FINITELY PRESENTABLE, NON-HOPFIAN GROUPS WITH
KAZHDAN’S PROPERTY (T) AND INFINITE OUTER
AUTOMORPHISM GROUP

YVES DE CORNULIER

ABSTRACT. We give simple examples of Kazhdan groups with infinite outer
automorphism groups. This answers a question of Paulin, independently an-
swered by Ollivier and Wise by completely different methods. As arithmetic
lattices in (non-semisimple) Lie groups, our examples are in addition finitely
presented.

We also use results of Abels about compact presentability of p-adic groups
to exhibit a finitely presented non-Hopfian Kazhdan group. This answers a
question of Ollivier and Wise.

1. INTRODUCTION

Recall that a locally compact group is said to have Property (T) if every weakly
continuous unitary representation with almost invariant vectors' has nonzero in-
variant vectors.

It was asked by Paulin in [HV, p.134] (1989) whether there exists a group with
Kazhdan’s Property (T) and with infinite outer automorphism group. This question
remained unanswered until 2004; in particular, it is Question 18 in [Wo).

This question was motivated by the two following special cases. The first is
the case of lattices in semisimple groups over local fields, which have long been
considered as prototypical examples of groups with Property (T). If T is such a
lattice, Mostow’s rigidity Theorem and the fact that semisimple groups have finite
outer automorphism group imply that Out(T") is finite. Secondly, a new source of
groups with Property (T) appeared when Zuk [Zu] proved that certain models of
random groups have Property (T). But they are also hyperbolic, and Paulin proved
[Pa] that a hyperbolic group with Property (T) has finite outer automorphism
group.

However, it turns out that various arithmetic lattices in appropriate non-
semistmple groups provide examples. For instance, consider the additive group
Mat,n (Z) of m x n matrices over Z, endowed with the action of GL,(Z) by left
multiplication.

Proposition 1.1. For every n > 3, m > 1, SL,(Z) x Mat,,,(Z) is a finitely
presented linear group, has Property (T), is non-coHopfian?, and its outer auto-
morphism group contains a copy of PGL,,(Z), hence is infinite if m > 2.

2000 Mathematics Subject Classification. Primary 20F28; Secondary 20G25, 17B56.
LA representation 7 : G — U(H) almost has invariant vectors if for every ¢ > 0 and every finite
subset F' C G, there exists a unit vector §& € H such that ||7(g)§ — &|| < € for every g € F.
2A group is coHopfian (resp. Hopfian) if it is isomorphic to no proper subgroup (resp. quotient)
of itself.
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We later learned that Ollivier and Wise [OW] had independently found examples
of a very different nature. They embed any countable group G in Out(I"), where
T has Property (T), is a subgroup of a torsion-free hyperbolic group, satisfying
a certain “graphical” small cancellation condition (see also [BS]). In contrast to
our examples, theirs are not, a priori, finitely presented; on the other hand, our
examples are certainly not subgroups of hyperbolic groups since they all contain a
copy of Z2.

They also construct in [OW] a non-coHopfian group with Property (T) that
embeds in a hyperbolic group. Proposition 1.1 actually answers two questions in
their paper: namely, whether there exists a finitely presented group with Prop-
erty (T) and without the coHopfian Property (resp. with infinite outer automor-
phism group).

Remark 1.2. Another example of non-coHopfian group with Property (T) is
PGL, (Fp[X]) when n > 3. This group is finitely presentable if n > 4 [RS] (but not
for n = 3 [Be]). In contrast with the previous examples, the Frobenius morphism
Fr induces an isomorphism onto a subgroup of infinite index, and the intersection
Niso Im(Fr*) is reduced to {1}.

Ollivier and Wise also constructed in [OW] the first examples of non-Hopfian
groups with Property (T). They asked whether a finitely presented example exists.
Although linear finitely generated groups are residually finite, hence Hopfian, we
use them to answer positively their question.

Theorem 1.3. There exists a S-arithmetic lattice ', and a central subgroup Z C T,
such that T and T'/Z are finitely presented, have Property (T), and T'/Z is non-
Hopfian.

The group I" has a simple description as a matrix group from which Property (T)
and the non-Hopfian property for I'/Z are easily checked (Proposition 2.7). