COMMABILITY AND FOCAL LOCALLY COMPACT GROUPS
YVES CORNULIER

ABSTRACT. We introduce the notion of commability between locally compact groups, namely
the equivalence relation generated by cocompact inclusions and quotients by compact normal
subgroups. We give a classification of focal hyperbolic locally compact groups up to comma-
bility. In the mixed case, it involves a real parameter, which is shown to be a quasi-isometry
invariant.

1. INTRODUCTION

Classically, two groups are called commensurable if they have isomorphic finite index sub-
groups, and commensurable up to finite kernel if they have finite index subgroups that are
isomorphic after modding out by a finite normal subgroup. It is easy to check that these are
transitive (and hence equivalence) relations. In the setting of locally compact groups, it is
natural to consider the same relations by only considering open finite index subgroups and
topological isomorphisms. However, another variant is to replace finite index open subgroups
by cocompact closed subgroups, and compact kernels. This is a natural setting, in view of
the fact that cocompact closed embeddings and quotients by compact normal subgroups are
coarse equivalences. A difference with the previous setting, however, is that the intersection
of two closed cocompact subgroups may not be cocompact: for instance consider the lattices
Z and v2Z in R. A consequence is that the proof that these relations are transitive falls
down, and they are actually not transitive (this follows from [MSWO03, Corollary 10]). It is
still natural to consider the equivalence relations they generate.

We abbreviate locally compact group into LC-group. For a homomorphism between LC-
groups, write copci as a (pronounceable) shorthand for continuous proper with cocompact
image. A copci homomorphism f : G — H obviously factors as the composition G —
G/ Ker(f) — H of the quotient map by a compact normal subgroup and an injective copci,
and the latter can be viewed as a topological isomorphism onto a cocompact closed subgroup.

Definition 1.1. Let us say that two LC-groups G, H are commable if there exist an integer
k and a sequence (called commability) of copci homomorphisms

(1.1) G=Gy —G —Goy — ... — Gy, =H,

where each sign — denotes an arrow in either direction.

If all the above homomorphisms are required to be injective, we call G and H strictly
commable. If all G; are required to belong to a certain class C of groups, we say that G and
H are commable (or strictly commable) within C.

For instance, for discrete groups, commensurability up to finite kernels (resp. commensu-
rability) is the same as commability (resp. strict commability) within discrete groups. On
the other hand, many discrete groups, including semidirect products Z? x Z occurring as
lattices in SOL, are commable but not commensurable.

Here are three (related) classical motivations for the study of commability:
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e The quasi-isometric classification. Indeed, two commable locally compact groups
are always quasi-isometric, and many known examples of quasi-isometric groups are
actually commable by construction. A natural question, asked in an early version of
[C13] is to find two compactly generated locally compact groups (e.g., discrete) that
are quasi-isometric but not commable. Carette and Tessera checked that if 'y, T’
are non-commensurable cocompact lattices in, say SLy(C), then I'; * Z and T'y * Z
are not commable although they are quasi-isometric.

e The so-called study of “locally compact envelopes”. In the setting introduced by
Furman [Fu0l], it consists, given some finitely generated group T', of classifying
locally compact groups in which I' admits an embedding as a cocompact lattice.
However, in the setting of [Fu01], it seems that part of the methods essentially use
only the quasi-isometry class and might be modified to give a full classification of the
whole quasi-isometry class (within locally compact groups). In the realm of solvable
groups, further examples were recently obtained by Dymarz [Dy15].

e The study of “model spaces”. Indeed if G = Isom(X) for some proper metric space
X with a cocompact isometry group, then a copci homomorphism H — G is the
same as a continuous proper cocompact isometric action of H on X. Thus two o-
compact LC-groups Hy, Hy admit copci homomorphisms into the same LC-group if
and only if they have a common “model space”; this is a strong form of commability.
Certain quasi-isometry classes of groups can be described as those groups admitting
a continuous proper cocompact isometric action on a certain “model space” X. Here
we rather emphasize the group G, because the space X is sometimes less canonical
than the group itself.

Section 2 focuses on generalities about commability, especially related to the relevance of
the necessity of modding out by compact normal subgroups. It therefore involves a general
discussion on the polycompact radical W(G) of a locally compact group G, namely the union
of its compact normal subgroups. In many cases, this subgroup is compact, but it can also
fail to be compact, in which case its closure is also non-compact; it can also even fail to be
closed; however we use a difficult result of Trofimov to show:

Theorem 1.2. If G is a compactly generated locally compact group, then W(G) is a closed
subgroup.

Examples of compactly generated locally compact groups with W(G) not compact are easy
to exhibit (e.g., finitely generated groups with an infinite, locally finite central subgroup); we
provide, in §2.B, a more difficult example of a pair of cocompact lattices I'1,I's in the same
compactly generated locally compact group (thus I'y and T'y are finitely generated) such that
W(T'y) is finite (actually trivial) and W(I'y) is infinite.

We now especially focus on the study of commability in the context of focal LC-groups,
which we abbreviate here as focal LC-groups. Since in this paper we favor an “algebraic”
point of view rather than geometric, we use the following definition for focal groups.

Definition 1.3. Let a be a self-homeomorphism of a Hausdorff topological space X. We
say that « is compacting if there exists a compact subset 2 C X (called vacuum subset) such
that for every compact subset K of X, there exists n > 1 such that o"(K) C (.

We say that an LC-group G is a focal LC-group if it is topologically isomorphic to a
topological semidirect product N x A with A € {Z,R} and N noncompact, such that the
action by conjugation of each positive element of A induces a compacting automorphism of
N.

Ezample 1.4. If (V;);=1,...,, are finite-dimensional vector spaces over nondiscrete locally com-
pact normed fields K;, and ¢; is an automorphism of V; with spectral radius < 1, then
¢ (v1,...,08) = (¢1(v1), ..., ¢(vr)) is a compacting automorphism of V' = [[. V;. (It is
actually contracting, in the sense that every neighborhood of zero is a vacuum subset.)

It was established in [CCMT15] that an LC-group is focal if and only if it is non-elementary
Gromov-hyperbolic and amenable.
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Given a focal LC-group G, we are mainly interested in the description of those locally
compact groups H that are commable to G. This question splits into the internal and
external parts, according to whether H is focal or not.

If G = N x A is a focal group, a straightforward argument shows that the kernel of
the modular homomorphism Ag is NV; in particular, N is a characteristic subgroup of G,
and is also the kernel of any nontrivial homomorphism into R. Denote by N° the identity
component of N.

Definition 1.5. We say that the focal group G is

e of connected type if N/N° is compact;
e of totally disconnected type if N° is compact;
e of mized type otherwise, i.e. if both N° and N/N° are noncompact.

The type of a focal group is a commability invariant. The main purpose of this paper is
to classify commable focal groups LC-groups up to commability within focal LC-groups.

For every focal LC-group W(G) is compact and is thus the maximal compact normal
subgroup of G; if W(G) = 1 we say that G is W-faithful.

We say that a focal LC-group G is focal-universal if W(G) = 1 and for every focal group
H commable to G within focal groups, there is a copci homomorphism H — G.

Theorem 1.6. If G is a focal LC-group of connected type, then its commability class within
focal groups contains, up to isomorphism, a unique focal-universal LC-group G. Thus, a
focal LC-group H is commable to G within focal groups if and only if H admits a copci
homomorphism into G.

Ezample 1.7. If G is a closed cocompact subgroup in Isom(X), where X is a rank 1 symmetric
space of noncompact type and suppose that G fixes a point w on the boundary 0X. Then G
is focal of connected type and G can be identified to the stabilizer Isom(X),,. For instance,
when X is a real d-dimensional hyperbolic space (d > 2), we can choose G so that it can be
identified to the group of affine homotheties of the Euclidean space R4~!, and then G can be
identified to the group of affine similarities of R*~1.

Another example is when G = G, (A > 1) is the semidirect product R?* x R, where
t € Racts on R?> by t - (z,y) = (elz,eMy). If X = 1 this is a particular instance of the
previous case; now assume A > 1. Then G can be identified to the semidirect product
R? x (R x {£1}?), where the action of R is the same, and the action of (g,&5) € {£1}? is
given by (e1,€2) - (z,y) = (e1x,e9y). Thus G, has index 4 in C/?\A for A > 1 (while G; has
infinite index, and actually positive codimension, in é\l)

This is, in a sense, the best possible situation. Indeed, it can be checked (Corollary 7.10)
that no focal LC-group not of connected type is focal universal. Still, the commability
classification can be made, using suitable invariants.

First, for G focal of totally disconnected type, the range of its modular function is the
multiplicative group generated by some integer s¢ > 2. Define ¢gg as the minimal root of s¢,
that is, the minimal integer > 2 having sg as an integral power.

Example 1.8. Fix a prime p. Let ¢ be an automorphism of Q’; of spectral radius < 1, an
consider the semidirect product G = G4 = Q'; X4 Z, where the positive generator of Z acts
by ¢ (this is a particular case of Example 1.4 with n = 1). Then sg = p*, where / is the
p-valuation of the determinant of ¢, and ¢ = p.

Proposition 1.9. Two focal LC-groups G, H of totally disconnected type are commable within
focal groups if and only if qo = qu (equivalently, sqg and sy have a common integral power).

If G is focal of mixed type, then G/G° is focal of totally disconnected type and we define
9¢ = qa/go- The group G/G° can be thought of as the totally disconnected side of G.
Actually, G also admits a connected side, which can also be viewed as a quotient G /G* of G,
which is focal of connected type. Here G* is the elliptic radical of G, that is, the largest closed
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normal subgroup in which every compact subset is contained in a compact subgroup. It is no
surprise that both the commability classes of G/G° and G/G* are commability invariants of
G. Interestingly, there is a third numerical invariant, which relates both sides by comparing
the speed of contraction in the connected and totally disconnected parts.

The modular functions of G/G° and G/G* define, by composition, homomorphisms A%,
A®" : G — Ry, and there is a unique number wg > 0 such that AW = (A¥")¥¢; see
Definition 6.1 for more details. (By extension, it is natural to define wg = 0 if G is of
connected type and wg = 400 if G is totally disconnected type.)

Ezample 1.10. Fix a prime p; let s, ¢ be elements of norm in |0, 1] of R and Q, respectively.
Consider the semidirect product G = G5, = (R x Q,) X Z, where the positive generator of
Z acts on the ring R x Q,, by multiplication by (s,¢) (this is a particular case of Example
1.4 with n = 2). Then wg = v,(t)/log,(]s]). If we do the same with R replaced by C,
then wg = v,(t)/2log,(|s|) (the point being that the multiplication by s multiplies the Haar
measure of C by |s|?).

Theorem 1.11. Let G, H be focal LC-groups of mized type. Then G and H are commable
within focal groups if and only if the following three conditions are fulfilled

(i) G/G* and H/H* are commable (i.e., G//a and ]?/-ﬁ are isomorphic);
(ii)) G/G° and H/H®° are commable (i.e., qc = qc);
(111) wg = wy.
The three above results concern commability within focal groups. It turns out that for most

focal groups, the commability class actually consists of focal groups and thus commability
within focal groups and commability are just the same.

Proposition 1.12. A focal LC-group G is commable to a non-focal LC-group exactly in the
following two cases:

e (G is of totally disconnected type;
e G admits a copci homomorphism into the group of isometries of a rank 1 symmetric
space of noncompact type.

To complete the commability classification of focal LC-groups, it is therefore enough to
consider the groups in Proposition 1.12. An easy result (Proposition 7.6) contrasting with
Proposition 1.9 is that all focal LC-groups of totally disconnected type are commable. To deal
with the connected type, an argument based on quasi-isometries is needed, namely Mostow’s
result that non-homothetic symmetric spaces of rank 1 and noncompact type are pairwise
non-quasi-isometric. An even simpler argument based on the topology of the boundary shows
that focal groups of different types are not quasi-isometric and hence not commable. Using
this and Proposition 1.12, we deduce

Proposition 1.13. Let G, H be focal LC-groups. Then G and H are commable if and only
if either

e GG and H are commable within focal groups, or

e G and H both have totally disconnected type.

This completes the commability classification, but still it does not gives a full description
of commability classes in the special cases. Indeed, this requires a locally compact version
of known quasi-isometric results. This results in: if X is a symmetric space of rank 1 and
noncompact type, then a locally compact group is quasi-isometric to X if and only if admits
a copci homomorphism into Isom(X). See the discussion in [C13], which also includes a
discussion in the totally disconnected type case.

We finally come to the fact that the invariant w is a quasi-isometry invariant.

Theorem 1.14. If Gy, G5 are quasi-isometric focal groups, then w(G) = w(Gs).

The proof uses the topology of the boundary of those groups, as well as a double use of
the invariance of the vanishing of LP-cohomology in degree 1. On the other hand, T. Dymarz
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[Dy14] recently proved that the non-power integer g is a quasi-isometry invariant of the
focal group of mixed type G. Combined with the previous theorem, this provides some
partial results towards the quasi-isometry classification of focal groups.

Conjecture 1.15. Let G be a focal LC-group. Then every LC-group quasi-isometric to G is
commable to G.

Conjecture 1.15 holds for G if G has totally disconnected type, the proof making use of
a surprisingly involved construction of Carette [Carl4]; see Question 7.7. In Section 8, we
show, using Theorem 1.14 and Dymarz’ Ql-invariance of ¢ theorem, that the conjecture in
the mixed type reduces to the connected type, as well as some explicit instances where the
latter holds. Conjecture 1.15 is more thoroughly discussed in [C13].

Further consequences of Theorem 1.14 are developed in Section 8.
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2. ON THE POLYCOMPACT RADICAL
Errata for this section have been incorporated after publication; they are mentioned in footnotes.

2.A. Generalities. The following definition summarizes and extends notions from the in-
troduction.

Definition 2.1. Let G be a locally compact group. Define its polycompact radical (or polyfi-
nite radical if G is discrete) and denote by W(G) the union of all compact normal subgroups

of G. If W(G) = {1} we say that G is W-faithful. Let B(G) (sometimes referred as topological
FC-center) be the set of elements in G whose conjugacy class has a compact closure.

Note that W(G) is compact if and only if it has a compact closure, and if this holds then
G/W(G) is W-faithful. The letter B stands for bounded, since it corresponds to elements of
G inducing a bounded inner automorphism «, namely such that {g7'a(g) | ¢ € G} has a
compact closure.

Recall that a locally compact group G is elliptic (or locally elliptic) if every compact subset
is contained in a compact subgroup. An element g € G is elliptic if it is contained in some
compact subgroup.

Definition 2.2. The elliptic radical of G is the union G* of all its normal closed elliptic
subgroups.

By a theorem of Platonov [P166], G* is a closed elliptic normal subgroup.

Ezample 2.3. By a theorem of Yamabe [MZ55, Theorem 4.6], if G is connected-by-compact
(i.e. G/G° is compact, where G° is the identity component), then W(G) = G* is compact and
G/W(Q) is a Lie group with finitely many connected components. In this case, the subgroup
B(G) is closed and described by Tits in [Ti64].
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The class of elliptic LC-groups is stable under taking extensions. In particular, G/G* is
Wh-faithful for every locally compact group G. Also, for any locally compact group G we
have the inclusion W(G) C B(G) N G*. Of course B(G) need not be contained in G*, but is
not much larger, by the following fact, relying on results of Wu-Yu [WY72]:

Proposition 2.4. Let G be a locally compact group.

(1) the quotient B(G)/B(G) ) is abelian and isomorphic to the direct product of a vector group
(i.e., isomorphic to R for some d) and a discrete torsion-free abelian group:

(2) the set of elliptic elements in B(Q) is equal to W(G). In particular, B(G) N G* = W(G)
and if B(G) is closed, then so is W(G).

(3) —This item and the next one are erased —

(4)

(5) The intersection B(G) N B(G)ﬁ is equal to W(G®)° and in particular is compact and
connected. Modulo their compact mtersection W(G°)°, B(G)" and B(G)ti generate their
topological direct product. The quotient B(G) ) JW(G®)° is a vector group, and the quotient

B(G)/B(G) B(G )ti is discrete torsion-free abelian.

(6) We have W(G) = B(G)' = B(G) N Gt.

(7) We have B(G) = B(G)°.

(8) We have B(G) = B(G’)mﬁ = B(G)W(G), and more generally B(G) = B(G)U for every
open subgroup U of mﬁ. Also the converse of the implication in (2) holds: if W(G) is
closed, so is B(G).

(9) We have B(G) N G° C B(G).

Proof. Define H = B(G). Then B(H) contains B(G) and hence is dense in H, which is the
condition under which the results of [WY72] can be applied.

By [WY72, Theorem 4], the set F of elliptic elements in H is a closed subgroup and H/E
is abelian with the given structure, proving (1), as well as the fact that the set of elliptic
elements in B(G) is equal to B(G) N G¥, which is part of (2).

Clearly B(G) NG* D W(G); conversely, if an element g belongs to B(G) N G#, let C, be the
closure of its conjugacy class; then L is compact and contained in G¥, so the closed subgroup
it generates is compact and normal in G, and hence g € W(G). This proves (2).

Let us now prove (5). To prove the intersection property and the assertion on B(G) /W/(G®)°,
can suppose that W(G®)° is trivial, and we have to check that B(G) is a vector group, and
that B(G) NB(G )ti = {1}. Then B(G) is compact-by-(vector group). Since W(G°)® is trivial,
B(G)  is actually profinite-by-(vector group); it is also pro-Lie and connected. Hence if by

contradiction the profinite kernel is nontrivial, then B(G)O has a quotient that is (nontrivial

finite)-by-(vector group) and connected. This would contradict simple connectedness of the

vector group. So B(G)O is a vector group. Hence it indeed has trivial intersection with B(G)ﬁ,

which consists of elliptic elements.

To complete the topological direct product assertion, since B(G)o is contained in G°, it

is enough to prove that the quotient map 7 : G — G/G° is proper in restriction to B(G)ﬁ.

Showing this amounts to checking that the inverse image of some compact open subgroup

IThe published version of this proposition was flawed in its items (3) and (4). Tt included the assertion

B(G) = B(G) W(G) for which G = Z is a trivial counterexample, and more anecdotally contained the
assertion that wo is nilpotent, for which G = SO(3) is a counterexample. The proof of the first wrong
statement relied on a misquotation of [WY72]. The current (5), (6) (7) are essentially borrowed from correct
statements in (3) and (4) of the published version: namely the only new statement is the last one in (5),
correcting an incorrect one. We have shifted the enumeration to avoid ambiguity. While my initial proof of
these facts was roughly correct, the proof of the important Theorem 2.8 made use of a fake assertion in this
proposition; it is corrected here. I have also slightly completed (2) and added (8) and (9); (8) is used in the
corrected proof of Theorem 2.8.
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K C G/G° is compact. Indeed, this inverse image is B(G)ﬁ N7 Y(K), and is contained in
(m7Y(K))*. Since 7 !(K) is connected-by-compact, its elliptic radical is compact. Hence

mﬁ N7~ 1(K) is indeed compact.

Then B(G)/B(G) B(G)" is discrete abelian, as a consequence of (1). It is torsion-free
because it embeds into the product B(G)/B(G)” x B(G)/B(G ) which is torsion-free.

For (6), first note that the equality B(G)ti = B(G) N G¥ is trivial. The inclusion W(G) C
G*NB(G) is clear (since G* is closed). For the reverse inclusion, we can suppose that W(G®)°

is trivial. So, by (5), the topological direct product B(G)O X B(G)ti stands as an open subgroup

in B(G). Since the action by conjugation preserves this direct product decomposition, we
deduce

(2.1) B(G)" x B(G) = B(G)NB(G) x B(G)NB@G).

So B(G) N B(G)ﬁ is dense in B(G)ﬁ. On the other hand, by (2), it is equal to W(G). This
shows that W(G) is equal to B(G)ﬁ.

Let us show (7). We can suppose that W(G?) is trivial. We need the following fact: In a
vector group standing as normal subgroup in a larger topological group, the set of elements
with bounded conjugacy class is clearly a vector subspace, and hence is closed.

We deduce from (2.1) that B(G) N (G) is dense in the vector group B(G) . Using the
above fact, we deduce that B(G) N B(G ) B(G) . So B(G)" C B(G), and the equality
immediately follows.

Let us show (8). Since B(G) B(G)’ is open (by (5)) in B(G), we have B(G) = B(G)B(G) B(G)' =
B(G)B(G)ﬁ, the latter equality holding since B(G) is contained in B(G) (by (7)). To show
that B(G)U = B(G)B(G)ﬁ, it is enough to check that B(G)jj C B(G)U, which holds because
B(G) N B(G)ti = W(G) is dense in B(G)t1 = W(G) (by (2) and (6)). The last assertion
immediately follows.

Let us show (9). We can suppose that W(G?) is trivial. So B(G)ﬁ is totally disconnected;
hence B(G) NGY = {1}. As we have checked in the proof of (5), the projection G — G/G° is
proper in restriction to B(G)ﬁ. Hence G° and B(G)ti generate their topological direct product
in G. For z € G° N B(G), since B(G) = B(G)B(G)’ (by (8)), we can write z = yz with

-1

y € B(G) and z € B(G)ﬁ. In this topological direct product, y decomposes as y = xz
Since the projections of this decomposition stabilize B(G) (since they are continuous and
G-equivariant), we deduce that z € B(G). O

Remark 2.5. (See also Theorem 2.8.) The subgroups W(G) and B(G) may be non-closed,
as was initially observed by Tits [Ti64, Proposition 3|; here we follow the similar [WY72, §6,
Example 1]: let R = Z/nZ for some n > 3 and R* its group of units and G = R™ x (R*)N;
in this example W(G) = B(G) # G is dense (here, R™N) is the direct sum of copies of R
indexed by N).

We have W(Q,) = Q,, which in this case is closed and noncompact. An example with
W(G) closed and non-compact, in which G is in addition compactly generated also exists,
namely a suitable 4-dimensional p-adic Lie group whose center is isomorphic to Q,. (See also
the examples in §2.B.)

Lemma 2.6. -Now erased®—

Proposition 2.4(2) allows us to prove the following proposition, which is less obvious than
it may seem at first sight.

Proposition 2.7. Let f : G — H be a copci homomorphism between locally compact groups.
Then f~Y(W(H)) = W(G).

2In the published version, Lemma 2.6 was a textual redundant copy of Proposition 2.4(2).
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Proof. By properness, f~Y(W(H)) C W(G). So we have to prove the other inclusion, namely
f(W(G)) € W(H). This amounts to showing that if K is a compact normal subgroup of G,
then f(K) C W(H). Indeed, writing H = M f(G) with M a symmetric compact subset, we
see that for every h € H, hf(K)h™' € M f(K)M and hence f(K) C B(H). Since f(K) also
consists of elliptic elements, by Proposition 2.4(2), it follows that f(K) C W(H). O

We now show the following theorem, which entails Theorem 1.2. In the case of B(G) in
totally disconnected groups, this result was already noticed in [M603], by observing that it
follows from Trofimov’s results and Cayley-Abels graphs.

Theorem 2.8. [f G is a compactly generated locally compact group, then B(G) and W(G)
are closed subgroups. In particular, there exists a compact normal subgroup M of G such that
W(G /M) is discrete.

Proof. We first check® that if GG is a o-compact locally compact group, then there is an
ascending sequence (W,,) of compact normal subgroups of G whose union is W(G).

For s € G, write s¢ = {g7!sg : ¢ € G}. Write G = |JM,, with M,, a compact subset,
M, contained in the interior of M, ; (so every compact subset of G is contained in M,, for
some n). Write K,, = {s € W(GQ) : s € M,}. Then K, is a closed, conjugation-invariant
subset of G, K,, C K41 and |J K,, = W(G). Then K, is a compact subset of W(G), which
is contained in G* by Proposition 2.4(6). Hence the closure W,, of the subgroup generated
by K, is compact, W,, C W,,.; and JW,, = W(G).

Let us next check the following independent claim: if GG is a o-compact locally compact
group such that W(G) is closed, then

(1) any compact subset of W(G) is contained in a compact open subgroup of W(G) that is
normal in G;
(2) there exists a compact normal subgroup M of G such that W(G /M) is discrete.

To prove (1), write, as above, W(G) as a union of an ascending sequence (W,,) of compact
normal subgroups of G. Since W(G) is closed, by the Baire theorem, W, is open in W(G)
for all n large enough. It follows that every compact subset of W(G) is contained in W, for
n large enough.

To prove (2) let K be the normal subgroup generated by some compact neighborhood of the
identity in W(G). Then K is compact (by (1)) and open in W(G). So W(G/K) = W(G)/K
is discrete in G/K. Hence, the first assertion of the theorem implies the second one.

Let us now prove the first assertion, namely that B(G) and W(G) are closed if G is com-
pactly generated. By Proposition 2.4(2), it is enough to deal with B(G). We first check it
when G is totally disconnected.

Trofimov [Tr85] deals with the case of the automorphism group of a vertex-transitive
finite valency connected graph (this is the hard case). Therefore, if G is a locally compact
group with a proper transitive action j : G — Aut(X) on such a graph X, then B(G) =
JH(B(Aut(X)) is closed as well. Abels [Ab74, Beispiel 5.2] observed that any compactly
generated totally disconnected locally compact group admits such an action (now known as
Cayley-Abels graph).

So the first statement is proved when G is totally disconnected (as already noticed in
[M603]). We conclude that W(G) is closed by proving the following claim®: for every locally
compact group G, if W(G/G") is closed in G/G°, then W(G) is closed in G.

Let G be as in the claim. As we have already checked, there exists a compact normal
subgroup of G/G° that is open in W(G/G®). Let V be its inverse image in G. So V' is normal
in G and W(G/V) is discrete.

It follows that W(G) NV is open in W(G). It is also contained in V¥; since V is connected-
by-compact, V* is compact, and hence contained in W(G). Thus W(G) is an open subgroup
of its closure, and hence is closed.

3In the published version, this was asserted without proof; these first eight lines have been added afterwards.
4The published proof is based on a similar (correct) claim, but its proof contains a gap, as it relied on a
wrong assertion of late Proposition 2.4(4).
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To conclude that B(G) is also closed, we apply Proposition 2.4(8). O

Remark 2.9. If f : G — H is a copci homomorphism and H has a compact polycompact
radical, then so does GG, as a consequence of Proposition 2.7.

Nevertheless, to have a compact polycompact radical is not stable under commability.
Indeed, consider the infinite alternating group Alts and the direct sum @, ., Z/nZ; the
former is W-faithful while the latter is equal to its polyfinite radical. By [BDHMO07, Lemma
5.1], T" and A possess isometric left-invariant proper distances; thus if X is the underlying
metric space, then both groups are cocompact in Isom(X).

More interestingly, there exist finitely generated groups that are quasi-isometric and actu-
ally commable (and cocompact in the same locally compact group), one with finite and the
other with infinite polyfinite radical; see §2.B.

Lemma 2.10. Let G, H be commable groups. Assume that W(G) = W(H) = {1} and that
every LC-group commable to G and H has a compact polycompact radical. Then G and H
are strictly commable.

Proof. 1t follows from Proposition 2.7 that any copci homomorphism A — B between LC-
groups with compact polycompact radicals factors through an injective copci homomorphism
A/W(A) — B/W(B). The result immediately follows. O

Remark 2.11. The condition “every LC-group commable to G and H has a compact poly-
compact radical” is hard to check in general. However, it is true in the following three
cases:

e hyperbolic locally compact groups;
e locally compact groups with at least two ends;
e locally compact groups of polynomial growth.

Let us now go back to Definition 1.1. For the sake of readability, it is convenient to use
arrows such as * and N\ to denote copci homomorphisms. For instance, we say that G, H
are commable through N\ 7 if there exist LC-groups G, Gy and copci homomorphisms

G/ GGy " H.

Ezample 2.12. Let I" be a cocompact subgroup of SLy(R) and I its inverse image in SLy(R).
Then I and T’ x Z are commable through N\

Namely, denoting by 7" the upper triangular group in SLy(R)) with positive diagonal entries,
there are (injective) copci homomorphisms

I 5SLy(R)« T xZ—SLy(R) xZ + T x Z.

2.B. An example for polyfinite radicals. We show here that among compactly generated
locally compact groups, to have compact polycompact radical is not a commability invariant
(and hence not a quasi-isometry invariant), and actually exhibit two finitely generated groups
that are cocompact lattices in the same locally compact group, one of which has a trivial
polyfinite radical, and the other one having an infinite one.

If R is commutative ring (associative with unit), let H3(R) denote the Heisenberg group
over R, namely those upper triangular 3 x 3-matrices with 1 on the diagonal. If ¢, u € R* are
invertible elements, define the automorphism ¢(u, v, uv) of H3(R) defined by the assignment

1 =z =z 1 wxr wvz
01 y]—1{(0 1 oy
0 0 1 0 O 1

We also define Z(R) as the subgroup of H3(R) consisting of the matrices such as above with
(x,y) = (0,0); it is the center of H3(R).

We henceforth assume that R is a commutative F[t, ¢ !]-algebra (¢ being an indetermi-
nate), and we denote

s=t2+t2 wu =1+t u=1+t"
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we also define, for s, uy, us in R*, the elements

oy = (s, s g, ug), Br = @(s,5 ur,uy), ag = (s, s uguy, uguy), Bo = @(s,s7 4, 1).
and, for 1 = 1,2
I = H3(Fp[t7t_lb2 X (i, Bs) Z,
where the notation means that the action is given by n- (A, B) = (al*(A), 57*(B)), for (A, B) €
Hy(F,ft, t71])%

Theorem 2.13. The polyfinite radical W(I'y) is trivial, while W(T'y) is infinite; Ty and T'y
are finitely generated and are isomorphic to cocompact lattices in the same locally compact
group.

Remark 2.14. The proof will also show that

e the group I'; is icc, that is, the only finite conjugacy class is {1}, which also means
that its FC-center B(G) (Definition 2.1) is trivial, while
e the group I'; has an infinite (locally finite) center.

Let us proceed to the proof, which is not particularly hard, part of the difficulty being to
exhibit the group itself.

The easiest part is that W(I'y) is infinite: indeed, it contains (and is actually equal to)
the subgroup {1} x Z(F,[t,t7']) C Hs(F,[t,t"'])?, which is an infinite locally finite central
subgroup (it is central in I'y because the action of S5 on the center is trivial).

The polyfinite radical W(I'y) is trivial; actually every nontrivial conjugacy class in I'y is
infinite, i.e., the FC-center B(I'y) is trivial (see Definition 2.1). To see this, argue as follows:
since the centralizer of H3(F,[t,t™*])? in Ty is itself, if we had B(T';) nontrivial, the intersection
B(T';) N H3(F,[t,t~'])* would be nontrivial as well, but it is clear from the given action, and
more precisely from the fact that none of s, s™'us, us, s~ uy, u; is a root of unity, that for
every nontrivial element of Hz(F,[t,t7'])?, the set of its conjugates is infinite.

Now let us come to the embedding. We first embed each I'; in a locally compact group G;

defined as ) )
G = Hs (Fp((t)D X Hj (Fp((t_l))) X (ai,8:) L

The natural discrete embedding of I'; into G; is induced by the ring diagonal embedding of
F,[t,t7'] into F,,((t)) x F,((t™)), and is cocompact for standard reasons.

That each G; is compactly generated is easily checked, since we can go up and down in the
x and y directions, using that none of the elements s**, s~'u;, s~ 'ujus has modulus 1, and
get the z-direction by performing commutators (the routine argument is left to the reader).
It follows that the cocompact lattices I'; are finitely generated.

Let us now describe each (G; in a more convenient way, using the obvious “involutive”
isomorphism F,((¢)) ~ F,((¢™!)), which exchanges u; and uy and “fixes” s: we have

Gi = H3(Fy(1)" Ao 506 21
where
11 =B, 01 = au, Yo = Qg, 07 = [a.
Let P be the 1-sphere in F,((t)); this is a compact group under multiplication; note that

uy; € P. Also define, for v € P, ¥)(v) = ¢(1,v,v). Let us embed G; cocompactly in a larger
group defined as

M; = G;x P' = Hy(F,(1))" x (z X P4)

here the action of Z is still given by (ay, B, d;,7:), while the action of (vy, vy, v3,v4) € P?
on Hj (Fp((t)))4 is given on the k-th component (1 < k < 4) by ¥ (vx). Note that this is a
well-defined action of the abelian group Z x P*, because the two action commute.

The conclusion of the proof is given by the following claim: M; and M, are isomorphic as
topological groups. This is not hard to see: indeed, the automorphisms (a4, 81,71, 91) and
(cvg, B2, 02,72) of Hj (Fp((t)))4 differ by an element of P*, namely the element (¢(u;), 1(u),
Y(u1),9¥(u;t)). Thus both groups of automorphisms isomorphic to Z x P* are equal (as
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subgroups of automorphisms of Hj (Fp((t)))4) and M; and M, are isomorphic (note that the
isomorphism thus involves switching the 3rd and 4th components, as we have switched d,
and 73).

3. GENERALITIES ON FOCAL GROUPS

Let us set up some generalities about focal group. We provide, insofar as possible, proofs
that avoid using hyperbolicity or large-scale geometry arguments.

When an LC-group G is focal, we usually write G = N x A as in Definition 1.3, where
A € {Z,R} compacts N.

Lemma 3.1. Fvery focal LC-group G has a compact polycompact radical.
If H s an LC-group and W a compact normal subgroup, then H 1is focal if and only if
H/W is focal.

Proof. Clearly W(G) C N. If Q is a compact vacuum subset for a compacting element, then
clearly every compact subgroup of GG contained in N is contained in (2.
In the second statement, both verifications are straightforward. O

Lemma 3.2. The subgroup N is the kernel of the modular function on G. If G is not of
connected type, then A = Z.

Proof. If A is the modular function, since N is compacted, the closure of A(G) is compact,
and therefore is trivial. So Ker(A) contains N; hence it is either N or G, but the latter case
is excluded since N is noncompact.

If by contradiction G is of totally disconnected type and A = R, then modding out by
W(G) (see Lemma 3.1), we can suppose that W(G) is trivial, so N is totally disconnected
and hence centralizes A. This contradicts that NV is noncompact and compacted by A. If G
is not of connected type, it follows from the definition that G/N° = (N/N°) x A is focal of
totally disconnected type, so by the previous case we get A = Z. O

Proposition 3.3 ([CT11, Theorem A.5]). Let N be an LC-group such that W(N°) = {1}.
Suppose that N has a compacting automorphism. Then the subgroups N° and N* (the elliptic
radical) generate their topological direct product, which is open of finite index in N.

Lemma 3.4. Let G = N x A be a focal LC-group. Denote by m the projection G — A. Then
for every closed cocompact subgroup H C G, the intersection H N N 1is cocompact in N, the
projection w(H) is closed (and cocompact) in A, and H is focal of the same type as G.

Proof. Let us first show that m(H) is closed (note that this is trivial if A = Z). If (h,) is in
H and w(h,) converges, write h,, = v,m(h,) with v, € N. Conjugating by an element of A,
we can arrange v, (and hence h,) to be bounded without modifying 7 (h,,).
We freely use that the set of compactions of N is stable under multiplication by inner
automorphisms [CCMT15, Lemma 6.16].
If A = Z or more generally if the projection of H in A has a discrete image, then (H N
N) % (o) is open of finite index in H for any 0 € H \ Ker(Ag); it is focal.
If A =R, wediscuss. If H° ¢ N, then H has a 1-parameter subgroup P on which log oAg
is an isomorphism onto R. Thus H N N is cocompact in N and H = (H N N) x P is focal.
If A =R and H° C N, then the image of N in A = R is countable, and since it is also
closed by the beginning of the proof, it is discrete and this case was covered.
It remains to check that H has the same type as G. In view of Lemma 3.1, we can suppose
that W(G) = {1}.
e If (G is of totally disconnected type, then H is totally disconnected, hence of totally
disconnected type.
e If G is of connected type, it is a Lie group, and hence H is also a Lie group. So
N N H is a Lie group with a compacting automorphism, hence it has finitely many
components. So H is of connected type as well.
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e If H is of connected type, then N N H is virtually connected. Since it is cocompact
in N, it follows that N is connected-by-compact, hence virtually connected (since
W(N) = {1}), so G is of connected type as well.

e If H is of totally disconnected type, we use that /N has a characteristic open subgroup
of finite index N’ with a characteristic direct decomposition £ x M, with E totally
disconnected and M connected (see Proposition 3.3). So the projection of H N N’
on F is finite. Since it is cocompact, it follows that M is compact, and thus G has
totally disconnected type.

g

Remark 3.5. The last statement in Lemma 3.4 can also be proved using geometric arguments
based on hyperbolicity and the topology of the boundary (see Proposition 8.3): indeed the
boundary is a Cantor space exactly in the totally disconnected type and is a topological
sphere exactly in the connected type.

Lemma 3.6. Let G be a focal LC-group. There exists a unique integer sq¢ > 1 such that
the image Ig of Aggo is the multiplicative cyclic subgroup of Q* generated by sg. We have
sq =1 if and only if G is of connected type.

Proof. The uniqueness is clear.

If G has connected type, then G/G° is either compact or compact-by-Z, so G/G° is uni-
modular and we have sqg = 1.

Otherwise, G/G” is focal of totally disconnected type, and hence we can reduce to when
G = N x, Z is focal and totally disconnected. Then if K is an open compact subgroup of N
such that o(K) C K, the image of the modular map is the multiplicative subgroup generated
by the index s = [K : o(K)]. We have sg > 2, since otherwise K would have finite index
in N, which would be compact, contradicting the definition of focal. O

Lemma 3.7. Let f : H — G be a continuous homomorphism between focal LC-groups with
cocompact image. Then f(H*) C G*.

Proof. Composing with the projection, we can suppose that G* = {1}. Thus G is a W-
faithful Lie group, Ker(Ag) is a virtually connected Lie group, and we need to show that
H* C Ker(f). Since K = f(H?) is elliptic, it is contained in Ker(Ag) and hence is compact.
Let G’ be the normalizer of K. Then G’ contains f(H) which is cocompact, and is closed;
we have K C W(G’). On the other hand, by Proposition 2.7, we have W(G’) C W(G) = {1}.

Il

Hence K = {1}.

Lemma 3.8. Let f: H — G be a copci homomorphism between focal LC-groups. Then

(1) f(H) N Ker(Ag) is cocompact in Ker(Ag);

(2) if G,H are not of connected type, the factored map f : H/H° — G/G° is a copci
homomorphism between focal LC-groups of totally disconnected type.

(3) if G, H are not of totally disconnected type, the factored map f - H/H* — G/G* is a

copci homomorphism between focal LC-groups of totally disconnected type.

Proof. For (1), this follows from the fact that Ag(f(H)) = Ag(H) is closed.

For (2), we have to check is that f is copci. Since the LC-groups involved are o-compact,
we have to check that f has a compact kernel and a closed cocompact image. That the image
is cocompact is clear.

We can suppose that W(H) = W(G) = {1} (using Proposition 2.7), and thus f is injective
and G° is a Lie group. In particular, any closed totally disconnected subgroup of f~(G°) is
discrete.

Recall (Proposition 3.3) that Ker(Ay) has an open characteristic subgroup of finite index
Uy with a characteristic decomposition H° x H* with H* totally disconnected. So f~1(G°) =
H° x (H*N f~1(G®)). We deduce from the previous lines that H* N f~1(G°) is discrete; since
it admits a compacting automorphism, it is finite. Since W(H) = {1}, it is thus trivial, and
we deduce that f~1(G°) = H°. So f is injective.
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Finally, to check that f has a closed image amounts to showing that G°f(H) is closed; to
check this it is enough to show that f(H)NG° = f(H®) is cocompact in G°.

By Lemma 3.7, we have f(H*) C G*. Since f(H* x H°) is cocompact in G* x G°, we
deduce that f(H°) is cocompact in G°.

The statement (3) is proved along the same lines. O

4. THE ¢-INVARIANT AND COMMABILITY CLASSIFICATION IN TOTALLY DISCONNECTED
TYPE

4.A. The ¢-invariant. We say that a positive integer is a non-power if it is not an integral
power of a smaller positive integer (thus non-power integers are 1,2,3,5,6,7,10,...). Each
integer n > 1 is an integral power of a unique non-power integer denoted by ™%/n.

Definition 4.1. Let G be a focal LC-group, and let sg be the generator of the image of
Aggeo as in Lemma 3.6. We define gz = m§/sq and call it the g-invariant of G.

Proposition 4.2. Let G be a focal LC-group. Then qq is the unique non-power integer such
that the image of Ag/ge has finite index in the multiplicative group {qx : n € Z}. We have
qc = 1 if and only G has connected type. The number qg s an invariant of the commability
class of G within focal groups.

Proof. The first two statement immediately follow from the definition and Lemma 3.6. Let
us prove the last one. Let f: H — G be a copci homomorphism between focal groups and
let us show ¢y = qqg.

Recall that H and G have the same type (Lemma 3.4), and in connected type we have
qr = gc = L.

Assume that G and H have totally disconnected type. Since G is amenable, we have
Ay = Ago f [BHV, Corollary B.1.7]. It follows that Ay (H) is cocompact in Ag(G); since
these are cyclic groups, it has finite index, say k, and therefore we obtain that sy = sf. So
d7 = 4G-

If G and H have mixed type, then f: H/H° — G/G° is copci by Lemma 3.8, and since
qc = qa/ge and qg = qu o we can reduce to the totally disconnected type. U

Define, for every m > 2, the group FT,, as the stabilizer of a boundary point in the
automorphism group of an (m + 1)-regular tree.
We begin with the standard observation:

Lemma 4.3. The group F'T,, is focal of totally disconnected type, and its g-invariant is ™x/m
(which in particular is m if m is a non-power integer).

Proof. Let T be the (m+1)-regular tree, w a boundary point and zy a fixed vertex, and write
G = FT,, as the stabilizer of w in Aut(7"). Consider the geodesic ray (zo,z1,...) ending
at w. Let G, be the stabilizer of xq, this is a compact open subgroup (actually fixing all
x, for n > 0). Extend this ray to a bi-infinite geodesic (z,)nez, and let h be a loxodromic
isometry along this axis, mapping x, to x,_; for all n € Z. Let N be the subgroup of
those elements in G fixing x,, for large enough n, it is not compact since m + 1 > 3. Then

G = N x (h), and hG,,h™' =G, , C Gy and N =, 5 h "Gy h", thus h acts on N as a

compacting automorphism and thus G is focal. We have [G,, : G;_,] = m and thus s¢ = m,
S0 gg = "¥/m. d

Proposition 4.4. Let G be an LC-group and q > 2 a non-power integer. Then the following
are equivalent:

(i) G admits a copci homomorphism into FT . for some integer k > 1;
(11) G is focal of totally disconnected type and qc = q.

More generally, the following are equivalent, if m > 2 is any integer.

(1) G admits a copci homomorphism into F'T,x for some integer k > 1;
(11°) G is focal of totally disconnected type and s¢ is a power of m.
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Proof. Suppose (i). By Lemma 4.3, FT is focal of totally disconnected type and its g-
invariant is ¢. Hence G is also focal of totally disconnected type, and ¢z = ¢ by Proposition
4.2.

Conversely, suppose (ii). Write G = N X, Z, and let K be a compact open subgroup
of G such that o(K) C K and |J,-,0 "(K) = N. We have [K : ¢(K)| = s¢ = ¢~ for
some k. Thus G is the ascending HNN-extension of K endowed with its endomorphism o.
The Bass-Serre tree is (¢* + 1)-regular, and G fixes a boundary point; this action is proper
and vertex-transitive, so it defines a copci homomorphism G — FT . (This construction is
already used in [CCMT15, Lemma 6.7].)

The more general equivalence is proved by exactly the same argument. U

If G is a focal LC-group of the form N x Z (e.g., not of connected type), and n > 1,
define G as the open normal subgroup N x (nZ). It is the unique normal subgroup of G
containing Ker(A¢) such that the quotient is cyclic of order n.

Corollary 4.5. Let G1, Gy be focal LC-groups of totally disconnected type. The following are
equivalent:

(1) Gi and Gy are commable within focal groups;

(i1) 9¢, = qa, (i-e., A(G1) and A(Gs) are commensurate subgroups of Q*)

(111) there is a commation within focal groups G /NN Ga;

(iv) there exists a non-power integer ¢ > 2 and an integer n > 1, such that for i = 1,2
there is a commation within focal groups G; /"N FT[q”] ;

(v) there exists a non-power integer q > 2 such that for i = 1,2, there is a commation
within focal groups with G; /N FT;

(vi) there is a commation within focal groups G '\_/"\_" Ga;

(vii) there exists an integer m > 2, such that for i = 1,2 there is a commation within focal

groups G; N_"FT,,.

Proof. Obviously any of the conditions (iii), (iv), (v), (vi), (vii) implies (i).

By Proposition 4.2, (i) implies (ii).

Some of the remaining implications are immediate:

e Composing with the inclusion FT([]”] — FT,, we obtain the implication (iv)=-(v).
e (vii)=-(vi) and (iv)=-(iii) are clear.

Assume (ii). Then by Proposition 4.4, there are copci homomorphisms G; — FT»; for
some ny,ny (which can be chosen as ¢ = sg,). If n = max(ny,ny), then there is (by the
second equivalence in Proposition 4.4) a copci homomorphism FT[q”i] — F'T g, which induces
[n—ni]

i C FTyni and thus we have copci homomorphisms

a copci homomorphism FTg”] — FT

G; — FT i FTL”], so (iv) holds.
Also assuming (ii), taking the same n, we have copci homomorphisms G; < G,Enini] —

FT,», proving (vii). O

Lemma 4.6. For any two distinct integers m,n > 2, there is no copci homomorphism
f:FT, —>FT,,.

Proof. We can suppose m < n. Considering the ranges of the modular function, the condition
implies that n is an integral power of m. In particular n > m? > 2m.

By Chebyshev’s Theorem (Bertrand’s postulate), there exists a prime p in |m,2m][. Thus
m<p<n.

Since W(FT,,) = {1}, f should be injective. We conclude by the observation that FT,
contains an element of order p, while F'T,,, has none. O

A strengthening of Lemma 4.6 will be given in Proposition 7.8.

Remark 4.7. For any integers ¢ > 2, m,n > 1, the groups FTym and FT;. are commable
through \_. Indeed, both contain Q; X Z as a closed cocompact subgroup.
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Question 4.8. If G; and G, are focal LC-groups of totally disconnected type and are
commable, are they always commable through G; NN\ G3?

5. COMMABILITY IN CONNECTED TYPE

We now study commability between focal LC-groups of connected type; this is technically
the most involved case.
We will prove the following theorem (see Corollary 5.11).

Theorem 5.1. Let G be a focal LC-group of connected type. Then there exists a W-faithful
focal LC-group G satisfying the following: for every LC-group H, the group H is commable
to G within focal groups if and only if there is a copci homomorphism H — G. Moreover, G
15 unique up to topological isomorphism.

Thanks to Lemma 2.10, most of the study of commability for focal LC-groups can be
carried out in the context of W-faithful focal LC-groups, and therefore the W-faithfulness
assumption will often be done in the next lemmas.

Let N be a simply connected nilpotent Lie group and n its Lie algebra. The tangent
map at the identity induces a canonical isomorphism Aut(N) — Aut(n). We say that
a € Aut(N) is purely positive real if all its eigenvalues are real, and that a subgroup of
Aut(N) is purely positive real if all its elements are purely positive real. Note that the
product of two commuting purely positive real elements is purely positive real.

Recall that a topological group is called a vector group if it is isomorphic to R* for some
k> 0.

Lemma 5.2. Let G be a real linear algebraic group and G = G(R). For any purely real
subgroup A C G, closed and connected in the Lie topology, there exists a unique minimal
vector group Ve(A) C Aut(N) containing A and contained in the Zariski closure of A; the
inclusion of A in Ve(A) is cocompact.

Proof. We can fix a real embedding of G into GL,, and thus interpret GG as a closed subgroup
of GL,(R).

The Zariski closure B of A consists of matrices with only real eigenvalues. In particular,
its identity component B° in the ordinary topology consists of matrices with only positive
real eigenvalues. It follows that B° is a connected abelian Lie group and has no nontrivial
compact subgroup and therefore B° is a vector group. The existence and uniqueness result is
now clear, namely Ve(A) corresponds to the vector subspace generated by A; cocompactness
follows. O

Lemma 5.3. Every automorphism o € Aut(N) can be written in a unique way as o = a0y
where o, 1s purely positive real, oy is elliptic (belongs to a compact subgroup of Aut(N)) and
lar, 5] = 1. Moreover, a, and o; belong to the Zariski closure of the subgroup generated by
a; in particular the centralizer of aq and «o; each contain the centralizer of c.

Proof (sketched). We work in the Zariski closure of the subgroup generated by «, which is
abelian. We have a (unique) similar decomposition a@ = aga, where ag is C-diagonalizable
and «, is unipotent, and a (non-unique) decomposition ag = gy where a4 is diagonalizable
purely real and ay is C-diagonalizable with all eigenvalues on the unit circle. Finally write
aq = apay where a, is purely real and oy has only eigenvalues in {—1,1}. Finally set
oy = a0y and o = ag k. This shows the existence result as well as the additional statement.

Now let a = 3.3 be another decomposition as in the statement of the lemma. So 5 a, =

Bia; !. Since by assumption [, 3] = 1, we see that « centralizes both §, and f;. Because
of the additional feature of «, and al, they also centralize 8, and 3. So S la, has all its
eigenvalues positive real, while fia; ! has all its eigenvalues on the unit circle; thus both are

unipotent; since the latter is C- dlagonahzable, it is the identity, and thus we deduce o = [
and o, = ;.
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If G is a connected Lie group, let Nil(G) be its connected nilpotent radical, that is, its
largest nilpotent normal connected subgroup; this is a closed characteristic subgroup. If G is
any LC-group such that G° is a Lie group (e.g., G is a W-faithful focal LC-group), we define
Nile(G) = Nil(G°).

Lemma 5.4. Let G = N x K be a connected Lie group, where N is simply connected nilpotent
and K is compact. Assume that K acts faithfully on N. Then

(i) every cocompact nilpotent subgroup of G is contained in N;
(i1) for every closed connected cocompact subgroup of G with a decomposition N1 x K
with N1 nilpotent and Ky compact, we have Ny = N.

Proof. Let T be a cocompact nilpotent subgroup of G. We can suppose that the projection
of I' on K is dense, so we have to show K = 1. Assume the contrary. The action of K on
N is nontrivial, so its action on N/[N, N]| is nontrivial as well; so we can mod out and thus
assume N is a vector group. Since K is a compact connected Lie group with a dense nilpotent
subgroup, it is abelian and in particular, modding out once more, we can suppose that N
is 2-dimensional with a nontrivial action of K. We can also mod out by the kernel of the
K-action, and hence we are reduced to the case of G = R? x SO(2). The Zariski connected
subgroups therein are either contained in R?, or compact, or G itself. Since the Zariski
closure of G is nilpotent and cocompact, the only possibility is that I' € R?, contradicting
that I" has a dense projection to SO(2).

Let us now prove the second statement. By the previous assertion, Ny C N. Hence NV is
a closed connected cocompact subgroup of N, so Ny = N. O

Lemma 5.5. Let G be a W-faithful focal LC-group and let M be the kernel of the modular
map A : G — Ry. Define N = Nilc(G). Then N is a simply connected nilpotent Lie group;
it is a closed cocompact subgroup of the Lie group M°; the action of any & € A7'(]1, +o0|) on

N is contracting. Moreover, any closed cocompact subgroup H of G contains N and indeed
satisfies Nilc(H) = Nile(G).

Proof. 1t is a general elementary fact that in any LC-group, every nilpotent normal subgroup
is contained in the kernel of the modular function. So N = Nil(M?).

If £ € A™'(]1,+00][), then using [CCMT15, Prop. 6.15 and Theorem 7.3(iv)], £ acts as a
compaction on M and thus on M°. By [CCMT15, Proposition 6.9], we deduce that N is
simply connected, is cocompact in M° and that £ acts as a contraction on N.

If G is focal, write G°° for G° N Ker(Ag) = Ker(Ag)°.

If H is closed and cocompact in G, it follows from Lemma 3.8 that f(H°°) is closed
cocompact in G°°. Choose ¢ as above inside H. Then there are, by [CCMT15, Proposition
6.9], &-invariant decomposition G*° = Nil(G*°) x K and H*° = Nil(H*°) x L with K, L
compact. The action of K and L respectively are faithful because their kernel is normal
and W(G) = W(H) = {1}. By Lemma 5.4, we obtain that Nil(H°°) = Nil(G*). Clearly,
Nil(H°°) = Nil¢(H) and Nil(G*°) = Nilc¢(G). O

Let G be a W-faithful focal LC-group and N = Nilc(G). Note that Out(/N) is naturally the
group of real points of a real linear algebraic group®. Let Pg be the image of G in Out(N).
Let P{, denote the set of o, when o ranges over Pg.

If € € G, let a(§) be the outer automorphism it induces on N.

Lemma 5.6. Let G be a W-faithful focal LC-group. The subgroup P C Out(N) is closed
and for every & ¢ Ker(A) it contains the subgroup («(§)) as an infinite cyclic discrete cocom-
pact subgroup; besides, the subgroup Py, C Out(N) is closed and contains the infinite cyclic
subgroup {ay) as an infinite cyclic discrete cocompact subgroup for all a ¢ Ker(A). .

5Tt follows from basic Galois cohomology — namely, the vanishing of the Galois cohomology in degree one
of unipotent groups in characteristic zero — that the canonical homomorphism Out(N(K)) — (Out(N))(K)
is an isomorphism for every field K containing a definition field of N, where Out(N) in the right-hand
term is defined, as the algebraic group quotient of Aut(N) by the Zariski-closed subgroup of inner automor-
phisms, which is unipotent. Here we identify Out(N) with (Out(N))(R) and the previous remark shows this
identification is harmless.
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Proof. The natural homomorphism G — Out(/N) is continuous and factors through G/N,
which contains the infinite cyclic subgroups («) and () as cocompact discrete subgroups; in
restriction to those, it is proper, and therefore the homomorphism G/N — Out(N) is proper
and in particular has a closed image.

The group G/N is the direct product of a cyclic group and a compact group [CCMT15,
Proposition 6.9]. Therefore Py is generated by a compact group K and a cyclic group
centralizing each other. It follows that the Zariski closure S of P is generated by K and an
abelian group A contained in the centralizer of K. According to Lemma 5.3, we can write
A = L x P where L is compact and P is purely positive real. It follows that S is the direct
product of the compact group LK and P, and p : o + «, is the projection onto P. We see
that elements of P are exactly those elements in S that are purely positive real. In particular
P, C P. Since p is proper and («) is discrete infinite cyclic and cocompact in P, we deduce
that Pf, is closed and contains the infinite cyclic subgroup (o,) as an infinite cyclic discrete
cocompact subgroup for all a ¢ Ker(A). O

Since Py is closed by Lemma 5.6, we can introduce (see Definition 5.2 for the definition of
Ve):

Definition 5.7. Define the closed subgroup [Pg] C Out(V) to be equal to Ve(Py,).

Lemma 5.8. The subgroup [Pg] C Out(N) is isomorphic to R and centralizes Pg. Moreover
for any closed cocompact subgroup H C G we have [Py| = [Pg].

Proof. By Lemma 5.2, we have Ve(P},) C P and the inclusion Pf, C Ve(Pf,) is cocompact.
By Lemma 5.6, Py, has an infinite cyclic discrete cocompact subgroup. Thus Ve(P,) is a
vector group with an infinite cyclic discrete cocompact subgroup, hence is isomorphic to R.

