(BT(x,r)) > Cr', vr e (0,1),
Te
where By (z,r):={y €T : dr(xz,y) <r}.

LEMMA 2.1. Suppose Assumption 1 holds. It is then the case that the local times
(L] (%))zeT >0 are continuous, PyT—a.s. foreveryyeT.

PROOF. See [27, Lemma 2.2]. ]

REMARK 2.2. A weaker sufficient condition for the continuity of local times is the metric
entropy condition of [61], as described at (40). In fact, for the results of Section 2.2, we only
need local time continuity, and so it would be sufficient to make this itself the assumption.
However, for our Ray-Knight theorem of Section 2.3, we require continuity of squared Bessel
processes on various subtrees, and Assumption 1 is convenient for checking this.

2.2. Approximations for the cover time. In order to prove the main result of this section
(Proposition 2.7), we will consider a sequence of approximations to 7 with finitely many
branches. The precise choice of approximations that we will introduce for the Brownian
CRT will be presented in Section 3. For now, we merely need to suppose (x;);>0 is a dense
sequence of points in 7. It will be consistent with our decomposition for the Brownian CRT
and result in no loss of generality to assume that xg = p and that the elements of the sequence
(x;)i>0 are distinct. We also let M = M (e), € > 0, be natural numbers that are non-increasing
as a function of € and diverge as € — 0. For each € > 0, we define

M(e)
(10) 7 = llp, w7,

i=1
where for points =,y € T, we write [[z,y]]7 for the geodesic arc between = and y. We
equip 7©) with the restriction of d7 to 7 (we will not introduce special notation for this
restriction), so that (T(E), d7) is a compact real tree with finitely many branches. The natural

projection from 7 to 7€) that maps = € 7 to the (unique) closest point in 7(¢) will be
written (%), It is straightforward to check that

di (T(a), T) = 2161'173'd7— (az, 7 (w)) — 0,
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Tmid

As(z)  As(y) x

hs

FIG 2. An illustration of how the map A s operates. The bold arcs represent [[x, Ag(x)]]7 and [[y, As(y)]] T for
points x and y on opposite sides of the point x,;q, which is the midpoint of [[p, z1]] T

as € — 0, where d# is the Hausdorff distance between compact subsets of 7.

We are now able to proceed with our discussion of cover times. The principal quantity of
interest will be 7coy, defined from X7 as at (1). To show that 7o, can be written in terms of
local times, as per the conclusion of Theorem 1.1, we will introduce various approximations
of T¢ov. Firstly, for € > 0, we set
&) . — inf {t >0: X[70—,t} ) T(E)} ,

cov

ie. T(;(g\), is the first time that X7 has visited every point of 7). We will actually run the

process X7 for a slightly longer time than this, until it hits a specified point in 7() at a
distance 0 away from X;r(g). To this end, for each 0 € (0,d7(p,z1)/2), we define a map

As T — T such that, wr}tving b7 (2,7, z) for the branch point of z,y,z € T (in particular,
this is the unique point that lies on each of the arcs [[z, y]] T, [[y, z]]7 and [[z, z]]7):

o if dr(p,b7 (p,z,21)) > d7(p,x1)/2, then Ag(z) is the point on [[p,z]]7 at a distance §
from z;

o if d7(p,b7 (p,x,21)) < d7(p,21)/2, then As() is the point on [[x1, z]]7 at a distance §
from x.

See Figure 2. We observe that, for each 4, the map As is continuous at every point of
T\{Zmia}, where zq is the mid-point of [[p, z1]]7, i.e. the unique point of 7 such that

d7 (P, Tmid) = d7 (@mia, 1) = d7 (p,21) /2

Moreover, we highlight that As(7(®)) C 7(). With these preparations in place, we define,
fore >0and 6 € (0,dr(p,1)/2),

50) =int (o2 750 XT =8 (XT) )}
We similarly set
Toov(8) == 1nf {t > 1oy = X[ = A5 (XTI )}

Before continuing, we note [27, Lemma 2.3] yields that, under Assumption 1, the local times
of X7 diverge uniformly (i.e. inf,c7 L] (z) — oo as t — oo, PpT—a.s.), which implies in turn

that 7.,y and Téﬁ& are finite, P,T -a.s. Moreover, since X7 satisfies the commute time identity,

ie.

(n El (1)) + Ej (r:) =2d7(2,y),  Vao,yeT,

where E7 is the expectation under P and 7, :=inf{t > 0: X/ = 2} is the hitting time of
x by X T (see [31, equation (2.17)], for example), it further holds that, under Assumption 1,
both 7553(5) and 7oy (0) are also finite, PpT -a.s.
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With 7.5) (6) and Teov (9) defined, we are now able to introduce our second main assump-

tion. This excludes the possibility that, at time r§§3(6 ), the local time L7 takes the value zero

on a small set.

ASSUMPTION 2. For each €,26 € (0,d7(p,x1)) N Q,
PT(Ei(e,0) U Ea(e,6)) =1,

where
- T
(12) Ei(e,8) = {Lﬁg(&)(x) >0, v:ceT},
(13) Ba(z,6) = {Elx €T, r>0: LTy (1) =0, vy € BT(a:,r)} .

In order to explain how we apply this assumption, which we will do in Proposition 2.7,
we need several preparatory lemmas (none of which require Assumption 2 itself). The first
of these lemmas establishes that 7.,y () is indeed an approximation of 7. This is a general
result in the sense that we need not make use of either of our general assumptions.

LEMMA 2.3. It P/T-a.s. holds that
7'cov<5) — Teovs
as 6 — 0.
PROOF. Clearly 7oy (d) decreases monotonically as § — 0, PpT -a.s., and so it will suffice

to show the desired convergence statement holds in PpT -probability. Conditioning on the
value of X I ..» from the strong Markov property we obtain: for any 1 > 0,

PZ(|TCOV(5) — Teov| > 1) < suf;;PZ— (TAS(I) > 77) )
S

Now, by applying Markov’s inequality and the commute time identity (11), we have that the
right-hand side here is bounded above by 287 ~!. Hence, it converges to zero as 6 — 0. This
is enough to complete the proof. O

Next, we rule out the possibility that X7 is located at the point 2,iq, which we recall is
the midpoint of [[p, z1]]7, at time Tcoy.
LEMMA 2.4. If Assumption I holds, then
PI(X]  =2ma)=0.
PROOF. We may assume that, for each fixed point = € T, the local time (L] (z));> is a
continuous additive functional satisfying Pg -a.s.,
(14) inf {t>0: L] (x) >0} =0,

see [59, Section 3.6], for example. It is also straightforward to check from (9) and the con-
tinuity of the various processes that, PpT -a.s., L, (xz) = 0. Hence, by applying the strong

Markov property at time 7,._.,, we deduce that, PpT -a.s.,

(15) inf {t >0: LtT(a:mid) > 0} = T2mia-
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Applying the continuity of X7, it moreover PPT -a.s. holds that 7, < 7, < Teov. Hence,
writing 7 for (7., + Tcov)/2, We can conclude that, PPT -a.s., LT (zmiq) > 0. Since the local
times are jointly continuous, it follows that, PPT -a.s., for some r > 0,

LT(z)>0, V2 € Br(vma,r).

From this, it is an elementary application of the occupation density formula (9) to deduce
that, PpT -a.s., for some r > 0, 7, < 7 for all z € By (xmiq, 7). The result is a straightforward

consequence of this (and the continuity of X 7). ]

We now present a useful property concerning the uniformity of the distribution of the time
to hit As(z) from z. Again, this requires neither Assumption 1 nor 2.

LEMMA 2.5.  Foreach § € (0,d7(p,x1)/2), it holds that
sup PZ— (77 > TA(S(E)) — 0,
x€T

as n— 0.

PROOF. We first claim that if x,, — = and y,, — y in (7, d7), then
(16) Pl (ry, €)= Pl (ry€")

n

weakly as probability measures on R. To prove this, note that, under P;C , it holds that 7, <
T + 71 + 71, where 7] is the time taken by X7 to hit z, 73 is the time taken from then to
hit y and 73" is the subsequent time to hit y,,. Clearly 7' under PZ; has the distribution of 7,
under PZ . Moreover, applying (11), we find that, for any > 0,

4(d7(zn, ) + d7(Yn,y))
7

Pl (r{ + 7§ >n) <Pl (o >0/2)+ P] (1, >1/2) < —0,

as n — oo. Hence we obtain that, for any n > 0,

limsup P/ (7, > 1) < P] (ry >n).
n—oo
By considering a similar upper bound for 7, under PT, we are also able to deduce that, for
any n > 0,

linn_1>i£f PZ; (1y,. >1) > Pl (1, >1n).

Combining the two previous displays yields the claim.

Now, for each 1 > 0, define ¢, (u) := max{min{1,2 — u/n},0} for v > 0; this is a con-
tinuous bounded function that strictly dominates 1y, .. Hence to prove the lemma, it will
suffice to show that

sup B (¢ (7a,(x))) = 0.

€T
as 7 — 0. To simplify notation, we define f,(z) := E] (n(TA4(x)))- Since for any x € T,
TAs(z) 18 strictly positive, Pg -a.s., we have from the monotone convergence theorem that f;
decreases monotonically to zero pointwise as  — 0. To extend this to uniform convergence,
we will appeal to Dini’s theorem, which requires continuity. Whilst we can not apply this on
the whole space 7, we can do on certain subsets. In particular, define

A={zeT: dr(p, b7 (p,x,21)) > dr(p,x1)/2} .
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By construction, the function A is continuous on A. Thus from the claim that we proved in
the first paragraph of the proof, i.e. (16), it follows that, for each 7, f, is also continuous on
A. Since A is clearly a compact subset of 7, we obtain as a consequence that

sup fr(x) =0,
z€A

as 1 — 0. Similarly, set
A={zeT: dr(p,b7 (p,x,21)) <dr(p,21)/2},

and consider the function A5 given by changing > and < to > and <, respectively, in the
definition of Ag. Note that Ay is continuous on A and As; = As on A°. Thus, proceeding as
in the argument for the set A, we find that

sup fofe) <sup B (00 (73,0) ) =0,

as 7 — 0. This completes the proof. O

Applying the previous two lemmas, we are able to prove the following result, which, in
(e)

conjunction with Lemma 2.3, gives that 7cov(0) is also a good approximation for 7.o, when
both ¢ and ¢§ are small.

LEMMA 2.6. If Assumption 1 holds, then, for each ¢ € (0,dr(p,x1)/2),

Tc(gx)l (0) = Teov(6)

in P[T—probability ase—0.

(€)

PROOF. Clearl TC(S\), < Teov for every € > 0, P7T-as. Moreover, Tcor, monotonically in-
y y 0 y

creases as ¢ decreases, and so has a PPT -a.s. limitas ¢ — 0, 70(83, say. Suppose 7523 < Teov. If

te [7(533, Teov ), then X7

of X7, X

0,4 2 Ue>07 ), and so, by the denseness of (;);>0 and the continuity

04 = =T, but this contradicts that ¢ < 7..,. Hence, it must PpT -a.s. hold that

(17) 78 = Teon,

COV
as ¢ — 0. Applying the continuity of X7, it is thus also the case that X T(E) — XZ: ..»and
moreover, from Lemma 2.4 and the continuity of As on 7\{&wiq}, we ‘deduce that, for

every 0 € (0,dr(p,z1)/2), P -as.,

(18) A5 (XT) = A5 (XT),

Tcov

ase — 0.
We will next apply Lemma 2.5 and (17) to check that, for every § € (0,d7(p,x1)/2),
(19) PT <TCOV < T§03(5)) S,

as € — 0. In particular, we have that, for every n > 0,
PZ (Tcov > Tcgox)z(‘s)) = PZ (Tcov - TC(O\)/ > Tc(gx)/ (6) — c(gx)/)

< PT (oo =780 >n) + B (7(0) =78 <n).
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The first term here converges to zero as € — 0 by (17). As for the second term, this is bounded
above by sup . Pl (n>1a +(z))» Which, by Lemma 2.5, can be made arbitrarily small by
choosing n appropriately. This establishes (19), as desired.
Now, consider the following two stopping times:
51 :inf{t > Teov XtT S {A5 (X;r(s)) ,Ag (XT )}} ’

Tcov

T :inf{t2 Teov ! X[ g2 {A5 (XT@) A (XT )}}

Clearly, on the event {7¢0y < 7553(5)}, it holds that
7L2(6) = Teon(0)]

From (19) and the conclusion of the previous paragraph, to complete the proof, it will
consequently suffice to show that o — 737 -+ 0 ase — 0 in PpT -probability. To this end, we
define

Ty —T1 =

Tcov

d(e.0) = dr (85 (XT)) 85 (X]))

and then apply the strong Markov property at 7 (noting that both Ag(XZ(—E)) and As(X7 )

Tcov
cov

are (X/)=;-measurable) to deduce that, for every 7 > 0,

PPT (o —11>m) < EpT xSngzr P;r (ry>n) | < EPT (min{l, 277’1d(5,5)}) ,
dT(xv’y)Sd(sva)
where the second inequality follows from (11). In conjunction with (18), this implies the
result. =
Putting the above pieces together, we arrive at the main result of this subsection.

PROPOSITION 2.7. If Assumptions I and 2 hold, then, P[T-a.s.,
Teov =inf {¢ >0 L] (z)>0,Vz e T}.

PROOF. Fix rational ¢ € (0, d7(p,x1)/2) and suppose there exists a rational sequence (&;)

with £; — 0 such that
PpT (E1(g4,0) holds for finitely many ) > 0.
Then, from Assumption 2, it follows that
(20) PT (Es(e;,6) holds for all large i) > 0.
Clearly, on Fs(g;, ), the occupation density formula (9) and the continuity of X7 imply that
Teov = T(ng) (6).

Moreover, by Lemma 2.6 and [44, Lemma 4.2], it is possible to find a (deterministic) subse-

quence (g;,) such that Tc(zv” )(5) converges to Tcoy(0) as j — oo, PpT -a.s. Consequently, from
(20), we obtain that

T
Py (Tcov 2 Teov(6)) > 0.
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However, from the continuity of X T itis clear that Teov(0) > Teovs PPT -a.s., and so the above
inequality is a contradiction. Thus we have established that, for any rational sequence (g;)

with ¢; — 0,
PpT (E1(g4,0) holds for infinitely many i) = 1.

Now, again appealing to Lemma 2.6 and [44, Lemma 4.2], we can find a (deterministic)
sequence of rationals (g;) such that Tc(gi,)(é) converges to Teoy(0) as i — 0o, PZ -a.s. On the

event that F1 (g;,0) holds, we clearly have that
inf {t >0: Lf(x) >0, Vx e T} < T(si)(5)'

cov

Since this holds infinitely often along the sequence with probability one, it follows that, PPT—
a.s.,
inf {t>0: L] (z)>0,Vz e T}< limsup 7.5 (6) = Teoy (8).
1—00
As § € (0,d7(p,x1)/2) can be chosen as an arbitrarily small rational number, it follows from
this and Lemma 2.3 that, PpT -a.s.,

1) inf {t>0: L] (2) >0, Vo € T} < Teov-

On the other hand, if ¢ is such that L] (x) > 0 for all 2 € T, then it readily follows from
the occupation density formula (9) and the continuity of X7 that ¢ > 7..,. Hence, it P;r -a.s.
holds that

(22) inf {t >0: L] (2) >0, V2 € T} > Teor-
Combining (21) and (22) yields the desired result. ]

2.3. A Ray-Knight theorem for trees. The aim of this section is to give a probabilistic

characterisation of the local time process L7 at time 7'533(6) that will facilitate the proof
that Assumption 2 holds in our setting. The main result, see Proposition 2.9 below, is in the
spirit of the classical Ray-Knight theorem, which relates the local times of one-dimensional
Brownian motion at a hitting time and a BESQ process. (For background on Ray-Knight
theorems, see [65, Section XI.2] or [59, Chapter 2], for example; of the results that appear
there, the statement closest to ours is probably [59, Theorem 2.6.3]. We also note that a
related version of the second Ray-Knight theorem on tree-like spaces is studied in [57].) To
state our conclusion, we first need to introduce several additional objects: a certain Brownian
motion on 7€), a description of the connected components of 7\7 (%), and the notion of a
tree-indexed Bessel process.

Recall the definition of 7(¢) from (10). Clearly, for each & € (0,d7(p,z1)), this is a
real tree of finite and strictly positive length. Hence the associated one-dimensional Haus-
dorff measure A(©) is a finite Borel measure of full support on 7). Consequently, simi-
larly to the discussion at the start of Section 2.1, it is possible to define a canonical Brow-
nian motion ((Xt(s))tzg, (ngs))xg—(a)) from (7). dr, A)). Since A\(®) is readily checked
to satisfy Assumption 1, we may assume that X (¢) admits jointly continuous local times
(LE‘S) (7)) zeT 1>0- As one further piece of notation concerning the process X (©), we define

7(e,9) in analogous way to how 7533(5 ) was defined from X7 . In particular, if ooy (X () is
the cover time of X (¢) (defined as at (1)), then

7(g,0) :=inf {t > Teor (X)) : Xt(g) =As (Xifjv(X@U) } .

Note we require § € (0,d7(p,x1)/2) to ensure this is well-defined.
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Next, we observe that because (7 ,d7) is a compact real tree, it has at most a count-
able number of branch points (see [37, Lemma 3.1], for example). This means that, for each
e € (0,d7(p, 1)), the set T\T(®) consists of at most a countable number of connected com-
ponents, (7,°);ezc say. We write (7;);czc for the closures of these components in 7, which
means adding one additional point to each of the sets. Namely, for each 7, there exists a
pi € T such that T;\T;° = {p;}. We then have that each (7;,dr) is a compact real tree
(again, we do not introduce specific notation for the restriction of d7), and we will consider
the root of each to be the relevant p;.

As the final ingredient for stating Proposition 2.9, we need the notion of a tree-indexed
(squared) Bessel process. To introduce this, we start by recalling that a BESQ process of
dimension d > 0, started from 2y > 0, can be characterised as the unique positive strong
solution (&;);>o of the stochastic differential equation

t
& = Zo—|—2/ \/gst—i‘dt,
0

where (By);>0 is a standard one-dimensional Brownian motion. (See [59, Section 14.2] for
a brief introduction to such processes with a focus on aspects that are useful for the study
of local times, and also [65, Chapter XI] for a more in-depth discussion.) We will denote
the law of such a process by BESQ?(z). Heuristically, a 7 -indexed BESQ%(z) process
is a random function (¢7),c7 such that, along each arc [[p, z]]7, (§Z)y€“p,x]h is a one-

dimensional BESQd(zO) process (where the arc is parameterised using the distance from the
root), and, if z and z’ are two distinct vertices, then conditional on fg; (ps0.27)° the values of

(gg)ye[[bT(p7$’$/)7z}]T and (5;)346[[1,7([,@@/)@/“7 are independent. When the number of leaves

in the tree is finite, such as in each 7€), there is no problem in making this definition rigorous
by applying the Markov property for one-dimensional Bessel processes (see [65, Chapter
XI]). However, for a general compact real tree, some care is needed. More generally, we
will say that (¢]),e7 is a T-indexed BESQ?(zp) process if it is a continuous stochastic
process such that, for each subtree 7' C T that spans a finite set of vertices including the
root, (£]),e7- satisfies the properties just described. Following the work of Le Gall [53], we
will later give a construction of such a process in our setting (i.e. where the underlying tree is
the Brownian CRT) using the notion of a Brownian snake. For now, though, it is convenient
to give a preliminary result that ensures certain O-dimensional tree-indexed BESQ processes
are well-defined.

LEMMA 2.8. Suppose Assumption 1 holds. It is then possible to construct, for any zg > 0,
a T-indexed BESQV(2) process. The law of such a process is unique.

PROOF. Since for zy = 0, the one-dimensional BESQ(zy) process remains at zero (see
[65, Theorem XI.1.5], the generalisation to trees is trivial in this case. So, we fix zy > 0.
The key input to the proof in this case will be the following estimate for a one-dimensional
BESQ(z9) process, (& )i>o: for any T >0,

ce

T

where the constants C' and ¢ depend only upon zg and 7', and here we write P for the prob-
ability measure on the space upon which £ is defined. To prove this, we use the fact that
the BESQV () process can, up to the hitting time of 0, be written as a time-change of one-
dimensional Brownian motion (B;);>¢ started from zy, with speed measure given by ﬁdm,
see [66, Section V.47.27 and V.48]. In particular, if

A, = fot %Bsds, fort < 72,
o0, for t > TéB,

), Ve>0,0<s<t<T,
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where 78 is the hitting time of 0 by B, and a(t) :=inf{s: A >t} is its right-continuous
inverse, then it is possible to construct a version of Z by setting § = B, ;). Now, on the
event that sup,<7, Bs < A, we clearly have that A; — Ag > (¢t — s)/4\ forany 0 < s <t <
min{7p, 78 }. Hence a(t) — a(s) < 4\(t — s) for any 0 < s < t < Tp/4\. Consequently,
taking Tp := 4\T', we deduce that: for any 0 < s <t <7 and A > 2,

P (|¢ — &l >e)
<P (sup Bs > )x) +P <‘Ba(5) — Ba(t)| > ¢, sup B < )\)
s<Ty s<Tp

<2P(Br,>A)+P | sup sup |Bgy,r— Byl >¢
q<4Xsr<4X(t—s)

A— 20 T
<2P(B1—By> — |+ (1+ P su B, — By|>¢
B (1 ‘ 2\/)\T> < t_3> (TSS)\(E)S)‘ o )

)\—z0> < T> €
<2P(B;— By > +4(14+—|P | B1—By> —F———= |,
B ( ' ’ 2VAT t—s ! 0 /8X(t — s)

where we apply a union bound to deduce the third inequality, and the reflection principle
to bound the terms involving the supremum of Brownian motion. Now, since By — By is
simply a standard normal random variable, we have that P(B; — By > x) < Ce="/ 2 and so
applying the above bound with A = ¢/+/t — s gives the result at (23) when //t — s > 2.
We can extend this to €/1/t — s < 2z by adjusting C' as appropriate.

To apply (23) to deduce the existence of a 7 -indexed BESQV(zp) process, we will apply
a version of the Kolmogorov-Chentsov continuity theorem, as appears in [61, Section 3]. To
this end, for each n > 0, let D;{ be a minimal 27" covering of T (i.e., a collection (xl)lNz”l
of minimal size such that UY" By (z;,2~") = 7). From Assumption 1, it is an elementary
exercise to check that N,, < C2", where 7 is the constant of that assumption. We also let
D!, = Up<,DJ , and then set D,, to be the union of D), and all those points at a distance
that is an integer multiple of 27" from the root on one of the arcs [[p, z]]7 for some z € D),.
Note that D,, forms an increasing sequence and each has size bounded by C2(!*™"_ Finally,
we set D = Up,>0D,,, which is countable. If 7, := Ucp, [[p, z]]7, then it is straightforward
to construct a 7,-indexed BESQV () process directly, by piecing together one-dimensional
BESQ processes on each of the arcs. Moreover, by Kolmogorov’s extension theorem, we can
readily extend this construction to give a BESQ®(z9) on 7p := Usep|[p, #]] 7. Let us denote

the latter process by (Z?) e, . Now, since the diameter of 7 is finite, we obtain from (23)

with £ = (£ — s)2 % for some § > 0 that:

P <‘§ZD — f;rD‘ > dr(z, y)%_5> < Cexp (—ch(x,y)_5> , Vr,y € Tp,

where the constants here depend only upon the diameter of 7 and zy. Hence we can apply
[61, Corollary 3.2] to deduce that

P sup }£ID _ 5?3})‘ > C2—(é—5)n < 06_25",
z,y€D:
dT($7y)§27(n71>
Since the upper bound here is summable in n, we deduce from a Borel-Cantelli argument that
({ZD)xe D is (almost-surely) uniformly continuous on D, and thus can be extended uniquely
to a continuous function (fZ )ze7- We further note that the inclusion of the additional points
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in D,, as compared to D], means that D N [[p, x;]]7 is dense in [[p, z;]]7 for each z; € D, and
from this it is straightforward to check that ¢/ = ¢7> on the whole of 7p.

To complete the proof and obtain uniqueness of the law of (£]),c7, it will suffice to
show that for any subtree 7' C T spanning a finite set of vertices including the root, the
process (£] )ze7 is a T'-indexed BESQC(29) process. Suppose T’ = UM, [[p, zi]] 7. By the
denseness of D, for each i, there exist sequences (z}'),>¢ in D such that dr(z7,x;) — 0

()

as n — oo. It follows that, b7 (p,z;,27) — 0. Now, from the construction of (/7).

we obtain that the law of (¢]) e, where T, := UM, [[p,b7 (p, z;, 21)])7 is a T, -indexed
BESQ’(zg) process, for each n. From this and the continuity of (¢]),c7, one can deduce
the corresponding result holds for 77, as required. 0

Often we will apply Lemma 2.8 to subsets of 7. Specifically, for each x,y € T, = # vy,
write (7;);ez, , for the closures of the connected components of 7'\ [[x,y]]7, defined simi-
larly to (7;);cz . If Assumption 1 holds for 7, then it also holds for the restriction of p7-
to each component 7;, i € Z,, (with possibly different constants for each). Hence, for any
20 > 0, it is possible to construct a 7;-indexed BESQ(z) process for any i € Z;y. Obvi-
ously, the same result also holds for each component of (7;);cz -

We are now ready to state the main result of this section, which relates local times and
certain BESQ processes.

PROPOSITION 2.9.  Suppose Assumption 1 holds, and that 20, € (0,d7(p,x1)). Under
()

PPT , the law of the local time process LT at time Teov(0) is characterised as follows.

(a) The law of (LZE) ® (x))zeT@ is equal to that of(L(f(l 5) (%)) zeT under pp(é).

(b) Conditional on (L;r(5> ® ()T, the local times on the various components of T\T ),
that is, (LZE) ® (2))zeT> i € I, are independent, with each distributed as a T;-indexed
0-dimensional BESQ process started from LZ—@ ) (pi)-

Towards checking part (a) of the above result, we will use the fact that X () can be repre-
sented as the time change of X7 . In particular, we introduce a continuous additive functional
A by setting

A = / LT (2)A\®)(dz),
T
and write
o ©(t) := inf {s >0: A > t}

for its right-continuous inverse. We then have the following connection.

LEMMA 2.10.  Suppose Assumption 1 holds. For any € € (0,d7(p,x1)) and x € T, it
holds that the joint law of (X©), L€)) under PC,SE) is equal to that of

< <Xo7;<s>(t)) 10 <LZ:<s> (t) (JI>> a;eT(f>,t20)
under PJ .

PROOF. The proof is identical to that of [26, Lemmas 2.6 and 3.4], which dealt with
realisations of the Brownian CRT, but applies to more general compact real trees. The one
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point that should be expanded upon is that the starting points of the two processes are the

same, i.e., that XZ@(O) = x almost-surely under PZ' . For this, it is sufficient to show that

(%) (0) = 0 almost-surely under P/ . However, it is an elementary exercise to check this fact
by applying that A\() has full support, (14) holds and the local times L7 are almost-surely
jointly continuous. O

In what follows, we will often suppose that X (¢) (and its local times) are coupled with X7
(and its local times) in the way given by the previous result. Namely, we will suppose that
both processes are built on the same probability space in such a way that we have equality
between Xt(g) and XZ(&) @ for all ¢ > 0 (and similarly for the associated local times), almost-
surely. When this is the case, we will simply say the processes are coupled, and write the joint
law as P if the starting point is z € 7). Under such a coupling, we also have that various

stopping times of interest for the processes align with respect to the time change. Recall 7,

(€)

is the hitting time of by X7 . We will write 7, for the corresponding quantity for X ().

LEMMA 2.11.  Suppose Assumption 1 holds, that 26,e € (0,d7(p,z1)), z,y € T®), and
that X©) and X7 are coupled, each with starting point x. It then P;r -a.s. holds that

7, = al® <7_155)> : 78 (8) = ' (7(¢,6)).

Ccov

PROOF. Under the coupling, we P, -a.s. have that

XZ’(E)(T:(SE)) = Xq(_gs)) =1v.
Hence o(®) (TZ,(,E)) > 7,. On the other hand, from the version of (15) with x,;q replaced by
y (and the continuity of the local times, as well as the full support of A\(¥)), we have that

A(Ti)th > Agi) =0forallt >0, PxT -a.s. Hence, it PxT -a.s. holds that a/(¢) (Ag?) = 7y, and so

© _xT —x7 —
XA%) = Xa(s)(A(Ti}) =X: =Y,

which implies Agi) > 7'355), and in turn that 7, > al®) (TZSE)). Thus we have completed the

proof of the first equality.
To verify the second equality, we start by applying the first one to deduce that, P/ -a.s.,

8 = max 7, = max o (ng‘f:)) =l < max T£§)> =¥ (TCOV (X(E)>> :
i=1,..,M() ~ " i=1,...,M(e) : i=1,...,M() ~°

-----

We then apply the strong Markov property at this time, together with another application of
the first equality to deduce the result. O

With these preparations, we can prove the first part of Proposition 2.9.

PROOF OF PROPOSITION 2.9(A). Supposing that X(©) and X7 are coupled, each with
starting point p, we have from Lemma 2.11 that, PPT -a.s.,

Lia()s,a) (z)= LZAs)(T(s,(S))(iU) = L;Ggg((;) (z), Vo e TE.
Hence the claim follows from Lemma 2.10. O

For the proof of part (b) of Proposition 2.9, the additional ingredients we need are the
following Ray-Knight-type result at a single hitting time (Lemma 2.12) and certain additivity
and Markov properties for tree-indexed BESQ processes (Lemma 2.13).
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FIG 3. An example of the labelling of the points (zz)i\il and subtrees (T, ) ijzl [from the proof of Lemma 2.12.
The arc [[x, y]]7 is shown in bold.

LEMMA 2.12.  Suppose Assumption 1 holds, and that x,y € T, x # y. Under PZ , the
law of the local time process LT at time Ty IS characterised as follows.

(a) The law of (LZ; (Z))ze[[:my]]T
terised by distance from y.
(b) Conditional on (LZ.; (2))z€[[z,y]),» the local times on the various components of T\[[z,y]] T,

that is, (LZ; (2))2eTi» © € Ly, are independent, with each distributed as a T;-indexed 0-
dimensional BESQ process started from LZ; (pi)-

is given by a BESQ?(0) distribution, with time parame-

PROOF. In this proof, we consider the Gaussian process (G).c7 whose distribution is
characterised by

E (Gz) = O’

Cov (G, G2) =dr (3,07 (y,w,2)).

As per the discussion in [36, Section 6], it is possible to check that, under Assumption 1, this
process has a continuous version. (Alternatively, one could follow the proof of Lemma 2.8,
using a Gaussian estimate in place of (23).) We will show that

_ _ d _
(24) <Lz;(z) +(Gz = Gyr(ay) + (G: — GbT(I,W))Z)ZGT 92+ G2) e

where (G).e7 is an independent copy of (G ).c7, and both G and G are independent of
LZ; . From this, the result follows exactly as in the one-dimensional case; see the proof of [59,
Theorem 2.6.3].

Since all the processes in question are continuous, it will suffice to check that the finite-
dimensional distributions of the various objects align. In particular, for the remainder of the
proof, we fix vertices (zi)i]\il in 7. Without loss of generality, we will suppose these are dis-
tinct. Moreover, it will be convenient to suppose these are ordered so that d(y, b7 (z,y, 2;))
is non-decreasing, and if d7(y,b” (z,y,2)) = dr(y,b (,y,2;)) with 2; € [[z,y]]7, then
i < j (i.e., vertices on the arc [[z, y]]7 appear in the order before those in the subtrees that
emanate from them). Moreover, vertices within the same subtree off [[z, y]]7 should be con-
secutive in the sequence, though the order within these is unimportant. See Figure 3 for
an example of this labelling. To understand the distribution of (Lz;(zi))i]\il, we consider
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its moment generating function. In particular, from [59, Lemma 3.10.2], we have that, for
A1, ..., Aps sufficiently small,

(25) ET (exp <§: )\.LT(ZA)>> - M
v P A det (I —XA)’

=1

where I = (Ii’j)%zl is the M x M identity matrix, A is the M x M diagonal matrix with

entries given by A; j = \il; j, ¥ = (217]-)%:1 is given by

Z’L,j = 2dT (y7 bT(ya Zis Z])) )

and 3 = (2”)%:1 is given by

2i,j = 2dT (y7 bT(y7 Ziy Z])) - 2dT (y7 bT(x7 Y, Z])) :

We highlight that, in [59, Lemma 3.10.2], > and S are expressed in terms of a certain po-
tential density, namely ¥; ; = ur, (2, z;) and S = ur, (2i,25) — ur, (x,2j), where ur (z,-)
is the occupation density for X7, started from z and run until hitting . In our case, it is
known that u,, (z,w) = 2d7(y,b7 (y,z,w)), see [18, Corollary 3.10] or [19, Proposition
2.12], for example. Moreover, [59, Lemma 3.10.2] requires a continuous a-potential density,
but this readily follows from the existence of a jointly continuous transition density for X7,
(ptT(w, 2))w,zeT +>0 say (see [48, Theorem 10.4], for example), which, under Assumption 1,
satisfies p] (z,2) < Ct~"/ 1+ for t € (0,1) (as follows from the argument of [52, Propo-
sition 4.1], for example; applying such ideas, for the Brownian CRT in particular, detailed
transition density estimates were presented in [26]).

Thus it remains to show that the right-hand side of (25) can be expressed in terms
of the Laplace transforms of the relevant Gaussian processes. Firstly, we observe that
Cov(G.,,G2,) = %Ei,j by definition. Hence, writing g7 for the transpose of a vector, we
can directly compute that

E (| exp i)\ G? L / exp | g7 Ag 1gT<1E>_lg dg
X Gz, = > - = -
= (2m)M/2 det (33)"/* Jr 27 A2

1
2

- ! _1 T -1 _
= (27T)M/2det (%2)1/2 /RMexp< 2g (22 2A)g> dg

det (== 2/\)‘1)1/2

det (15)"/?
=det (1 — $A) Y2,

which of course implies

M
(26) E <exp (Z X (G2 + Gi))) =det(1—%A)"".

i=1

To handle the numerator of (25), we will consider the form of )y carefully. To do this, we
first note that every z; is either on the arc [[z,y]]7 or in a set of the form T;\{px}, where
T is one of the trees in the collection (7)iez, . Write (7Tx, )2, for the set of trees that
contain such a vertex, ordered in a way that is consistent with the ordering of the points from
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(2;)M, that they contain. Again, see Figure 3 for an example. Now, if d7(y,b” (z,y,2)) >
dT(ya bT(x7 Y, Zj))a then

i =2d7 (4,07 (y, 21, 2))) — 2d7 (9,07 (2,9, %))
=2d7 (y.b7 (2,y,2;)) —2d7 (y.b" (2.9, 2)))
=0.

Similarly, if d(y,b7 (z,y,2)) = dT(y,bT(:c,y,zj)) and z; lies on the arc [[z,y]]r, or if
z; and z; lie in different subtrees emanating from the same point on the arc [[z,y]]7, then
Y; ; = 0. Furthermore, if z; and z; lie in the same tree 73\ {py }, then

i =2d7 (4,07 (y,21,2))) — 2d7 (9,07 (2,9, 2)))
=2d7 (y,07 (y, 21, 2)) — 2d7 (y,b7 (2,9, 2))

Il
M

j?i‘
Consequently, writing $(k+) for the symmetric matrix (il )zi,2,€Th, » We have that 3 is block
upper triangular of the form

0

In particular, the matrix has O entries below the diagonal block, the O entries on the diagonal
correspond to those z; on the arc [[z, y]]7 and the matrices $(*) to those vertices in subtrees
emanating from that. From this observation, we are readily able to deduce that

27) det (I _ EA) - ﬂ det (I(’“") _ i<kn>A<kn>) — det (I — iA) ,
n=1

where I(5») and A(%) are the restrictions to vertices in Tr, of I and A, respectively, and ¥ is
the symmetric matrix given by replacing in X all the entries above the block diagonal by 0.
Finally, we observe that

E (Gzz' - GbT(%y,zi)) =0,
Cov (GZ1 — GbT(w,yﬁi)’ GZ]. - GbT(x,y,zj))
= dT (y7 bT(ya Zis Z])) + dT (317 bT(y7 bT("E7 Y, Zi)7 bT(x7 Y, ZJ)))
_dT (y7 bT(y’ bT(ajv Y, Zi)’ Z])) - dT (y’ bT(.% Ziy bT(xa Y, Zj))

_ dT(y> bT(yv Zi, ZJ)) - dT(ya bT(x7 Y, Zj))v if Ziy %4 € E,L\{pkn} for some n = 17 cee an
10, otherwise,
1.~



24

Thus, by following the calculation used to deduce (26), we find that

(28)
- 2 (A = 2 SR
E <exp (Z Ai ((Gz7 — GbT(x,y,zi)) + (GZ7 — GbT(x,y,zi)) ))) =det (1 — EA) .
i=1
Combining (25), (26), (27) and (28) yields (24), as desired. ]

LEMMA 2.13. (a) Suppose (€%).cT, i = 1,2, are independent T -indexed BESQ® (z;)
processes. It is then the case that (€L +€2) e is a T-indexed BESQ® V%2 (21 + zo) process.
(b) Suppose (&;)eer is a T-indexed BESQ®(zy) process and T' C T is a subtree spanning
a finite set of vertices including the root. Write (T;)icz for the closures of the components
of T\T'. It is then the case that, conditional on (£;)ze77, (§2)zeT,, @ € Z', are independent,
with each distributed as a T;-indexed BESQY(E,,) process.

PROOF. Given the continuity of the processes in question, for both parts (a) and (b), it suf-
fices to check the claims for the finite-dimensional distributions of the processes in question.
This is straightforward from the construction of the tree-indexed BESQ processes and the
analogous claims that hold for the one-dimensional process. In particular, for the additivity
property, see [65, Theorem XI.1.2]. The Markovianity of the processes is also discussed in
[65, Chapter XI]. O

PROOF OF PROPOSITION 2.9(B). In this proof, we write

T = max Tw
() G=1,.. R

so that Tég\), =T(M(e))-
By Lemma 2.12, we have that, conditional on (LZ:I)( ))zellpzallr> (LZ(-I)( 2))zeT;, €
T, are independent, with each distributed as a 7;-indexed 0-dimensional BESQ pro-

cess started from LZZ )( i). Using the Markov property for tree-indexed Bessel processes

of Lemma 2.13(b), we obtain from this that, conditional on (L;r(l)( 2)) 2T (L;r(l)( 2)) 2T

i € Z(9), are independent, with each distributed as a 7;-indexed 0-dimensional BESQ process
started from LT (p:).

T(1

We proceed (fr)om the previous observation inductively. Suppose for some i < M () we
have that, conditional on (LZH( 2))zeT@ (LZ(—)( 2))zeT;» J € Z(), are independent, with
each distributed as a 7;-indexed O-dimensional BESQ process started from LT( )(p]) We
have two situations to con51der either 7, , < 7(;) OF Ty, > 7(;). (The times 7., , and
7(;) can not be equal, because we assumed the vertices (z;);>0 to be distinct.) Moreover,
we observe that, since it PT a.s. holds that 7,,, = inf{t > 0: L] (z;41) > 0} (cf. (14)),
we have that LI()(;EZH) > 0 implies 7, , < 7(; and LT( (%i11) = 0 implies 7z, > 7(;).
In particular, which of the events {7, , < 74} or {7z,,, > 7(;)} occurs is determined by
(LZ( (2))ze7. Similarly, X T) is determined by (LT( 1(2))ze7, being the unique one of
the vertices x1, ..., x; with zero local time at time T(i)-

Now, conditional on (LZ;) (2))ze7@,1f 7o, > 7(;), then

T T
(LT(1+1>( ) LT(7)( ))ZGT’

is distributed as the local time (LZ:Mr (2)):e7 under P{, , independently of (LT (2)).e7.
s (o)

T(i)

j € I In particular, applying Lemma 2.12 and the Markov property for tree-indexed
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Bessel processes (i.e. Lemma 2.13(b)), conditional on (LZ;)(,Z))ZGT<E> and (L7 (2) —

T(i41)
LZ(:_) (2))se7@, if Tziv1 = T(3)s then

T(i+1) T(i)

(L@ —LT,@) . 5eT®),

are independent, with each distributed as a 7;-indexed 0-dimensional BESQ process started
from LTT(M) (pj) — LZ;) (p;) (again, independently of (LTT(,,) (2)):e7;, j € ). On the other
hand, conditional on (LTTU) (2))ze70, 1 7oy, < 7(), then 7(;4.1) = 7(;), and so

LT (2)—LT (2)=0, VzeT.

T(i+1) T(i)

Since the O-dimensional BESQ process started from O remains at 0, then we can ex-
press this in an analogous way to the conclusion in the first case. Namely, conditional on

(L], (2)zere and (L], (2) = LT (2))ze7-

(L7 (2~ LT (2)) oy GET,
are independent, with each distributed as a 7;-indexed 0-dimensional BESQ process started
from L;r(m) (pj)— LTTM (pj) (again, independently of (LZ;) (2))zeT;»J € 7(9)). Consequently,
applying the inductive hypothesis and the additivity property of Lemma 2.13(a), we conclude
that, conditional on (LZU) (2)).e7 and (LZ(M) (z) — LI“) (2))ze7>

<LZ;+1>(Z))ZGTJ ) j ez,

are independent, with each distributed as a 7;-indexed O-dimensional BESQ process started
from LZ;,H) (pj). Since the law only depends on the pointwise sum of (LZ;) (2))2e7 and
(LZ;,H) (z) — LZ;_) (2)).e7@, it follows that we have the same result when we condition sim-
ply upon (LT (2)).e7co-

The above argument gives the result corresponding to Proposition 2.9(b) at the time 7}55\),
To get from here to the time Té{f&(é), we need to add the local time accumulated between
these two times, but this can be dealt with in an identical fashion to the inductive step of the
proof, and so we omit the details. (In fact, the argument is easier, because we certainly have

that Tc(f)\),(é ) > TC(S\),, and so we only have one case to deal with.) UJ

Before concluding the section, we give one other simple consequence of the Ray-Knight
theorem for hitting times.

COROLLARY 2.14.  Suppose Assumption 1 holds, and that 26,¢ € (0,d7(p,x1)). It then
PT-a.s. holds that

inf LTE
LeTe T80

(z) >0.

PROOF. Since a BESQ?(0) process is simply the square of the modulus of a two-
dimensional Brownian motion started from O (see [59, Section 14.2], for example), which
is a process that almost-surely never returns to 0, it follows from Lemma 2.12(a) that, for
each 7, Pg—-a.s.,

L] (2)>0,  Vze[lpaillr\{z:}.
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As we also know that 7., := inf{t > 0: L] (2;) > 0} (cf. (15)), it follows that
Ty, i=inf {¢ >0 L] (2)>0,Vz e (o, zillT}-

Putting the results together for each of the arcs forming 7(¢), we consequently obtain, PPT -
a.s.,

(&) .= inf {t >0: L] (2)>0,Vz¢€ ’T(E)} :

Cov
Since 7(553 (6) > 7(533 and the local times are continuous and non-decreasing, the result fol-
lows. ]

3. Height decomposition for the Brownian CRT. The aim of this section is to give an
approximation procedure for the Brownian CRT by recursively adding branches of maximal
height. This procedure relies on William’s decomposition of Brownian excursions under the
Itd measure [67]. The following description of this decomposition is based on [65, Chapter
XII.4]. We note that there are other recursive decompositions of the Brownian CRT, such as
the stick-breaking construction of [9, Process 3] or the self-similarity seen when splitting at
the branch point of the root and two uniformly chosen vertices, as described in [14, Theo-
rem 2] (see also [8, 30]), but we adopt the current approach due to the convenience of the
description of the remainder of the tree in terms of a Poisson process of smaller copies of the
Brownian CRT. See Proposition 3.2 below for details.

We denote by n the Ité6 measure on excursions ¢ = ((s)o<s<, normalised such that

1
V2me
(See [65, Chapter XII] for background on the excursion measure of Brownian motion.) Each

excursion in the support of n corresponds to a compact real tree via contour functions. In
particular, to define 7 = 7¢, we first introduce

de(s,8)=C() +C(H) =2 min C(r),  s,t20,
re[sAt,sVi]

1
(29) n <sup§s > 5) =— and n(oc>¢)=
>0 2¢e

and then set 7 := [0, 0]/ ~, where we suppose s ~ t if and only if d¢(s,t) = 0. (Here and
below, we use the notation s A ¢ := min{s,¢} and s V ¢ := max{s,¢}.) We equip 7 with the
quotient metric induced by 2d; (the scaling factor of 2 is included to align our definition
with that of Aldous, see [13, Corollary 22]), the measure p7 obtained as the push-forward
of Lebesgue measure on [0, o] by the quotient map, and a root p, as given by the equivalence
class of 0 with respect to ~. (See [54, Section 2] for an introduction to this coding procedure.)
It is known that the push-forward map from ({,0) to (7,dt, T, p) is continuous when
the image space is equipped with the marked Gromov-Hausdorff-Prohorov topology (cf. [4,
Proposition 3.3]), and thus the map ¢ — (7, d7, ur, p) is measurable. Hence, (7, d7, ur, p)
is a well-defined random object, and we denote its law by IN. With a slight abuse of notation,
the law P of the Brownian CRT is given by

P=N(|o=1).

We remark that, from the scaling property of Brownian motion, it is possible to check that
(30) N ((T7 dT? K75 p) € '|U = S) =P <<T7 Sl/sz? SHUT, p) S > .

Since, by (29), it holds that N = [ ﬁN (- | o = s)ds, if a property of (T ,dr, pu,p)

that does not depend on the particular scaling of the tree holds N-a.s., then it also holds P-a.s.
(and vice versa).
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a1 \

FIG 4. Height decomposition of the Brownian CRT. A subset of leaves x; with |i| < 2 is represented in black; the
corresponding roots p; are represented in gray.

The Brownian CRT 7 has a unique vertex xp of maximal height (i.e. distance from the
root), P-.a.s. Indeed, this vertex corresponds to the maximum of a Brownian excursion,
which is unique by William’s decomposition, for example. (See the proof of Lemma 3.1
below for further details.) In the same spirit as in previous sections, we denote by (7;);>1 the
subtrees of 7 corresponding to the closures of the connected components of 7\ [[p, zg]] T
ordered by decreasing heights. (Our subsequent decomposition will make clear that, almost-
surely, these heights are distinct.) For every i, we denote by p; the root of 7; (i.e. the point of
its intersection with [[p, x4]]7), and by z; its P-a.s. unique vertex of maximal height (again,
our decomposition will make clear such points are almost-surely well-defined). We will also
denote the height of 7;, which is the length of the segment [[p;, x;]]7, by H(7;). We highlight
that, unlike the assumption of the previous section, the points (z;);>1 will not be dense in
(T.dr).

We can extend this procedure by induction; the following makes sense P-a.s. As an index
set, we introduce ¥, = J,,~o X, where X := {0} and, for every n > 1, 3,, := N". Suppose
that subtrees 7; of T with respective roots p; and vertices of maximal height z; have been
constructed for ¢ € ¥, such that |i| < n. Fix i € 3,,. We define the trees (7;;);>1 as the
subtrees of 7; corresponding to the closures of the connected components of 7; \ [[p:, :]] 7
ordered by decreasing height. Each 7;; has root p;; € [[p;, z;]]T and we denote by x;; its P-
a.s. unique vertex of maximal height. As before, we also denote the height of 7;; by H(7;;).
See Figure 4 for an illustration. The next lemma will ensure that, for any € > 0, there will
only be a finite number of arcs [[p;, z;]] T, ¢ € 3, with a length that exceeds «.

LEMMA 3.1. [t P-a.s. holds that
sup H(7;) — 0.

iezn n—oo

PROOF. We start by presenting William’s decomposition of the Brownian excursion [65,
Chapter XII.4]. In the context of random trees, this description can also be found in [3,
Theorem 3.3]. Denoting H(7") the height of a rooted real tree 7, our normalisation of the



28

Brownian excursion gives

N(H >e)=n <sup<s >g/2> 1

s>0

m

and, as follows from [3, Theorem 3.3], N-a.e. realisation of 7 has a unique vertex of height
H.For h>0,weset NH=h().=N(-| H = h) so that

N/ NHh

Fix h > 0. Under N*="_ a tree has a unique vertex xj at height A almost-surely, and we
denote the (possibly empty) subtrees grafted on the left-hand side and right-hand side of the

segment [[p, zp,]]7 at distance = from z;, and h — = from p by %Z and ?Z (The left- and
right- sides of the tree are determined by the whether the part of the excursion ( that describes

them appears before or after the unique index that corresponds to the vertex x.) Williams’
decomposition states that, under N =", the collection (, T ") with o € [0,h] and at

x) T

least one of %h and ?h being non-empty is countable, and that the point measure over such

elements
Z 5(x,‘?g,?g)
z€[0,h]: ?’;U?Z;ﬁ@

is a Poisson random measure with intensity
1
G L@ de (S@THN (11ery dTh) +6p(@THN (1 dTh) ).

(The factor 7 differs from that in [3] due to our choice of normalisation of the Brownian CRT.)
As a consequence, conditional on their branching points z € [0, 4] and on their heights (h;).,

the atoms of the point process, the trees ?h or T " are independent and have respective laws

NH=h= Tt is straightforward to track this decomposition in our recursive construction of
(ﬁ)ieg*. Indeed, for every n > 1, conditional on (h;, pi, T;)|i|<p, the random trees (7;)ij<n
are independent and have respective laws NH=":

Now fix € > 1. From the intensity measure (31), we calculate

Ni=h (sup}{ ?h vV H %h })SNH:h Z H(?Z)e‘*‘H(%g)g

z€[0,h 2€[0,h]

:;/hde<H 1H9>
:/ daz/ —du

N 29(9 — 1)
This immediately yields, for every ¢ € 3.,:
1
NH=h H(T;; O\H i <—H(T; 0,
(3;113 (7i5) ‘ (T)> <2006 -1) (i)

By induction, for any k& > 1, we therefore have

H=h | . \0 1 " )
N <;‘§1H(m ) < <29<9— 1>> "
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Applying Borel-Cantelli with 8 suitably large gives the result. O

We can now define our approximations 7€) for 7 that fit with the setting of Section 2.
Supposing 7 is chosen according to N*=", for every ¢ > 0, we set

(32) T =(lpzellru  |J  [lenaillr.

1€8, th;>e

Lemma 3.1 ensures that, almost-surely, the trees 7(¢) are finite unions of lines and that
d¥ (T(E), T) — 0 as € — 0. In addition, from our definition of the 7;’s, the T()’s are sub-

trees of 7 and are nested when & decreases. In particular, by relabelling, it is possible to

suppose that the x;’s that appear in the above description can be written as (xi)i]\iff) for some

sequences ()52, and (M (g)).>0 that satisfy the assumptions set out at the start of Section
2.2. Finally, we have the following Poisson description.

PROPOSITION 3.2. Fix ¢ > 0 and denote by \©) the one-dimensional Hausdorff mea-
sure on T€). Denote by (Tz)zeT© the countable collection of closures of the connected
components of T\ T©). For every x € T(®), we denote by h,, the distance between x and the
leaf x; such that x belongs to the branch L[Pz‘, x;]]7 (Which is unique apart from when x is a
branch point of T©)). Conditional on T©), the point process

Y bt

z€T®

is an inhomogeneous Poisson point process with intensity measure
1
§A<€> (da) NHSh1e (T,

h ’ —h
where NHT<h .— 0 (Z’,‘)ZNH W=N(n{H<h}).

REMARK 3.3. Note that, for a given € > 0, the intensity measure of Proposition 3.2 is
dominated by the homogeneous measure

%ME) (dz) NT=e(aT,).

Moreover, although in the statement of the above result we only explicitly keep track of
the subsets of the form 7., we have implicitly included the restriction of the metric d7 on
these and the marked point that represents their root. Additionally, we could have included
the restriction of the measure 7, and thus considered each 7, as a marked compact metric
space equipped with a finite Borel measure. We will later need this more refined viewpoint.

PROOF. Fix ¢ > 0 and set I. = {i € ¥, : h; > ¢}. Under P, Lemma 3.1 ensures that
the random set I, is finite almost-surely. In addition, 7(%) = [[p, xy]] U (User, [[pi, zi]]) by
construction. Therefore, the collection (7;),c7 of Proposition 3.2 consists of all the trees
T; with j ¢ I.. Alternatively,

(Teero=UJ | U T|=U|l U 7).
iel. \j>1:ij¢l. i€l \j>1:hy;<e
where the unions are disjoint. Given 7 and thanks to (31), for every i € I, the point

measure
Pi = Z 5(Pi.7‘,77j)
i>1
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is a Poisson point process with intensity %1[[pi,xi}]f($)de(1 H<h, dT;). Therefore the

point measure
(e) .
Pii= Z 5(91‘177?]’)
§>1:hi;<e

is a Poisson point process with intensity

1 1 .
51[[pi,xl}]7($)de (]-thz/\s d7;) = 51[[,01,’11_]%(.%')6[1' Nh””/\ (dﬂ) .

Given 79, the point measures Pi(s) have disjoint supports and are independent, and the

result follows. O

4. A path property of BESQ-Brownian snakes. In this section we to prove a path
property of snakes driven by a Brownian motion with spatial displacements following a 0-
dimensional BESQ process. In Section 4.1, we first give a quick overview of snakes and then
formally state our path property as Theorem 4.2. The proof of this result involves the special
Markov property of snakes that we state in Section 4.2. These two sections cover well-known
properties of Brownian snakes and we refer the reader to Le Gall’s book [53, Chapter V] for
more details. (An interested reader might also want to refer to [35], where more general
branching mechanisms are treated.) Finally, in Section 4.3, we prove Theorem 4.2.

4.1. Definition and statement of the path property. We start by giving a description of
the snakes we will work with, which are path-valued processes. A finite path is a continuous
mapping w : [0, (] — R, and ( is called the lifetime of w. Let WV be the set of all finite paths
in R. For w € W, we denote by ((y, the lifetime of w. The tip of the path w is denoted by
W = w(((w))- Forevery z € R, we set W, = {w € W: w(0) = x}, and we identify the trivial
path of W, with lifetime 0 with the point z. The space W is equipped with the following
distance:

(33) d(w1,w2) := |Ciwy) — Cowa)| + sup (W1t A Ciwr)) = W2t A )] -

A path-valued process is a random element of the space C(R, W) of continuous functions
from R to W equipped with the topology of uniform convergence on every compact subset
of RJr .

For w € W, the law of the zero-dimensional BESQ-Brownian snake started from w, which
we will denote by Py, is characterised as follows. Note that we will write (W)s>0 for a
random element of C(R, W) sampled according to Py,. First, under Py, the lifetime process
(C(WS))5>O is a reflected Brownian motion started at (). To simplify notation we write

(s:= C(WS) for every s > 0. Second, conditionally on the lifetime process ((s)s>0, the law of
process (Ws)s>0, denoted by @SV, satisfies

1. The initial value W} is @%—almost—surely equal to w.
2. The process (Ws)s>0 is time-homogeneous Markov under @SV. Its transition kernel is
specified as follows. For 0 < s < s':
o Wy (t)=Ws(t) forall t <mg(s,s') :==min{¢ :s<r<s'};
¢ The random path (W (m¢(s,s") +t))0§t§<s/—m<(s,s’) only depends on Wj through
Ws(me(s,s’)) and is distributed as a zero-dimensional squared Bessel process started
at Wy(m¢(s,s")) and stopped at time (s — m¢ (s, s').
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The full construction of this process is covered in [53, Chapter V] when the zero-dimensional
BESQ process is replaced by a generic Markov process with uniformly Holder continuous
sample paths (see Assumption (C) in Section IV.4 of [53]). In particular, [53, Chapter V]
proves that the process has continuous sample paths (Proposition 5) and is strong Markov
(Theorem 6). Inconveniently for our purposes, the zero-dimensional BESQ process does not
have uniformly Holder continuous sample paths and a (very minor) tweak is needed to prove
that our snake process is still continuous. We include this proof (which replaces the proof
of Proposition 5 in [53, Chapter IV]) for the sake of completeness. The proof of the strong
Markov property (Theorem 6 in [53, Chapter IV]) is identical as it does not use the Holder

property.

PROPOSITION 4.1 (cf. [53, Proposition IV.5]).  For every w € W, the process (Ws)s>0
has a continuous modification under Py,.

PROOF. The proof is almost identical to that of Le Gall and we only sketch the main
difference. In particular, we only prove the statement for w =  for some = > 0. The extension
to any starting path is then identical to Le Gall’s proof. We denote by & = (&:)¢>0 a zero-
dimensional squared Bessel process and by 11, the law of ¢ started from z. Fix a deterministic
function f € C(R4,R4) such that f(0) = 0, as well as constants p > 2 and 7" > 0. By the
definition of the distance at (33), for every 0 < s < s’ < T, one has

Of (d(Ws, Wy )?) <, (!f(S) — f(P +11, < sup & = &my(se) Ip)

te[my(s,s’),f(s)]

+ 11, ( sup |£t - gmf(s,s’) |p)> :
telmy(s,s'),f(s")]

Applying the Markov property of £, we get
(34)

O (d(Ws, W )P) < ¢y (lf(s) — f(s)P + 211, (Hgmf(s,s,) ( sup & — €o|p> >> -
tE[O,f(s)Vf(s’)—mf (575/)]

Now, since we are we will be supposing that f is a typical realisation of a Brownian path,
and such paths are (2 — n)-Holder continuous, for 7 arbitrarily small, we can suppose that
there exists a constant C' such that f satisfies

1f(s) = f(s)| < Cls — |27,

for 0 < s < s’ <T. This is where we need to tweak Le Gall’s proof, since the Holder conti-
nuity of ¢ is not uniform with respect to its starting point. However, by the scaling property
of Bessel processes, one can check that, for every € > 0, x > 0 and T" > 0, there exists ¢ > 0
and a constant C' that does not depend on z or T" such that

IL, ( sup & —:c|p> < Cz97TP/?,

0<t<T
Plugging this into (34) yields
1_ 2
OF (AW, W) < C' (Js = PG 4 (f() V () = my(s,8))" T (2, (1))

< (|s — PG 4 s — s'|§(%_”)) :



32

where the constant C’, which can depend on p,q,z, f,T, is finite, since Bessel processes
have finite polynomial moments. Choosing p > 4 and then 7 accordingly, we get

O (d(W,, Wy )P) < C|s— |7,

with p’ > 1, and C a finite positive constant that depends on x, f and T (and p and p’).
Kolmogorov’s lemma ensures that there is a continuous modification of (Ws)s>o under @J; R
and the proposition follows. O

We will denote by P, the law of the snake started at = > (. Since 0 is an absorbing point
for the zero-dimensional Bessel process, we can extend the definition to x = 0 by simply
setting W(t) =0 for all s >0 and 0 <t < (,. Every point = > 0 is then regular for W in
the sense that P, (inf{s > 0: Wy ==z} =0) = 1. The general excursion theory for Markov
processes can then be used to construct the excursion measure of W away from x, which we
denote by N,.

Under the (infinite) measure N, the lifetime process ((s)s>0 is distributed according to
the Itd excursion measure n, normalised as in (29). As before, we will denote by o the
duration of an excursion under N, that is 0 = sup{s > 0: (s > 0}. To connect with the
discussion of Section 2, we highlight that if 7 is the real tree associated with ¢ through
the procedure described at the start of Section 3, then the map s — /WS = Ws((s) to the tip

i~

of the path induces a well-defined map y — §;r on 7 given by setting fyT = W for any s
in the equivalence class that corresponds to y € 7. It is straightforward to check from the
construction that, conditional on 7, (ég— )yeT is a T-indexed 0-dimensional BESQ process
started from x. (Cf. the discussion of [36], which presented a similar discussion for tree-
indexed Brownian motion.)

The main conclusion of this section is the following. For its statement, we again recall
that /Ws = W((s) is the tip of the path W. Specifically, the result gives that either W does
not hit zero, or it takes the value zero on an open set; this will be a key input into checking
Assumption 2 for the Brownian CRT.

THEOREM 4.2. We have, for every z > 0:

N, ({Ws = 0on an open interval} U {Vs €[0,1], /Ws # O}) =1.

This result is a consequence of the special Markov property of the Brownian snake, first
stated in Le Gall’s book [53]. A more general version is available in the Appendix of [55].
In the next section, we state the relevant property in the setting that we will use to prove
Theorem 4.2.

4.2. The special Markov property. In this section, z > 0 is fixed. For any path w € W,,
we write

7(w) =1inf{t > 0:w(t) =0}

for the hitting time of 0 by w (or equivalently, since x > 0, the first exit time of the domain
(0,+00)), with the convention inf ) = +oco. We define the first hitting time of zero by the
snake to be

T::inf{sZO:WS:O}:inf{sZO:T(WS) < +o0}.
Since the spatial displacement of our Brownian snake is a zero-dimensional squared Bessel
process, we have

P, (T=400)=0 and 0<N, (T <+00) < o0.
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Indeed, the only non-straightforward inequality is the last one, namely
(35) NﬂT<ﬂm:N%%GDJLWFﬂ)<w.

If (35) was not true, then by excursion theory, under P,, infinitely many excursions of the
snake would exit [x/2, 00) before any given positive time. This contradicts the fact that the
snake is continuous under P,,.

We will work under the probability measure N, conditioned on the event {T" < +o00}:

NI =N, (-|T < +00).

This probability measure can also be interpreted as the law under P, of the first Brownian
snake excursion away from z that hits 0. The exit local time process from (0, 4+-00) under NZ
is the process (As)o<s<, defined by

S

A :=lim ; Lo (w,)<¢o<r(W,)+e}dr,

and the measure dA; is supported on {s € [0,0] : 7(Ws) = (s} (see [53, Section V.1] and
[55, Appendix]).

In our setting, the special Markov property describes the law of the excursions of the zero-
dimensional BESQ-Brownian snake at 0, conditionally on the information provided by the
paths of the snake before they hit 0. Let us next describe the filtration F containing this
information. For every s > 0, we set

t
Ns = ll’lf {t Z O : / 1{Cr§T(WV)}dr > S} .
0

This definition makes sense PP, almost-surely, and we define F to be the o-field generated
by the process (1, ).~ and the P,-negligible sets. We note that (A, )7_, is F-measurable
(see [55, Lemma 19]).

Now let us define the excursions at 0 of the snake. For every s > 0, we set v, :=
(s — T(Ws))+. Under P,, the set {s > 0:~, > 0} is almost-surely a countable union of
disjoint open intervals:

{s>0:9 >0} ={J(as,b0),
ieN

and the enumeration can be fixed in such a way that the variables a; and b; are measurable
with respect to the o-field generated by (7s)s>0.

From the properties of the Brownian snake and of the zero-dimensional squared Bessel
process, we have that P,-a.s., for every i and every s € [a;, b;],

T(WS) = T(Wai) = Cam
and that all the paths W for s € [a;, b;] coincide up to their hitting time of 0, from which
time they remain at 0 up to their lifetime. For every i, we define W) by setting
Wi (t) == Wiaits)np; (Ca; +1), fors>0and 0<t< ¢ = Clai+s)nb; — Cas-

These variables are the excursions of the zero-dimensional BESQ-Brownian snake at 0, and
their structure is fully described by the special Markov property. The variant of this property
that we will use is the following.
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THEOREM 4.3 (Special Markov property, [55, Corollary 22]). Under NL, conditionally
on the o-field F, the point measure
Z 5W<i) (dw)

1€EN

/AgNo(dw) —/AU n(dq),

with a slight abuse of notation in the last equality (the associated spatial process is under-
stood to be the constant 0).

is Poisson with intensity

4.3. Proof of Theorem 4.2. Theorem 4.2 states that N;-almost-surely, on the event when
the snake hits 0, it has at least one excursion of positive length at 0. A direct reformulation of
the statement we want to prove is: N -a.s.,

{/WS =0 on an open interval} = {Els €[0,0]: W, = 0} .
For € > 0, set
Ag = {/WS = 0 on an open interval of length > 6} .

The special Markov property stated in Theorem 4.3 and our normalisation for It excursion
measure (see (29)) gives, for € > 0:

NT(A.) =NT <1 — exp (- 1;;)) .

Taking the limit when € > 0 we obtain

lim N7 (A4,) = NI (A, > 0),

e—0

or equivalently, N, -a.s.,
(36) {A; >0} = { =0 onanopen 1nterval}
We will now prove, N -a.s.,

(A, >0} = {E!s e [0,0], W, :o},

which will then immediately give Theorem 4.2.
For every x > 0, set

u(x) =N, (33 €10,0], W, = 0) .

Writing N;") for N, (| o = u), the scaling properties of Brownian excursions (cf. (30)) and
squared Bessel processes yield, for A > 0:

u(z) =Ny (Els €10,0], W, = O)

o] du -
= ——=NW(3s€[0,0], Wy;=0
/0 2V 2mu3 ( 0,] )

1 [ du 1~
== — (N} (356 0,0 )\Q,W25:O)
)\/0 2V 2mu3 0,0/ ])\ A
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1 [ du (u) —
== [ 2 N® (35€(0,0), W, =0
/\/0 2v/27u3 o (3 € 0.0, W =0)

— AN, (Els e [0,0], W, :0)

=2"tu(z/N).

Since we know from (35) that the function u is not infinite, there is a finite constant C' =
u(1) > 0 such that, for every x > 0,

u(z)=Caz L.

In addition, Proposition VI.2 of Le Gall’s book [53] states that the function w is the maximal
non-negative solution of the equation

(37) Au(z) =2u?(x),  Va>0,
where A is the Markov generator of the zero-dimensional BESQ process:

Af(z) =22f"(z),

see [65, Section XI.1]. Precisely, [53, Proposition VI.2] treats a Brownian snake whose spa-
tial displacements follow a Brownian motion. However, it is possible to check that, with (35)
in place of [53, Proposition V.9(i)], the same argument applies. Applying (37), a quick cal-
culation gives that either C = 0 or C' = 2, and since u is maximal, we have u(z) = 227! for
every x > 0. (Note that, apart from the difference in the Markov process describing the spatial
displacements, this argument is the same as that given by Le Gall in the example appearing
after [53, Proposition VI.2].)

—

Similarly, we can calculate v(z) := N, (A, > 0). Since v(z) < N,(3s € [0,0], W5 =0),
we obtain from (35) that v(x) < oo for any x > 0. Moreover, the same scaling arguments as
for u give

v(z) =Ny (Ag >0) = AN, /5 (Ag >0) = A" o(z/A).
Therefore, there is another finite constant C’ > 0 such that, for every x > 0,
v(z)=C'z7L.
For n > 0, set
p(x) :=Ny (1 —exp(—nA,)).

A straightforward adaptation to the case of a 0-dimensional BESQ-Brownian snake of [53,
Theorem V.6] gives that v,, satisfies

{Avn:%?l on (0,+00),

lim, o+ vp(2) =n.

We highlight that, as for the result of [53] that was cited in the previous part of the proof, [53,
Theorem V.6] is written for a Brownian snake whose spatial displacements follow a Brownian
motion. However, the proof is readily adapted by using the fact that a O-dimensional BESQ
process can be written as the time-change of a Brownian motion. (See the proof of Lemma 2.8
for details.) Indeed, the only sensitive part of Le Gall’s argument is an appeal to [64, Theorem
6.6] to check that, for a suitable function f, it holds that %A [GBM(z,y) f(y)dy = — f(x),

where GBM (x, y) is the Green’s function of Brownian motion killed on exiting a ball B con-

tained in (0, 00). In our case, we are required to check A [ GgESQO (z,y) f(y)dy = — f(z) for
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suitable f, where G%ESQO (x,y) is the corresponding Green’s function of the O-dimensional

BESQ process. However, since GEESQO (x,y) = iG%M(m, y) and the density of the speed

measure, %, is bounded away from 0 and co on compact subsets of (0, c0), there is no prob-
lem in applying the result of [64] in our case. We next note that, since v is the pointwise
limit of the increasing sequence of functions (v,) and the set of non-negative solutions on
(0,400) of the equation Af = 22 is closed under pointwise convergence (to check this,
one may follow the argument of [53, Proposition V.9(iii)], for example), the function v also
satisfies Av = 2v% on (0, +00) and is not identically equal to 0. Therefore we have C’ = 2,

that is, for every > O:

Nz (A >0) =N, (35 € [0,0], W, :0) =

o~

Since it clearly follows from (36) that {A, > 0} C {3s € [0,0], W5 = 0}, N -a.s., the two
events are therefore N -a.s. equal, and Theorem 4.2 follows.

2
T

5. Proof of Theorem 1.1. The aim of this section is to prove Theorem 1.1. Clearly, by
the comment below the scaling property at (30), establishing that the desired property of the
Brownian CRT holds P-a.s. is equivalent to showing the result almost-surely for trees under
the push-forward of the It6 excursion measure (i.e., N), as introduced in Section 3. Our
strategy is to first prove that Assumptions 1 and 2 hold for N-typical trees, which readily
yields the conclusion of Theorem 1.1 when X7 is started from the root (see Section 5.2). To
complete the proof, we give a small additional argument involving random re-rooting and a
continuity property to verify that the result can be extended to arbitrary starting points (see
Section 5.3). Before this, in Section 5.1, we formalise the setting so as to ensure all the objects
of the discussion are well-defined.

5.1. An extended Gromov-Hausdorff-type topology. In this section, we introduce (a sim-
plification of) the extended Gromov-Hausdorff-type topology used in [61] for the purposes
of studying random metric-measure spaces equipped with stochastic processes and corre-
sponding local times. (A similar viewpoint was also set out in [15].) In order to keep the
presentation concise, we will be brief with the details; for a more in-depth presentation, we
refer the reader to [62] (cf. [45]), which also provides a discussion of earlier works in this
area.