Finally observe that [Pg] = Ve({(«;)) for a = a(£) and any £ ¢ Ker(A). Picking £ € H, we
obtain the same description for [Py| and thus [Pg] = [Py]. O

If Uy,Uy are groups and ¢ : U; — Us is an isomorphism, it induces an isomorphism
Aut(U;) — Aut(Uy) given by a — ¢oaog™ !, which maps inner automorphism of U; onto inner
automorphisms of Us and thus factors through an isomorphism ¢, : Out(U;) — Out(Us).

Lemma 5.9. Let G1,G5 be W-faithful focal LC-groups of connected type. Define N; =
Nile(G;). Equivalences:
(i) G1 and Gy are commable;
(ii) there exists a W-faithful focal LC-group G and copci homomorphisms G1 — G < Gy;
(1ii) there exists an isomorphism ¢ : Ny — Na such that ¢.([Pa,]) = [Pa,]-

Proof. (ii) trivially implies (i).

Suppose (i) and let us prove (iii). Since the condition in (iii) is transitive, we can suppose
that there exists a copci homomorphism ¢ : G; — G2. By Lemma 5.5, ¢ restricts to an
isomorphism N; — N; and thus also induces an isomorphism ¢, : Out(N;) — Out(NVs)
mapping Pg, to Pg,. Since [Pg,] is canonically defined from Pg, within Out(N;), it follows
that ¢*([PG1]) = [PGz]'

Suppose (iii) and let us show (ii). Identifying N; and N, through ¢, we can suppose that
N; = Ny and [Pg,] = [Pg,]. Let C be the centralizer of B = [Pg,] = [Pg,]. By Lemma 5.8,
P, and Pg, are both contained in C'. Since C' is Zariski-closed, it has finitely many ordinary
connected components and C'/B as well. So if L/B is a maximal compact normal subgroup
of C//B, then for each i = 1,2 there exists g; € C' such that g;Pg.g;' C L. Since Pg, and L
are both 2-ended, the latter inclusion is cocompact. Therefore if G is the inverse image of L
in Aut(V) if we identify G; and G5 with their image in Aut(/N) and if we lift g; to an element
v € Aut(N), we have the cocompact inclusion 7;G;y; ! € L and L is W-faithful focal. O

We say that a focal LC-group G is focal-universal if it is W-faithful, and if for every focal
LC-group H commable to GG, there is a copci homomorphism H — G.

Proposition 5.10. Let G be a W-faithful focal LC-group of connected type and N = Nile(G).
The following statement are equivalent:
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(1) G is focal-universal;

(1i) we have [Pg| C Pg and Pg/[Pg] is a mazimal compact subgroup in C([Pg])/[Pca],
where C(-) denotes the centralizer in Out(N);

(111) the image of G in Out(N) is mazimal among closed 2-ended subgroups.

(iv) G is focal-universal within Aut(N), in the sense that, identifying G with its image
in Aut(N), it is not strictly contained as a cocompact subgroup in any larger closed
subgroup of Aut(N);

(v) every copci homomorphism G — G into a W-faithful focal LC-group is a topological
1somorphism.

Proof. That (iii) implies (ii) is essentially clear: if L/[Ps] is a compact subgroup of C([P¢])/[Pg]
containing P¢[Pg]/[Pg], then L is closed 2-ended and contains Pg so by (iii) we have
Pe = P¢[Pg] = L, i.e. [Pg| C Pg and P /[Pg] is maximal compact in C([P¢]).

Suppose (iv) and let us show (iii). Let the image Pg of G in Out(N) be contained in a
closed 2-ended subgroup L, and let Gy be its inverse image in Aut(N). Then G C Gy is
cocompact so by (iv), we have G = G and hence Pg = L.

Suppose (v) and let us show (iv). Suppose that G C Gy C Aut(N). Then G is W-faithful:
indeed if W is compact normal in Gy, then W is mapped injectively into Out(NV), and hence
acts faithfully on N which implies [W, N] # 1, hence W N N # 1, which is a contradiction
unless W = 1. So from (v) it follows that G; = G.

Suppose (i) and let us show (v). Let i : G — G4 be a homomorphism as in (v). Since G is
Wh-faithful, 7 is injective. Since G is focal-universal, there also exists a copci homomorphism
7 : G1 — G, and since (GG is W-faithful, j is also injective. The existence of ¢ and j imply
dim(G) = dim(G;) and then |m(G)| = |mo(Gh)l, and finally that ¢ and j are topological
isomorphisms.

Finally suppose (ii) and let us show (i). Let G be commable to G. Then Lemma 5.9
shows that there exists a focal LC-group G3 with copci homomorphisms Gy — G5 < G.
But following the proof of (iii)=-(ii) of Lemma 5.9, we see that the maximality of P¢ implies
that by construction the homomorphism G — (3 is an isomorphism. Thus we have a
homomorphism G; — G with the desired properties. O

Corollary 5.11. Every focal LC-group of connected type G admits a copci homomorphism
into a W-faithful focal-universal LC-group G. Moreover, G is uniquely defined up to iso-
morphism by the weaker requirement that it is focal-universal and that G is commable to

G.

Proof. Again, we denote by C(-) the centralizer in Out(NV). We can suppose that G is W-
faithful; set N = Nilc(G). Being Zariski closed, C'([P¢]) has finitely many ordinary connected
components and hence C([Pg])/[Pc] as well. Let L be a maximal compact subgroup of
C([P¢])/IP¢] containing P¢[P¢]/[Pe] and G the inverse image of L in Aut(N). Then [Pg] =

[Ps]. By Proposition 5.10, G is focal-universal.
The uniqueness follows from the definition of being focal-universal, and (v) of Proposition

5.10. 0
Corollary 5.12. Any two commable focal LC-groups of connected type are commable within
focal groups through /"\_. O

If G is a W-faithful focal LC-group of connected type and N = Nile(G). Let G be the
inverse image of [Pg] in Aut(N). Call it the purely real core of G. Note that if G is focal-
universal, then G is contained in GG, and is normal and cocompact.

Definition 5.13. A Heintze group is a Lie group of the form N x R, where N is a simply
connected nilpotent Lie group and the action of positive elements of R on N is contracting.
It is purely real if all complex eigenvalues of the action of R on the Lie algebra of IV are real.

Remark 5.14. Heintze [He74] proved that a connected Lie group of dimension > 2 admits a
left-invariant Riemannian metric of negative sectional curvature if and only if it is a Heintze

group.
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Proposition 5.15. Let G be a W-faithful focal LC-group of connected type. If G is focal-
universal, or more generally if [Pg] C Pg then G is the unique purely real Heintze closed
cocompact subgroup in G.

Proof. Clearly G satisfies these properties. Conversely, assume that H satisfies these proper-
ties. By Lemma 5.5, H contains N = Nilc(G). Since H is a Heintze group, H/N is isomorphic
to R. Since H is purely real, we have Py C [Pg|. Since Py is isomorphic to R, this is an
equality and hence H = G. Il

Corollary 5.16. Fvery focal LC-group of connected type is commable to a purely real Heintze
group, unique up to isomorphism. Il

6. COMMABILITY IN MIXED TYPE AND THE w-INVARIANT

Definition 6.1. Let G be a focal LC-group. Consider the modular functions of G/(G° N
Ker Ag) (which is the same as G/G® if G is not of connected type) and GG/G*; by composition
they define homomorphisms A%, A% : G — R, which we call restricted modular functions.
Since Hom(G, R) is 1-dimensional, if G' is not of totally disconnected type then AE™ is
nontrivial and hence there exists a unique @ = w(G) € R such that log oA = w(log o ALY).
Because of the compacting element in G, necessarily w(G) > 0, with equality if and only if

G is of connected type. If G is of totally disconnected type we set @w(G) = +o0.

Definition 6.2. Let H, A be focal LC-groups, with H of connected type with a surjective
modular function and with A of totally disconnected type. For @ > 0, define

HxA={(z,y) € Hx A|Ap(z)® = Aa(y)}.

This is a focal LC-group of mixed type, satisfying w(H % A) = w. If ¢ > 2 is an integer and
w is a positive real number, define in particular

Hlw,q] = H % FT,.
Proposition 6.3. Let G, Gy be focal LC-groups of mixed type. Equivalences:

(1) Gy and Gy are commable;
(ii) the following three properties hold:
o G1/G and G4/GY are commable within focal groups
® 4o, = qa, (that is, G1/GS and G3/G5 are commable within focal groups, see
Corollary 4.5);
o w(Gy) = w(Gs);

(111) there is a commation within focal groups G /"N Ga;

(iv) there exists a non-power integer q > 2, an integer n > 1, a focal-universal group of
connected type H and a positive real number @ > 0 such that for v = 1,2 there is a
commation within focal groups G; /°\_ H|q, =|";

(v) there exists a mon-power integer q > 2, a focal-universal group of connected type H
and a positive real number w > 0 such that for 1 = 1,2, there is a commation within
focal groups with G; /N 7 H|w, q|;

(vi) there is a commation within focal groups G '\_/"\_" Ga;

(vii) there exists an integer m > 2, a focal-universal group of connected type H and a
positive real number ww > 0 such that for i = 1,2 there is a there is a commation
within focal groups G; N\~ H|w, m).

Proof. Obviously any of (iii), (iv), (v), (vi), or (vii) implies (i).

(i)=(ii). When passing from G to a closed cocompact subgroup or to the quotient modulo
a compact normal subgroup, the restricted modular functions do not change. Therefore,
assuming (i), we obtain w(G;) = w(Gs). The remaining conditions of (ii) follow from
Lemma 3.8.

Other immediate implications are that (iv) implies (iii) and (v), and that (vii) implies (vi).

Let us now prove that (ii) implies (iv) and then (vii).
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Consider a proper cocompact embedding of GG /Niti into a focal-universal group H;. By (ii)
and Corollary (5.11), Hy and Hj are isomorphic, so we write H = H;. The diagonal map

G; — H; x G/G° has its image contained and cocompact in H x (G/G"°) (where again by

(ii) @ does not depend on ). Thus we get a copci homomorphism G — H x (G/G°).
Consider the copci homomorphisms G;/G; — FTjn; < FT([]”] as in the proof of (ii)=(iv)
of Corollary 4.5, where ¢ is a non-power integer. Then these extend to copci homomorphisms

G: — H x (G/G°) — H[w,q"] + Hlw, q]".

This proves (iv).
Consider now the copci homomorphisms G;/GS + (G;/G$)"™ — FT,. from the proof
of (ii)=(vii) of Corollary 4.5. These extend to copci homomorphisms

G; + G o Hlw, ¢",
proving (vii). O
In view of Corollary 5.16, we deduce:

Corollary 6.4. Every focal LC-group of mized type G is commable to an LC-group of the
form Hlw, q|, for some purely real Heintze group H of dimension > 2 uniquely defined up to
isomorphism, a unique w € |0, 00[, and a unique non-power integer q > 2. [

The corollary can also be stated for an arbitrary focal group. If H is a group with a
quotient homomorphism onto R with compact kernel, we just define H|[oo,¢q|] = FT,. Also,
if H if a focal group of connected type, we define H[0,1] = H.

Corollary 6.5. FEvery focal LC-group G is commable within focal groups to an LC-group of
the form H[w,q|, for some purely real Heintze group H uniquely defined up to isomorphism,
a unique w € [0,00], and a unique non-power integer q¢ > 1. Here, the triple (H,w,q)
satisfies the compatibility condition: dim(H) = 1 if and only if w =0 and g = 1 if and only
if w = o0. O

7. COMMABILITY BETWEEN FOCAL AND GENERAL TYPE GROUPS

Unlike in the previous sections, we allow ourselves to use (soft) arguments related to
hyperbolicity.