We will consider two basic spaces: Fc and M, .. For the first of these, we consider objects
of the form

(38) (K, Rk, 1K s PK) »

where, as in the introduction, (K, Ry ) is a (non-empty) compact resistance metric space, (g
is a finite Borel measure on K of full support, and px is a marked point (or root) of K. Here,
we recall that a resistance metric, which was introduced by Kigami in the context of analysis
on fractals [47, 48], is defined as follows.

DEFINITION 5.1 ([47, Definition 2.3.2]). Let K be a set. A function R: K x K - R
is a resistance metric if, for every finite K’ C K, one can find a weighted (i.e. equipped
with conductances) graph with vertex set K’ for which R|x« k- is the associated effective
resistance.

Similarly to [29, 31, 61], the collection of spaces of the form at (38), identified if they
are measure- and root-preserving isometric, will be written FF.. (The subscript ¢ here refers
to the restriction to compact spaces.) It is known that such spaces can be associated with a
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canonical stochastic process ((X/<);>0, (PX).cx) that admits jointly measurable local times
(LE(2)) e K, t>0 satisfying an occupation density formula as at (9). (See the discussion in
[29, 31] for the existence of the process, and [31, Lemma 2.4], in particular, for the existence
of local times. In these papers, a certain regularity condition is imposed on the resistance
metric, but this is immediate in the compact case, see [48, Corollary 6.4].) To ensure that
the local times are jointly continuous, we assume a further condition involving the metric
entropy, as introduced by Noda in [61], which we now describe. In particular, for a compact
metric space (K,dg) and e > 0, K’ C K is called an e-covering of (K, d) if for each point
x € K, there exists an 2’ € K’ such that dg (z,2") <e. Let

(39) N (K,dk,e) :=min {|K'| : K" is an e-covering of (K,df)} .

It is standard in the literature to call the family (over ¢) of the logarithm of N(K,d,¢), the
metric entropy of (K, dg ), though in [61] (and some other places), this term is used to denote
(N(K,dg,€))e>o instead. It is shown in [61, Corollary 4.12] that if (K, Rx, uk, px) € Fe
and there exists an « € (0,1/2) such that

S —k\? _oak) _
(40) ;N(K,RK,z >exp( P ) 0,

then the local times L can be constructed to be jointly continuous. We denote the subset of
IF.. containing elements for which (40) is satisfied by [F.; this is the space appearing in the
statements of Theorem 1.2 and Corollary 1.3.

The space F. may be equipped with a metric yielding the marked Gromov-Hausdorff-
Prohorov metric, as given by setting

daup (K1, Rk, bk, , PK, ), (K2, RK,, LK, s PKS))

(41) = inf  max {d} (¢1(K1),p2(K2)),dhy (i, 0 7t i, 0 93 }
(M7d]\/f)7 d)ly ¢2

where the infimum is taken over compact rooted metric spaces (M, ds,par) and root-
preserving isometric embeddings ¢; : K; — M, dﬁ is the Hausdorff metric between compact
subsets of (M, dyy), and d¥; is the Prohorov metric between Borel measures on (M, dyy).
Note that there are various slightly different versions of the above metric used in the liter-
ature, but, as discussed in [61, Section 2.1], they all give rise to the same topology. On the
larger collection of marked compact metric spaces equipped with a finite Borel measure, it is
known that this topology is complete and separable, as is convenient for various probabilis-
tic applications. To say (K, Rk, ik, prc) is a random element of IF., as we do in Corollary
1.3, we mean that it is chosen according to a probability measure on this larger space whose
support is contained in F..

Secondly, we consider objects of the form at (3), i.e. to each element (K, Ry, px, px) €
IF., we add P, which is the law of ((X/<);>0, (LE (%)) zek, t>0) under Pff}i. Now, for such
spaces, we have that X% is PX-a.s. an element of D(R, K), the space of cadlag paths in
K, which we equip with the usual Skorohod .J; topology, and L¥ takes values in C'(K x
Ry, R;). The larger space, where we drop the constraints that Ry is a resistance metric
satisfying (40) and px has full support, and allow PX to be any probability measure on
D(R4,K) x C(K xR4,Ry), will be denoted M, .. (This is the restriction of the space M,
of [61] to those elements for which the metric space is compact; we do not need the generality
of non-compact spaces considered in that article. The subscript L refers to the fact elements
of the space are equipped with local time-type functions, and ¢ again refers to the restriction
to compact spaces.) To measure distances between two objects (K;, Ry, , ik, px,, P%),
1=1,2, we use a similar metric to (41), but incorporate an additional distance

dLM (PKl O¢I1,PK1 qu;l)
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which is the Prohorov distance between the laws of ((¢;(X/**))i>0, (L (¢! (7)) zedi(K.), t>0)>
1 =1,2. Of course, to give full definition of this Prohorov metric, one needs to define a
distance between objects of the latter form. To this end, in [61], such a distance is de-
fined in terms of a standard metrisation of the Skorohod J; topology for the components
(6i(XE*))¢>0, i = 1,2, and a notion of uniform convergence for functions with variable
domains for the components (L{Q(¢;1($)))x€¢i(Ki),t20, i=1,2. See [61, Section 2.2] for
details. Whilst we omit the precise definition, the most important consequence of it for our
purposes is set out in Lemma 6.1, which describes how convergence in My, . implies the
existence of isometric embeddings of the spaces in question with various nice properties.
Before proceeding, let us finish this section with a few remarks about measurability issues
that are relevant here. Firstly, [61, Proposition 6.1] ensures that the map (K, Ry, pii, pic) —
(K,Ri, jix, prc, P) is a measurable mapping from I, to M L,c- This ensures the integrals
defining annealed measures, cf. (5), are well-defined. We will also need in the proof of The-

orem 1.2 a similar result for a map

(42) (T, dr,u1,p1,0) = (T, dr, pr, 154, PT'BESQ%@) ,

which takes a compact, measured (with a probability measure of full support), rooted real
tree (7, dr, 1, p7) satisfying Assumption 1 (or, more generally, (40)) and an value ¢ > 0,
and returns in addition the law of the associated tree-indexed O-dimensional BESQ process
started at the root from ¢, PT'BESQO(@; we recall from Lemma 2.8 that, under Assumption
1, a continuous version of such a process can be constructed. (The topology on the domain
above can be assumed to be given by the product of the marked Gromov-Hausdorff-Prohorov
topology on (7 ,dr, 7, p7) and the usual Euclidean topology for the final component. As
for the codomain, a topology here can be constructed as for local-time-type functions, using
the notion of uniform convergence of functions with variable domains of [61].) To check the
measurability in this case, one can follow the approach of [25, Lemma 8.1], which gave a
similar result for the laws of Brownian motions on real trees. In particular, it is easy to check
that convergence of the form

(TnsdT, o755 PT, s n) = (T drs o, 1, £)

implies, for each k£ > 1, convergence in distribution of

(ﬁl?dﬂ,aufupﬂ,7€n7$?a"'71'2;1) — (T7d7—uu7-7p7—a‘€a$1v'"7$k)7

where we add additional marks to the spaces by selecting k points according to the measure
on the space in question. (For a suitable topology for such convergence, see [29, Section 8.3]
or [45, Section 3.7.2] or [62, Section 4.2].) Using the description of the moment generating
functions of the associated BESQ process at the points (x1, ..., xy), cf. the proof of Lemma
2.12, it is clear that the laws of the finite-dimensional marginals of these random variables
simultaneously converge in distribution (considered as probability measures on the space of
continuous functions with variable domains). Summarising so far, this gives that, for each k,
the map from (7, d7, pur, p7,¢) to the law of

<T’ dT? HT5PT ga PT_BESQO(K) ‘1’1,---@1@) ’

is continuous. Finally, since the uniformly selected points become increasingly dense in 7T,
and the BESQ processes are continuous, it readily follows that

(T, dT,uT,pT,E,PT'BESQW)lm,.A.,m) - (7', dT,uT,pT%PT'BESQU(Z)) ,

almost-surely, which yields that the map from the element (7, d7, 7, p7,¢) to the law of
the right-hand side above is measurable. However, the latter is deterministic, and so we get
the measurability of the map at (42), as desired.
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5.2. Checking the assumptions and the result with X started from p. 'We are now ready
to start putting the pieces together and check the main result when X7 is started from the
root p (see Lemma 5.4). We first make the following observation, which readily follows from
the measure estimates of [26] (and the scaling property of IN, as described at (30)).

LEMMA 5.2 ([26, Theorem 1.2]). For N-a.e. realisation of T, Assumption 1 is satisfied.

More challenging to check is Assumption 2, but we are able to do this by combining the
Ray-Knight theorem of Section 2, the recursive decomposition of Section 3 and the path
property of snakes proved in Section 4. In what follows in this section, we suppose that
T is the subtree defined in Section 3, see (32) in particular. We note that the map 7
(T®),(pi, Ti)icz» ) can be defined measurably with respect to a suitable product Gromov-
Hausdorff-type topology on the image space (and, indeed, continuously at typical realisations
of the Brownian CRT); since it is straightforward to check this, we omit the details.

LEMMA 5.3.  For N-a.e. realisation of T, Assumption 2 is satisfied.

PROOF. Since Assumption 2 only requires us to check the desired property holds for a
countable number of ¢ and 4, it will suffice to check it for a single pair. In particular, in this
proof, we fix £, > 0 and write E := E(g,d) U Ex(e, §), where the latter events were defined
at (12) and (13). We will show that A/(e,d) = 0, where

N(e,5) = / N (dT) Lss.ctos oy P (E9).

Now, by Corollary 2.14 and Lemma 5.2, we readily deduce that

N(gﬂd):/N<dT)1{25,56(0,d7(p,x1))}PZ— (EC, inf LT<53(5)(2>>0)

2€T® " Teo

< / N (d7) 1ascc0dr (pay P (E(7;)C holds for somez'ez(€>>

< /N(dT)1{25,se(o,dT(p,x1))} Z PT(E(T)"),

1€Z(=)

where E(7;) is defined exactly as E is, but with 7 replaced by 7;. Applying the tower
property of conditional expectation and the Ray-Knight result of Proposition 2.9 to the inner
probability, we deduce that

P] (B(T:)%)

ET (P,T (E(ﬁ)c

LT (2) 2€TE))

Tcov

- / P (dL(f()EﬁQ p (72,L(f(2_:’5) (Pi)) ,

where p(7T, /) is the probability a 7 -indexed BESQC(¢) process satisfies the claim equivalent
to E, i.e. it hits zero, but is not zero on any open ball. (The measurability of this function, as
is required for the above integral to be well-defined, was discussed at the end of Section 5.1;
technically, to proceed as described there, one also needs to incorporate suitable measures on
the trees, but there is no problem in equipping each tree 7; with the probability measure z(- N
7:)/1(T;), and checking that this measure has the desired properties, almost-surely.) Next,
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we insert this into the above upper bound for N (g, d), decompose N(dT) by conditioning
on 7(¢) and apply Fubini to yield the following:

N(5,5) S/N(dT) 1{25,€€(O,d7(p,11))}/Pp(E) dLS-E()&‘ 5)) Z (7;[/( (m))

1€Z(=)

= /N <d7'(8)> 1{25,€E(O,dT(p711))}/Pp(E) (dL(E()s 6))

/N ((Ti, pi) ZGI(E))‘ T(E)> Z P (ﬁaL(f()e,a) (Pi)) :

1€Z()

Under the conditional law N (- ‘ 7)), we have from Proposition 3.2 (see also Remark 3.3)
that (73, p;);czc are the atoms of a Poisson process with intensity measure bounded above by
&) (dp)NH=¢(dT). Hence Campbell’s theorem (see [49, Section 3.2], for example) implies

that
/N (73, pi) z€I<f))‘ T(E)) Yop (727L(r€()a,6)(pi))

1€Z(€)

S/A(E) (dﬁ)/NHQ( 7-> (T LY (e.0) (P ))

Finally, we know from Theorem 4.2 that

/NHSE (d’f)p (’f,ﬁ) < /N (cﬁ)p (7,[) —0,
for any ¢ > 0, and substituting this into our earlier bound gives that A/(g,d) = 0, as desired.
O]

LEMMA 5.4. For P-a.e. realisation of T, the equality at (2) holds PZ-a.s.

PROOF. By Lemmas 5.2 and 5.3, N-a.e. realisation of 7 satisfies Assumptions 1 and 2.
From the scaling property of IN, as set out at (30), the same is true under P. Hence we obtain
the result from Proposition 2.7. O

5.3. Extending to arbitrary starting points. The proof of Theorem 1.1 is almost com-
plete. It remains to explain how to generalise to arbitrary starting points. For this, the follow-
ing root invariance property is useful.

LEMMA 5.5 ([10, (20)], [36, Proposition 4.8]). The law of the rooted compact real tree
(T, p) under N is the same as that of (T, x) under N(dT )pr(dz)/wr(T).

From the scaling property of N (see (30)), it readily follows that the conclusion of Lemma
5.5 holds when N is replaced by P. Combining this observation with Lemma 5.4 yields the

following.

LEMMA 5.6. For P-a.e. realisation of T, for pr-almost-every x, the equality at (2)
holds P -a.s.

We can now conclude our proof.
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PROOF OF THEOREM 1.1 (FINAL STEP). Let us consider the general situation for a com-
pact real tree (7,d7) equipped with a finite Borel measure of full support p7 such that
Assumption 1 holds (so that we have a continuous stochastic process X/ with jointly con-
tinuous local times L7). Moreover, suppose that the conclusion of Lemma 5.6 holds. In
particular, there exists a dense subset D C 7 for which (2) holds, P;r -a.s., forall z € D.

Now, let z € T and (z,,)n>0 be a sequence in D such that d7(x,,x) — 0. Clearly, from
the commute time identity (11), we have for any ¢ > 0 that

P (14, >¢) <2e Ydy (2, 2) = 0.
Hence, by the continuity of X7, there exists a deterministic sequence (en)n>0 With e, L0
such that
T T
43) P (X[Om < BT(x,en)> Sl

For the next part of the proof, we define 0; to be the temporal shift (by time t), so that
7z © 07, is the time taken to return to x after hitting x,,. Then, for £, 77 > 0, we have that

PT (BT(x,E) z X[Z_;MTMO
< Py,cr <BT(‘7"75) Z X[Z—;n—i-q—moemn ,17+Tmn+rmoerm}) + PzT (77 + Ty, + Tz © HTM > Tcov)

< PZ— (BT("Evg) Z X[70—,77]> + PJ (27> Teov) + 277_1d7'(55m$)a

where the first term has been simplified using the strong Markov property, and we have used
the commute time identity again to control the probability of the event 7., + 7, 06, >n.
Next, since local times increase at the starting point immediately (i.e., (14)) holds, it is readily
deduced from the continuity of the local times that, P -a.s., Vi > 0, X [70—777} D By(0,¢) for
some (random) € > 0 (cf. the argument of Lemma 2.4). Thus, for any d,7 > 0, by choosing
(deterministic) €, suitably small, it is possible to suppose that

(44) PT(XF, 2 Br(o,e,)) <6,

Moreover, since Teoy > 0, PZ— -a.s. (for which we assume that 7 has at least two points to
avoid the trivial case that arises otherwise), we have that P (21 > 7.oy) < & for suitably
small > 0. With this choice of 7 and ¢, satisfying (44), and taking n suitably large, it
follows that

(45) PT (Br(z.e)) S X[ ,..1) =13

On the intersection of the events in the probabilities shown at (43) and (45), and with n
suitably large, we have that

X7 1S Br(x,e0) C Br(,e,) C X[

[Tln ’TCO"] ’
which implies that 7.oy = T4, + Tcov © 9% . Consequently, applying the conclusion of Lemma
5.6, we have that PZ— -a.s. on the same event,

inf {t: L] (y)>0,vye T} <inf {t > 1, LT (y) — LZ; (y) >0, Vy e T}

=Tz, + Tcov © 97'11,/

= Tcov-
Since this inequality holds with probability greater than 1 — 44, and § was arbitrary, it there-
fore holds PZ— -a.s. Since the reverse inequality (i.e. (22)) is also true (as can be shown by the
same simple continuity argument), we obtain that in fact (2) holds P:Z— -a.s.
Finally, by Lemma 5.2 and Lemma 5.6 (and the scaling property of (30)), we know that
the assumptions on 7 hold P-a.s. for the Brownian CRT, and so we are done. O
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6. Convergence to the cover time of the Brownian CRT. The aim of this section is
to prove Theorem 1.2 and Corollary 1.3. The basic strategy is as set out for the Sierpinski
gasket in [28], see [28, Corollary 7.3 and Remark 7.4] in particular, though in that paper the
equivalent to the conclusion of Theorem 1.1 was not known.

We start by presenting a convenient embedding result, which characterises convergence in
the space M, .. The result is essentially a simplification of [61, Theorem 2.28], which also
covered the non-compact case. The notation d4, df/[ and dﬁ/‘, was introduced in Section 5.1.

LEMMA 6.1 ([61]). Let (K,,dx, , ik, ,pk,, PX"), n>1, and (K,dg, px, prc, PX) be
elements of M, .. such that
(46) (KnadKnhU’K,,npKnapKn) — (K, dKaNK7pK7PK)

in M, .. It is then the case that there exists a rooted compact metric space (M, dyr, par) and
isometric embeddings ¢, : K, — M, n> 1, and ¢ : K — M such that

(47) én (prc,) = prr = ¢ (pxc)
(48) diy (én (Kn), ¢ (K)) =0,
(49) diy (., 0 6yt 0 671) =0,
(50) dk; (PK 0 ¢, PX o) —0.

Moreover, given (48), the final condition is equivalent to the existence of a coupling of PX» o
¢;1, n>1, and P¥ o (b*l under which, almost-surely,

(51) (60 (X57)) -, = (@ (X))
in D(Ry, M) and also, for any T > 0,

(52) lim lim sup sup sup ’Lf{” (zn) — L (x)‘ =0.
0—=0 p—ooco z,€K,,z€K:  t€[0,T]
dM(d)n(21777,),(15(27))S5

PROOF. See [61, Theorem 2.28] for an embedding result that covers (47), (48), (49) and
(50). The coupling at (51) and (52) follows from [61, Theorem 2.19] and Skorohod’s repre-
sentation theorem. O

REMARK 6.2. The main result of [61] provides conditions under which (46) holds. In ad-
dition to the convergence of spaces, this involves the metric entropy, as introduced in Section
5.1.In [61], it is shown that if (K, dk, , ik, ,pK, ), n > 1, are elements of I, satisfying

(Kna dKnnU’K”?pKn) — (K7 dK?:U’Ka pK)

for some element of . and there exists an a € (0,1/2) such that

oo
2
(53) lim limsup Y N (Kn,dn, 2"“) exp (72“) —0,
m—=00 p—oo
k=m
then (K, dx, iK, pr) € IFC and (46) holds (with the laws PX», n > 1, and PX being those
naturally associated with the spaces in question). This is a (simplification to compact spaces
of) [61, Theorem 1.7]. (See also [61, Theorem 1.9] for a version of this result concerning ran-
dom spaces.) As discussed in [61], the metric entropy condition at (53) is somewhat natural,
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and can be checked using lower volume estimates (see [61, Section 7]). It is similar to condi-
tions used to deduce continuity of Gaussian processes, and ensures the tightness of the laws
of local times in the appropriate space. We note that, in [61], for non-compact spaces, this
metric entropy condition is imposed on balls of finite radius, and an additional non-explosion
condition is assumed.

Applying the embedding result of Lemma 6.1, we prove the following adaptation of The-
orem 1.2.

THEOREM 6.3.  Suppose (Kn,dk,, K, ,pk,), n > 1, and (K,dk, pk, pr) are ele-
ments of F. such that

(KnadK,,Lvlu’Kn7pKn7PKn) — (K,dK,,U,K,pK,PK)

in My, .. Moreover, suppose that, for each n, either K,, is at most a countable set or X Kn s
PEn_q.s. continuous, and that PX -a.s., X* is continuous and

(54) Teov(K) =inf {t >0: L (z) >0, Vo € K}.

It is then the case that the law of Teoy(Ky) under PX» converges to that of Teoy (K ) under
PK,

PROOF. To prove the result, we will, as noted at the start of the section, generalise the
argument of [28, Corollary 7.3]. By Lemma 6.1, we may assume that the spaces K, and K
have been isometrically embedded into (M, djs) so that (47)-(50) hold, and that the measures
P&no ¢t n>1,and PX o ¢! have been coupled so that (51)-(52) hold. From now on in
the proof, we will omit the mappings ¢,, and ¢ from the notation to simplify the presentation.

Suppose t < Teoy (K), which means that there exists an = € K such that z is not contained
in X [[0(7 "k From the compactness of [0, ] and the continuity of XX, there exists a € > 0 such
that

X{5.q N Bi(w,e) = 0.

Since we have the almost-sure convergence of processes as at (51), it follows that, for large
n,
K, _
X[M N Bk (z,e/2) =10.
However, we also obtain from (48) that, for large n,

K, N Bg(z,e/2) #0.

Hence it must be the case that, for large n, t < 7¢oy(K},). In particular, on the coupled proba-
bility space, we have shown that lim inf,,_, o Teoy (K) > Teov (K) almost-surely.

Next we prove the opposite bound. Write 7oy (K) for the right-hand side of (54), i.e. the
first time at which the local times L are strictly positive at each point of K, and suppose
that ¢ > .o, (K). Since local times are increasing in ¢, it must be the case that L (y) > 0,
for every y € K. Together with the joint continuity of local times, this implies that for some
e >0, LE(y) > ¢ for every y € K. Consequently, applying (48) and (52), we deduce that,
for all large n, it is also the case that L1 (y) > /2 for every y € K,,. It therefore holds
that ¢ > 7.ov(K,), where the latter quantity is defined analogously to 7cov(K). Hence this
argument yields that, on the coupled probability space, limsup,,_, .. Teov(Kn) < Teov(K).
Finally, if X%~ is continuous, we can check that .o, (K,) > Teov(K,,) as we did for trees
at (22), and if K, is at most a countable set, we have from the property of local times at
(15) that Teoy (K) = Teov (K ). (Neither of the arguments used in the previous sentence are
specific to trees.) Since we also have (54), it follows that limsup,,_, . Teov(Kn) < Teov (K),
and consequently the proof is complete. O
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_ PROOF OF THEOREM 1.2. It is confirmed in [61, Corollary 8.1] that (7, 2dr, i1, p) €
., P-a.s. Moreover, as discussed in Section 2, for P-a.e. realisation of 7, X T has continu-
ous sample paths, P-a.s. Hence the result follows on combining Theorems 1.1 and 6.3. [

PROOF OF COROLLARY 1.3. Since the space M, . is a separable metric space (when
equipped with the metric described in Section 5.1), the result readily follows from Theorem
1.1 on application of Skorohod’s representation theorem. O

7. Moments of cover times for critical Galton-Watson trees. The aim of this section
is to prove Corollary 1.4. Unless otherwise stated, we will suppose that (77,),,>1 is a sequence
of critical Galton-Watson trees, as described in the statement of that result. Given Corollary
1.3 and the discussion of Example 1, to obtain the desired conclusion, it will suffice to check
the uniform boundedness of the LP moments of the cover times in question. In particular, the
main result of this section is as follows.

PROPOSITION 7.1.  In the setting of Corollary 1.4, it holds that, for p > 1,

sup n =3P/ 2R (Teov (Tn)?P) < 0.
n>1

REMARK 7.2. In fact, our proof of the above result gives that

—3/2
sup BT (ec " T“"V(T")>
n>1

is finite for suitably small ¢ > 0. However, we are not able to extend this to full exponential
moments (i.e. we are not able to remove the square root).

In Proposition 7.1, 7oy (T},) could be taken to be the cover time of the discrete-time or
constant-speed random walk. To avoid constantly switching between these, we make the
following observation, which will allow us to concentrate solely on the discrete-time version
of the process for the remainder of the section. In the statement, we write || - [|7+ for the
LP-norm under the measure 7. In fact the claim is true for random walks on graphs more
generally, but we restrict to the specific case to avoid introducing new notation.

LEMMA 7.3.  In the setting of Corollary 1.4, if T2 (T},) is the cover time of the discrete-
time random walk and 75 (T}, is the cover time of the constant-speed random walk (each
started from the root), then, for p=q =1 or for 1 < p < q, it holds that

7 (T |2 < Cp |72 (T ||
P q

where C,, 4 is a constant depending only upon p and q.

)

PROOF. Since the CSRW has unit mean exponential holding times, we clearly have that,
in distribution,

TD

cov

(Ty)
(55) o T = > &,
=1

where (&;);>1 is a sequence of independent and identically distributed unit mean exponential

random variables, independent of 7.2 (T},). Thus the result for p = ¢ = 1 is immediate (and
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indeed an equality with C'1 1 = 1). For the case 1 < p < ¢, we first note that, for any A > 0
and N > 1,

(Z &> (14N ) (651/2)N€—N(A+1)/2 — oN = NO+D/2 _ (= N(\+1-2l0g2)/2.

where we have apphed the fact that E(e%) = (1 — )" for § < 1. From this, supposing that

78.(Ty) and 72 (T;,) are coupled so that (55) holds almost-surely, it is straightforward to
deduce that
Teor(Tn) = 7éo (Tn)
pTn ( cov 5 (TC‘))V n > )\> =P (TCCOV(T ) (1 +>‘) cov( ))
covi—n

<ET (min{l,e TR (T)(A+1— 210g2)/2}>

< min {1,6—()\+1—210g2)/2} ’

where for the final inequality, we use the obvious bound 7.2, (T},) > 1. Since the right-hand
side is independent of n and decays exponentially in J, it follows that, for > 1,
T,
oulT) ~ 2@ [ _
D — )

Teov (Tn)
where C), is a constant only depending on r. Hence, applying the triangle inequality and
Holder’s inequality, we find that

sup
n>1

r

IS T < 78 (T) = 7B (T + 78 (T,
78 (Ty) — 2 (T || T,
cov TclgV(TC;V n MHTC%V(T H —|-H Cov )Hp
< Cpq |TRAT|,"
as desired. ]

To prove Proposition 7.1 for the discrete-time random walks, we will apply a general
estimate for the expected cover time of a random walk on a finite graph from [20]. To state
this, we introduce the notation

tcov(Tn) = Sllp Eaj;n (TCOV(T?I))
zeT,
for the quenched expectation of 7coy (7},), starting from the worst possible vertex. Similarly
to the comment preceding the previous lemma, the result of [20] is for general graphs, but
we summarise it for the graphs (77,),>1 for simplicity of presentation. We recall the notation
N (K, R, ¢) for the minimal size of an e-cover of a metric space (K, Ry ) from (39).

LEMMA 7.4 ([20, Theorem 1.1]). Fort,n > 1, set
Al =N (T,,dn,27"Dy),

where d,, is the shortest path graph metric on T, (and so also the resistance metric associated
with unit conductances) and D, is the diameter of (T,,,dy). Then, there exists a universal
constant such that

log, logn

tCOV(T?’L) S C Z \/ —i 10g An
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Naturally, to appeal to the above result, we will need to provide bounds on the diameter
and cover sizes of T,,, n > 1. These are provided by the next two lemmas. Note that we only
require a finite variance assumption for the first of these, which was essentially proved in [7].

LEMMA 7.5 ([7]). Let T, be the tree generated by a Galton-Watson process whose off-
spring distribution is non-trivial, critical (mean one) and has finite variance, conditioned to

have size n. Writing D,, for the diameter of T,, with respect to its shortest path metric, it then
holds that, for all A\ > 1,

supP (Dn 4 [/\—1”1/2,/\”1/2}) < Ce N,

n>2

where C and c are constants.

PROOF. A bound of the form C'e™*" on the probability that the height of 7;, is greater
than An'/? is provided by [7, Theorem 1.2]. Since the diameter is less than twice the height,
this gives one half of the result. Moreover, as is explained at the end of [7, Section 1], it
follows from [7, Theorem 1.1] that one may also bound by Ce " the probability that the
height of T}, is less than A~'n!/2. Since the diameter is greater than the height, this completes
the proof. O

We now give our estimate on the distribution of A7'. This is the only part of the proof in
which exponential moments of the offspring distribution are required; see Remark 7.7 below
for further comment on this point. If one could establish the bound that appears at (56) below
under weaker conditions, then the extension of Proposition 7.1 would also follow.