Recall that a hyperbolic LC-group is non-elementary if it boundary is uncountable, or
equivalently contains at least 3 points. We define a focal-hyperbolic LC-group as a non-
elementary hyperbolic LC-group whose action on the boundary has a fixed point. A general
type hyperbolic LLC-group is by definition a non-elementary hyperbolic LC-group that is not
focal-hyperbolic.

In the terminology of the present paper, we have

Theorem 7.1 ([CCMT15]). An LC-group is focal-hyperbolic if and only if it is focal. O

We now make free use of this theorem, writing focal for focal-hyperbolic.

If H — G is a copci homomorphism between LC-groups, G is hyperbolic (resp. non-
elementary hyperbolic) if and only if H is hyperbolic (resp. non-elementary hyperbolic), and
if G is focal, so is H; conversely if H is focal, then G is either focal or of general type.

This situation was clarified in [CCMT15]. Define an S1-group to be an LC-group G with
W(G) compact, such that G/W(G) is isomorphic to an open subgroup of finite index in the
isometry group of a rank 1 symmetric space (actually this index can only be 1 or 2). An
S1-group is hyperbolic of general type.

Proposition 7.2. Let H — G be a copci homomorphism between locally compact groups,
with H focal and G non-focal. Then either

e H is of totally disconnected type, or
e H is of connected type, and G is an S1-group.
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Conversely, if H is a focal LC-group of totally disconnected type, then is admits a copci
automorphism into a non-focal LC-group.

Proof. Necessarily G is of general type, so by the (elementary) [CCMT15, Proposition 5.10],
either G is compact-by-(totally disconnected) in which case H is of totally disconnected type,
or G is an Sl-group. In the latter case, G/W(G) is a Lie group and hence H/W(H) is a Lie
group as well, so H is of connected type.

For the second statement, we know that H admits a copci homomorphism into FT,, for
some m > 2, and the latter admits a copci homomorphism into the automorphism group of a
(m + 1)-regular tree, which is not focal (for instance, because it is admits cocompact lattices
and hence is unimodular). O

Definition 7.3. We say that an LC-group is special focal if it is focal and admits a copci
homomorphism into a non-focal LC-group.

Proposition 7.4. If H — G is a copci homomorphism between focal LC-groups, then H
15 special focal if and only if G s special focal. In other words, the class of special focal
LC-groups is invariant under commability within focal LC-groups.

Proof. Trivially G special implies H special. For the converse, assume H special. By Propo-
sition 7.2, it is either of totally disconnected or connected type. In the first case, G is also
special by the same proposition. The remaining case is when H is special of connected
type; in this case we only sketch a proof, since the conclusion can also be deduced from
quasi-isometric rigidity arguments.

The first step is to show that for every rank 1 symmetric space X and boundary point w, the
stabilizer G of w in S = Isom(X) is focal-universal, using the characterization in Proposition
5.10(ii). This can be done by a case-by-case check. In the language of semisimple groups, the
setting is the following: S is the automorphism group of a simple adjoint Lie group of real
rank 1 (which can be identified to S°); G is a maximal parabolic subgroup; it admits a Levi
decomposition G = N x A, where N = Nil¢(G) is the unipotent radical of G and A has the
canonical decomposition A = [Pg] x K (K compact). In each case, we have to check that,
denoting by C([P¢]) the centralizer of [Ps] in Aut(U), the subgroup K is maximal compact
in C([P¢])/[Pc]-

For instance, for the n-dimensional real hyperbolic space (n > 2), this group G is iso-
morphic to the group of affine similarities of R”, namely R" x (O(n)R*). So N = R",
Out(N) = GL,(R), and Pg is the group of linear similarities of R", [Ps] is the group of pos-
itive scalar matrices in GL,(R). So [Pg] C Pg and P¢/[Pg] = O(n) is a maximal compact
subgroup in C([Pg])/[Pc] = GL,(R)/R.. The interested reader can check the other cases.

Hence assuming H — G is copci, and H is special, let H — G be a copci homomorphism
with G non-focal. By Proposition 7.2, G; can be chosen to be the isometry group Isom(X)
of a symmetric space X of rank 1 and noncompact type. By amenability, (G; fixes a boundary
point, and hence falls into Isom(X),, for some w. By the case-by-case verification, Isom(X),, is
focal universal. So by Theorem 5.1, there exists a copci homomorphism G — Isom(X),,, and
hence by composition we get a copci homomorphism G — Isom(X). Thus G is special. [

The following lemma is essentially contained in [CCMT15].

Lemma 7.5. Let Gy, Gy be focal LC-groups. Equivalences:

(1) there exists a hyperbolic LC-group G with copci homomorphisms G1 — G + Gs.
(i1) there exists a focal LC-group G with copci homomorphisms G1 — G < G.

Proof. Let us prove the nontrivial implication. Assuming (i), if G is focal, there is nothing
to prove. Otherwise the action of G; on the boundary of G has a unique fixed point w; and is
transitive on the complement [CCMT15, Proposition 5.5(c)]; the action of G on G extends
the latter action and does not fix w;, so G is transitive on 0G. Thus the stabilizers G,,, and
G, are closed cocompact focal subgroups of G and are conjugate. So after conjugation in G,
we can suppose that G; and G5 are mapped into a single closed cocompact focal subgroup
of G, proving (ii). O
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Proposition 7.6. Let G1, Gy be focal LC-groups of totally disconnected type. Then G1 and
G5 are commable through /N "\, more precisely there exists k > 2 such that both G, and
G5 are commable to a finitely generated free group of rank k through ,/"\_.

Proof. There is a copci homomorphism G; — Aut(7;) for some regular tree T; of finite valency
at least 3. For d large enough, Aut(7;) (i = 1,2) contains a cocompact lattice isomorphic to
a free group of rank £ = 1+ d!. Thus we have copci homomorphisms G — Aut(7}) < Fj, —
Aut(Tg) — GQ. ]

Thus there exists a single commability class containing all focal LC-groups of totally dis-
connected type and all virtually free discrete groups.

Question 7.7. Let G be a locally compact group having a continuous, proper cocompact
action on a locally finite tree 7. Assume that T has no vertex of valency 1 and has at least
one vertex of degree > 3. Is G commable to F, (or equivalently to a focal group of totally
disconnected type)?

By a result of Bass and Kulkarni if G is as in Question 7.7 and is unimodular, then it has
a cocompact lattice; in particular, the answer to Question 7.7 is positive if G' is unimodular.

A thorough study of cocompact isometry groups of bounded valency trees is carried out in
[IMSW02].

Note that the converse of Question 7.7 holds: if a locally compact group G is commable to
F5, then it admits a continuous, proper cocompact action on a locally finite tree T" with no
vertex of valency 1 and has at least one vertex of degree > 3. This fact is used throughout
[IMSWO02] and is explicitly stated in the survey [C13].

Using Lemma 7.5, we can improve Lemma 4.6.

Proposition 7.8. For any two distinct integers m,n > 2, the groups F'T',, and F'T,, are not
commable through /"\_.

When m and n have common powers, this is in a sense optimal, in view of Remark 4.7.
Otherwise, we have:

Proposition 7.9. For any two integers m,n > 2 such that ™%/m # ™%/n, there the groups
FT, and FT,, are not commable through '\ "\

Proof of Propositions 7.8 and 7.9. In both cases, arguing by contradiction and up to switch-
ing m and n, we can suppose we have copci homomorphisms between focal groups FT,, «+
G — H + FT,,. Then G is focal, so by Lemma 7.5, we can suppose that H is focal. In view
of Proposition 4.4, we can suppose that H = FT, for some s, and by Lemma 4.6, we deduce
that s = n. Thus in both cases, we have copci homomorphisms FT,, < G — FT,,.

In the setting of Proposition 7.8, we can assume from the beginning that G = FT,, and we
obtain a contradiction with Lemma 4.6.

In the setting of Proposition 7.9, we deduce that FT,, and FT,, are commable within focal
groups. Their g-invariants are ™%/n and ™%/m (see Lemma 4.3), which should be equal by
Proposition 4.2, a contradiction. Il

As a corollary of Proposition 7.8, we obtain

Corollary 7.10. There are no focal-universal LC-groups of mized or totally disconnected
type.

Proof. Let G be a counterexample. First assume that G is of totally disconnected type. Then
for ¢ = qg, there are copci homomorphisms FT; — G <— FT 2. This contradicts Proposition
7.8.

The case of mixed type is based on the same idea and left to the reader. O
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8. QI-INVARIANCE OF THE w-INVARIANT

In this section, we prove the following theorem:.

Theorem 8.1. Let Gy, Gy be focal quasi-isometric LC-groups. Then G1 and Gy have the
same type and

(i) G1/GE and Gy /GY are quasi-isometric;
(i1) we, = wa,-

Remark 8.2. T. Dymarz proves in [Dyl14] that if G; and G5 are focal LC-groups of mixed
type then ¢z, = qg,. In combination with Theorem 8.1, this provides a reduction of the
quasi-isometric classification of focal groups to the connected type case, see the discussion in
[C13].

We first need to describe the topology of the boundary.

Proposition 8.3. Let G be a focal LC-group and OG its visual boundary; denote by w the
unique G-fixed point in 0G.

e if G is of connected type OG is homeomorphic to a (d — 1)-sphere for some unique
integer d = dg > 2;

o if G is of totally disconnected type, G is homeomorphic to a Cantor space C;

o if G is of mized type, then OG is homeomorphic to the 1-point compactification =4
of R x C x Z, where w corresponds to the compactifying point, for some unique
integer d = dg > 2.

In particular, if G is of mized type, then every self-homeomorphism of OG fixes w. If H is a
Heintze group and G = H[w, q] then dg = dg = dim(H).

Note that there are some trivial instances of the topological description of these boundaries:
the (d—1)-sphere is homeomorphic to the one-point compactification of R%~!, and the Cantor
space C is homeomorphic to the one-point compactification of C x Z.

Proof of Proposition 8.3. The uniqueness of d follows from the fact that the dimension of
a manifold is a topological invariant in the case of the d-sphere. In Z;, observe that w is
the unique point whose complement is disconnected, and that any connected component of
Z4 ~ {w} is homeomorphic to RY. This proves the uniqueness of d as well as the fact that w
is fixed by any self-homeomorphism of =;.

To prove the main statement, if G has connected type, then by Proposition 5.15, we can
suppose that G is Heintze. Hence it admits a left-invariant Riemannian metric of negative
sectional curvature and hence its boundary is homeomorphic to a (dim(H) — 1)-dimensional
sphere. If G has totally disconnected type, then it admits a continuous proper cocompact
action on a regular tree of finite valency > 3 and hence its boundary is homeomorphic to a
Cantor space.

Finally assume that G has mixed type. We can suppose by Corollary 6.4 that G = H[w, m],
with real parameter w € ]0,00] and integer m > 2. The latter admits, as a cocompact
subgroup, a group of the form (N x Q,,) %X Z, where the positive generator of Z acts on
the simply connected nilpotent Lie group N by a contracting automorphism, and on Q,,
by multiplication by m (which is also contracting). The action of N x Q,, on 0G ~\ {w} is
transitive and the stabilizer of a given point is a compact subgroup, invariant under the action
of Z (see the proof of [CCMT15, Proposition 5.5]); since the action of Z is contracting, this
stabilizer is trivial. Hence the action is simply transitive and 0G \ {w} is homeomorphic to
N xQ,,. Since a compact Hausdorff space is homeomorphic to the one-point compactification
of the complement of any singleton, we obtain the desired conclusion. O

We now proceed to the proof of Theorem 8.1. We first prove (i), which is a simple conse-
quence of the structure of the boundary. We next prove (ii), using LP-cohomology computa-
tions from [CT11].
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Proof of Theorem 8.1, first part. Observe that by Proposition 8.3, a focal LC-group has con-
nected type if and only if its boundary is locally connected, and has totally disconnected
type if and only if its boundary is totally disconnected. This proves that G; and G5 have the
same type, and reduces (ii) to the mixed type case.

Writing H; = G;/ Gg, let us prove (i). It is trivial in the connected type case; in the totally
disconnected type case, both H; and H, are quasi-isometric to Z. So we can suppose that
G1 and G5 both have mixed type.

The quasi-isometry from G to GGy induces a quasi-symmetric homeomorphism h : 0G; —
0G5. Let w; be the G-fixed point in 0G;. By Proposition 8.3, there exists d > 2 such that
0G; is homeomorphic to =, for i = 1,2, and by the same proposition, h(w;) = ws. Hence h
restricts to a quasi-symmetric homeomorphism from 0G; \ {w;} to 9G3 \ {ws>}, which sends
a connected component C (fixed once and for all) of G \ {w;} to a connected component
Cy of 0G5 N {ws}. Observe that Cy U {w} is quasi-symmetrically homeomorphic to 0H; for
i = 1,2. Accordingly, 0H; and 0H, are quasi-symmetrically homeomorphic. Using [BS07,
Corollary 7.2.3|, we deduce that H; and Hj are quasi-isometric.

It remains to prove Theorem 8.1(ii) in the mixed type case; we pause for a little while. [

We use computations of LP-cohomology carried out in [CT11] (inspired by Pansu’s com-
putations for Lie groups). Recall that for any locally compact group G endowed with a left
Haar measure, its first LP-cohomology group HY(G) is defined as the 1-cohomology of its
right regular representation. It was shown by Pansu in a different context, and in [CT11,
Appendix B| in this setting, that for a given real number p > 1, the vanishing of H;(G) is a
quasi-isometry invariant of G. In particular, the number inf{p > 1 : H}(G) # 0} € [1,00] is
a numerical quasi-isometry invariant of G.

The following theorem was obtained by Pansu in [Pa07] in the Riemannian case, using a
differentiable definition of LP-cohomology.

Theorem 8.4 (Theorem 7 in [CT11)). Consider a focal LC-group of the form G = (M X
V') x Z, where the negative generator of Z acts as a compaction on M xV, M is a nontrivial
simply connected nilpotent Lie group, and V = G* is totally disconnected. Let the positive
generator of Z multiply the volume of M XV by § and let X\ > 1 be the smallest modulus of
an eigenvalue for its action on M. Define po(G) = log(d)/log(N). Then for all real p > 1,
we have H)(G) # 0 if and only p > po(G). O

Lemma 8.5. Under the assumptions of Theorem 8.4, we have
po(G) = (1 + @(G))po(G/GF).

Proof. Let the positive generator of Z multiply the volume of M by ¢ and of V' by 46", so
that 6 = ¢’0”. Then po(G/V') =log(¢’)/log(A), and thus

po(G)/po(G/V) = log(6)/log(¢") = 1 + log(6")/ log(d").
By definition of w, we have w(G) = log(8”)/log(d’), proving the lemma. O

Proof of Theorem 8.1(ii), conclusion. First assume that G; and Gy have the form given in
Theorem 8.4. By Pansu’s quasi-isometry invariance of LP-cohomology and Theorem 8.4, we
have po(G1) = po(Gz). Besides, by Theorem 8.1(i), H is quasi-isometric to H’, and thus
again by Pansu’s quasi-isometry invariance of LP-cohomology and Theorem 8.4 (this time in
the connected type case due to Pansu), we have po(Hy) = po(H,) (recall that H; = G;/G%).
By Lemma 8.5, we have

@w(G1) = po(G1)/po(Hi) = po(Ga)/po(Hz) = w(G?).

In general, GG; is commable to a group G’ of the form given in Theorem 8.4. So by commability
invariance of w and the previous case, we have w(G;) = w(G)) = w(GY) = w(Gs). O

Using Dymarz’ result (see Remark 8.2), this yields the following corollary.
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Corollary 8.6. Let H be a Heintze group, and for i = 1,2, let w; be positive real numbers
and k; be integers > 2. Then Gy = H|wy, k1] and Gy = H|[was, ks| are quasi-isometric if and
only if w, = wy and "k, = "/ks.

Proof. Since sg, = k;, we have qg, = ™%/k;, Theorem 8.1 together with Dymarz’ theorem
(Remark 8.2) proves the hardest part, namely the “only if” implication.

The “if” part is easier. Indeed, if the conditions are satisfied, then ¢g, = q¢,, w(G1) =
w(Gs) and Gy /G and G/ GY are isomorphic, so by Proposition 6.3, Gy and Gy are commable,
hence quasi-isometric. U

Let us indicate the geometric interpretation of Corollary 8.6. Let X be a homogeneous
negatively curved Riemannian manifold of dimension > 1. If £ > 1, the millefeuille space
X [k], introduced in [CCMT15], is the space obtained as follows. Let w be a boundary point
of X such that Isom(X), is transitive on X (if Isom(X) is focal, w is taken to be the fixed
point; otherwise any boundary point works); let b be a Busemann function on X based at w.
Let the (k4 1)-regular tree Tj, be endowed with a Busemann function &'. Then the millefeuille
space is defined as

X[k ={(z,y) € X x Ty : b(z) =V'(y)}.
It is endowed with a natural geodesic distance, so that for any vertical geodesic D in T}, the
subset X [k] N (X x D) is geodesic and the natural projection from X[k] N (X x D) to X is
a bijective isometry. If the sectional curvature of X is < —x then X[k] is CAT(—k).

Also, for t > 0, let Xy, be the Riemannian manifold obtained from X by multiplying
the Riemannian metric by ¢~2 (thus multiplying the Riemannian distance by ¢t~! and the
curvature by t).

Corollary 8.7. Let X be a homogeneous negatively curved Riemannian manifold of dimen-
ston > 2, and let ki, ko be integers > 2 and let t1, 1y be positive real numbers. Then X{tl}[/ﬁ]
and X,y [ks] are quasi-isometric if and only if log(ky)/t1 = log(k1)/ts and ke = k.
In particular:

(a) The millefeuille spaces X k], for k > 1, are pairwise not quasi-isometric.
(b) When k > 2 is fized, the Xy [k], for t > 0, are pairwise non-quasi-isometric.

Proof. If Y is a proper metric space that admits a continuous proper cocompact action of a
focal LC-group G, we can define @w(Y) = w(G); this does not depend on the choice of G.
The latter, for Y = X[k|, can be chosen to be of the form (M x V) x Z (M connected, V'
totally disconnected, the negative generator of Z acting by compaction) and denoting by d
the multiplication of the volume of the positive generator of Z on M We see that we have
0§ =k, so
@ (X[k]) = log(k)/ log(do).

If the Riemannian metric is multiplied by ¢~2, the Riemannian distance is multiplied by ¢!
and the Busemann function (normalized to vanish at a given base-point) is also multiplied
by t~1; we need to modify the action of R on N to obtain that the element 1 € R shifts
the Busemann function by 1, namely by precomposing the action by the homothety u — tu.
This replaces (do, A) by (65, A') and thus we obtain (§5)% = k, so

log(k)
w(Xmlk]) = ———,
Since w is a quasi-isometry invariant, we deduce that —lof}ik) is a quasi-isometry invariant

among the Xy [k]; in particular, when either ¢ or & is fixed, this varies injectively in the
other variable. This shows the two particular cases (only relying on LP-cohomology, not on
Dymarz’ theorem).

Now let G; be a focal LC-group acting properly cocompactly on Xg,3[k;]. Then qq, =
=%/k;. So the equivalence follows from Corollary 8.6 (thus relying on both LP-cohomology
and Dymarz’ theorem). O
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Remark 8.8. The computation also shows that po(Xyy[k])) = po(X) + tlfogg((k)?).

Let us also give a consequence of Theorem 8.1 and Dymarz’ theorem in terms of Conjecture
1.15.

Corollary 8.9. Let G be a focal LC-group of mized type. If the focal LC-group of connected
type G/G* satisfies Conjecture 1.15, then so does G.

Proof. Suppose that G; and Go are focal of mixed type and quasi-isometric. Then G;/ Gi
and Go/G% are quasi-isometric by Theorem 8.1. So they are commable. It follows that there
exist a Heintze group H, positive real numbers w; and non-square integers k; > 2 such that
G, is commable to H[w;, k;] for i = 1,2. By Theorem 8.1 and Dymarz’ theorem, we have
w1 = wy and k; = ky. Hence G; and G4 are commable. O

Let us also provide the quasi-isometry classification of millefeuille spaces for which the
nilpotent radical of the connected part is abelian. For convenience, we state it in the language
of groups.

Ifd> 2 let Abea (d—1)x (d—1) invertible real matrix all of whose eigenvalues are of
modulus < 1. Write FT), = Uy %, Z, where « acts by compaction on Uy. Define the group

G(A, k) = (Rdil X Uk) X (A,) Z.

Note that FT; = Z, so G(A4,1) = R¥! x4 Z.

Combining our result, Xie’s quasi-isometric classification of Heintze groups with abelian
derived subgroup, and Dymarz’ quasi-isometry invariance of ¢, we obtain the following corol-
lary, also obtained by Dymarz [Dy14, Corollary 5] with a related but different approach.

Corollary 8.10. Fori = 1,2, let A; be a square invertible matrixz of size d; > 2, with only
real eigenvalues, all in |0, 1[, and let k; > 2 be integers. Then the following are equivalent.
(i) G(A1, k1) and G(As, ks) are quasi-isometric;
(11) G(A1, k1) and G(Aay, ka) are commable;
(111) there exist integers nq,ny > 1 such that ki* = k3?, and A7 and A3? are conjugate.

Proof. Write G; = G(A;, k;). We have w(G;) = log(k;)/log(det(4;)) and ¢(G;) = ™¥/k;, and
G/GH = G(A;1).

(iii)=-(ii) is straightforward (by a direct argument, or using Proposition 6.3).

(il)=(i) is trivial.

Assume (i). Then by Dymarz’ theorem, ¢(G1) = ¢(G2), we denote it by ¢ and write
ki = ¢", ky = ¢™. By Theorem 8.1, @(G1) = @w(Gs), and G1/G* and Go/GY are quasi-
isometric. By Xie’s theorem [Xil4], there exists a unique ¢ > 0 such that Aj is conjugate to
Al (recall that A; is contained in a unique one-parameter subgroup consisting of matrices
with positive eigenvalues). We can thus rewrite the equality w(G;) = w(G2) as

nalog(q)  nilog(q)
log(det(A;)  tlog(det(A;)

Thus t = ny/ne. So kI'* = k3? and AT* and AJ? are conjugate. Thus (iii) holds. 0
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