LEMMA 7.6. In the setting of Corollary 1.4, it holds that, for every o < 1/2,
P (Al >)) <C2'A7°,

forall i,n, A > 1, where C' is a constant independent of the latter three variables.

PROOF. We start by considering the contour function Cy, = (Cn(t))se[o,2(n—1)] Of Tn- In
particular, C), records the d,,-distance from the root of a depth-first walker as it traverses the
outline of T}, from left to right at unit speed; notice that the walker visits every vertex apart
from the root a number of times given by its degree. (We extend C,, to be a continuous time
process by linear interpolation.) See [54] for background, including a detailed definition of
this process. Let C,, = (én(t))te[o,l] be the normalised version of C}, obtained by setting

Co(t) =n~Y2C,(2(n — 1)1).

Now, it is established in [41] (see equation (1) of that article in particular) that, under the
assumptions of the lemma,

P (}C‘n(s) — C“n(t)‘ > e) < |Scflt‘eXp <_C2\/%t|> :

for all s,t € [0,1] and € > 0, where ¢; and ¢y are constants that do not depend on s,¢,& or
n. (In [41], the bound is written for s,¢ € [0,1] N (2(n — 1)) ~'Z, but there is no problem in
extending to the full range.) Integrating this gives that, for any p > 1,

E (‘én(s) — én(t)’p) <ols— t|p/2—1’
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where ¢, depends on p, but not s,¢ or n. This is the generalisation of Kolmogorov’s criterion,
as considered in [65, Theorem 1.2.1], and therein taking v = 2p, d = 1, ¢ = p — 2 with p large,
we deduce that

(56) E ( sup

st [s—t| <A1

én(s) - én(ﬂ’) < C)\—a’

for every av < 1/2, where the constant ¢ does not depend on n or A > 0.
We next explain how to transfer the bound at (56) to an estimate on the covering sizes for
T,.For 1 <k <2(n—1),let x* be the set

fi[20=0). ez} o .

Note that |x*| < 3k for n > k + 1. Moreover, let T be those vertices in T}, that the depth-
first walker visits at a time in x*. From the definition of the contour process, it is easy to see
that every vertex of 7, is within a distance

ont/? sup ‘C’n(s) — C(t)

. 1 2(n—1)
s7t.|s—t\§2(n71)t % J

of a vertex in T*. In particular, if the above quantity is smaller than en'/? (and n > k + 1),
then

N (Tn,dn,enl/2) < 3k

Finally, if D,, >~ 'n!/2, then A? < N(T,,,d,,,2~"y~'n'/?), and so from the observation
of the previous paragraph and Lemma 7.5 we deduce that, for n > A,

P (47> )) <P (Dy<77'n2) 4 P (N (T, dy, 27 'n1/2) > 0)

<Ce " +P |2 sup ‘C’n(s) - C’n(t)‘ > 927yt

st |s—t|< 2(7:.171) L6(71A_1)J

(57) < Ce " + 020y,

where we have applied (56) to deduce the final inequality. Obviously the second probability
on the right-hand side is zero for 6n < \. Moreover, for A € [n, 6n], we have that, determin-
istically,

sup C’n(s) — én(t) <6n Y2< CA\™ %,

s, [s—t|< 2(77.171) I‘G(n/\il)J

and so we can obtain a bound of the form C2!yA~% for the probability in question by apply-
ing Markov’s inequality. In particular, the bound at (57) holds for all ¢, A,y > 1 and n > 2.
(The bound on the term involving the diameter is also satisfied for such parameters.) To com-
plete the proof, we choose v = 7(\) ~ log A, which (after adjusting «) yields the desired
conclusion. O

REMARK 7.7. In fact, in the reference we cite in proving (56), i.e. [41], it is claimed that
a finite variance condition on the offspring distribution is sufficient for the relevant estimate
to hold, but in [60, footnote (2)], it is noted that the proof in [41] uses exponential moments.
To further elaborate on where the deficiency lies, in [41], on several occasions, results are
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used from another paper [40] ([41, reference 3]), which studies the contour function of sim-
ply generated random trees. In the latter (especially in Theorem 1.1, as well as in Lemma
3.1), there is an assumption that [41, equation (3.1)] has a minimal positive solution 7 < R.
For conditioned trees, as in our setting, [40, equation (3.1)] designates that the simply gen-
erated random tree is associated with a critical Galton-Watson branching process with finite
variance. A minimal positive solution 7 < R is equivalent to the moment generating function
of the offspring distribution having a radius of convergence equal to R/7 > 1, and hence the
distribution having exponential moments.

Putting together the three previous results, we arrive at the following conclusion, which is
a refinement of a bound originally proved in [20, Theorem 3.2].

LEMMA 7.8. In the setting of Corollary 1.4, it holds that
p (n_3/ 2o (Ty) > )\) < Ce

for all n,\ > 1, where the constants are independent of the latter two variables.

PROOF. The proof is an adaptation of the proof of [20, Theorem 3.2]. From Lemma 7.4,
we have that, for A\,v > 1,

log, logn

P <n_3/2tc0v(Tn) Z )\> <Pl Z \/m n_1/2Dn =A
i=1

log, logn

<plc| Y \f2-ilogAr | = /y +P<Dn2'yn1/2>.
=1

By Lemma 7.5, the second term is bounded above by Ce 7. Using a union bound and
Lemma 7.6, the first term can be estimated from above by

oo [0.9]

» (2174 — 1)\? . \2a—29i/2
E P(2 ZlOgA?ZW SC E QZC ARy T2 .
=1 =1

Hence, setting v = A\'/2, we have shown that

)
P (n_g/thov(Tn) > )\> < Ce_d\ + Cz 2i€_c>\21/27
=1

from which the result follows O

To replace teoy (1) by Teov(1y) in the conclusion of the above lemma, we apply the fol-
lowing exponential tail bound for the cover time of discrete-time random walks on general
trees. We will write a general finite graph tree as 7', and suppose the associated random walk
is started from a root vertex. The result is an adaptation of the concentration result of [33,
Corollary 1.3].

LEMMA 7.9. There exist universal constants cy,co such that, for any finite rooted graph
tree T,

PT (Teou (T) > Moy (T)) < c1e” %A, YA>1.
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PROOF. It is proved as [33, Theorem 1.2] that there exist universal constants ¢y, ca such
that, for any finite rooted graph tree 7',

58 P (\TCOV(T) — BE(T)n%| > \E(T)n diam(T)) <eem WA,

where 7 is the expected maximum of the Gaussian free field on 7' that takes the value 0
at the root p and has covariance matrix (5 (dr(p,z) + dr(p,y) — dr(,y)))s.yer, with dr
being the shortest path graph distance on 7. We have also written F(7T') for the number of
edges of T' and diam(7") for the diameter of (T, dr). (Precisely, [33, Theorem 1.2] is written
for the CSRW, but as is explained in [33, Section 1.2], the result also holds for the discrete-
time random walk. Moreover, the main result of [34] yields that there exist further universal
constants cs, ¢4 such that, for any finite rooted graph tree 7',

(59) s B(T)n7 < teov(T) < caB(T)0

(Clearly, there is no distinction between t.o (7") for the CSRW and the discrete-time random
walk, and so the result is applicable to either.) Combining (58) and (59), we obtain that there
exists a universal constant c¢s such that

Pr (TCOV(T) > o (tCOV(T) + )\\/tcov(T)E(T)diam(T)>) <ce =, VA1

By applying that tcoy (1) > E(T")diam(7") (which is an elementary consequence of the com-
mute time identity for random walks, see [56], for example), the result follows. ]

We are now ready to conclude the proof of the desired result.

PROOF OF PROPOSITION 7.1. We first observe that, for any A > v > 1,

pT- (n—3/27-C0V(Tn) > )\) < 1{n*3/2tcov(Tn)Z)\/’7} + pT (Teov (Tr) = Yteov(Th))

S 1{n_3/2twv(Tn)2)\/’y} + 01@*027,

where c1, co are the universal constants of Lemma 7.9. Taking expectations with respect to
P, Lemma 7.8 allows us to deduce from this that, for any € > 0, there exists a c3 such that

PT» (n_3/27COV(T) > )\) < Ce M7 4 e,
On setting v = A\'/2, this readily implies the result. O

8. Cover-and-return times. In this final section, we consider cover-and-return times,
and in particular prove Corollary 1.5. We will again work in the general setting of Section 6.
Given our other preparations, the following result will readily yield parts (a) and (b) of the
result.

LEMMA 8.1.  In the setting of Theorem 6.3, the law of 7.5, (K,,) under PX+ converges to
that of 7, (K) under PX.

PROOF. As in the proof of Theorem 6.3, we will assume that the spaces K,, and K have
been isometrically embedded into (M, dys) so that (47)-(50) hold, and that the measures
PEno gb;l, n > 1, and PX o ¢~! have been coupled so that (51)-(52) hold. Also as there, we
omit the mappings ¢,, and ¢ from the notation.
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Now, we have from the proof of Theorem 6.3 that, on the coupled space, 7oy (K;) —
Teov (K), almost-surely. Since the processes converge as at (51) and the limit process is con-
tinuous, it follows that

K, K
(60) X = X (k)

Teov (Kn) Teov

in (M, dpy), almost-surely.
We next claim that if x,, € K,,, n > 1, and = € K are such that dy/(z,,z) — 0, then the

K, K, K K . K ..
law of 7, » ‘under P~ converges to that of 7, under P,*, where we write 7, for the hitting

™

time of pr by X and PX for the law of XX started from x (and similarly for the n-indexed
processes). The proof of this is an adaptation of the argument we applied in the first part of
the proof of Lemma 2.5. Firstly, it is an easy extension of the conclusion of [29] to deduce
that, with the spaces embedded as they are, the law of X~ under ngin converges to that
of XX under Pf . (In [29], processes were started from the root, but this is not an essential
restriction, and indeed we can just consider the spaces rerooted at z,, and x, respectively.)
Hence, we can suppose that we have a coupling so that this convergence holds almost-surely.
Under such a coupling, we have from (51) that if T[{f( < t, then, for every € > 0,

1 K’n
(61) hrrlrfolip 5 (oar-c)

)

where TKA g is the hitting time of the relevant closed ball in (M, dy;) by XX, Applying

B (pM 15)

the strong Markov property at time 7'{(;

, it follows that, for all £, > 0,
B (pa )

lim sup Pf (TK" > t)

PEn
n—00

< limsup | PE~ (7']5” >t— 5) + su PEn (TK“’ > 5)
n n—>oop< Tn \"Bu(pumig) = yEBM(pJ\f),s)nKn Yy PKn =

<PF (K >t—6)+e5 ux(K),
where for the final inequality follows from (49), (61) and the commute time identity for
stochastic processes associated with resistance forms (see [29, Lemma 2.4], for example).
Taking € — 0 and then § — 0, we find that
lim sup ngin (TK" > t) < pK (TK > t) .

n—00 pr v pr =
(Eonversely, if T/fi > t, then, by continuity, there exists an 57> 0 such that X[I(i tre) N
B (par,€) = 0. Hence, from (51), we deduce that X§;+E] N Bar(par,e/2) = 0 for large

. . Kn . . K'n. K . . .
n, and consequently, liminf,, Ty > t. Hence liminf,, s T = Tpies which implies

liminf PX (75 > ) > liminf PX (75 > 1).
Combining this and the corresponding upper bound confirms the claim.

Finally, together with the convergence at (60), the result of the previous paragraph readily
implies that, almost-surely on our coupled probability space, we have the following weak

convergence statement:
(%)
t<Teov (Kn)

phn <T+ (Kp) = Teov (Kp) € -
— PK (T+ (K) — Toou(K) € ‘ (x5

cov
cov

t<Teov (K )> ’
Since we also know the cover times converge almost-surely on the coupled space, this is
enough to complete the proof. O
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To check the remaining part of Corollary 1.5, we strengthen Proposition 7.1 as follows. We
stress that, as for Proposition 7.1, this holds for the discrete-time or constant-speed random
walk.

LEMMA 8.2. In the setting of Corollary 1.4, it holds that, for p > 1,

supnfgp/QET" (7'+ (Tn)p) < 00.

cov
n>1

PROOF. Since
T (Tn)p < 2r—1 (Tcov(Tn)p + (T+ (Tn) - Tcov(Tn))p) >

cov cov

and we already have moment bounds for 7., (7},) from Proposition 7.1, it will suffice to
check corresponding moment bounds for 7.5,(T,) — Teov (T ). Specifically, we will show
that, for p > 1,

(62) supn_3p/2E < sup EZ" ((Tf”)p)> < 00,
n>1 z,yeT,

from which the desired result will readily follow. To this end, we simply observe that, by
applying the Markov property repeatedly, for £ € N,

sup Pl (TyT" > 4knD,) < sup PI (TyT" > 4(k —1)nD,) sup PI (TyT" > 4nDy,)

z,y€eT), z,yeT, z,yeT,
ETIL (TT’VI)
< sup PP (75" > 4(k — 1)nD,) sup ——Y 2
z,yeT), * (y ( ) TL) z,yeT), 4nDn

1
<= sup Pl (Tf" > 4(k — 1)nDy)

where we again write D,, for the diameter of (7,,,d,,) and have applied the commute time
identity for random walks on graph (which applies to both the CSRW and the discrete-time
random walk), see [56, Proposition 10.6], for example, to deduce the third inequality. From
this, it is easy to conclude that, for A > 1,

(63) sup sup PIT" (TyT > )\nDn) < Ce
n>1z,ye’l,

where C' and c are deterministic constants. Since we clearly have that

n~PPE | sup EI ((TT”)p) =E| sup EI TyTn ' X Dn \*
z,yeT, v Y z,y€T, v nDy, nl/2
+Tn 2p 1/ D\ 1/2
n n
<E| sup E <y> E<<n1/2> ) ,

z,y€T, niin
the result at (62) follows from (63) and Lemma 7.5. ]

PROOF OF COROLLARY 1.5. With Lemma 8.1 in place of Theorem 6.3, parts (a) and (b)
are checked in exactly the same way as Theorem 1.2 and Corollary 1.3 were. As for part (c),
since we have Lemma 8.2, again this can be proved in the same way as the corresponding
result for the cover time, i.e. Corollary 1.4. O
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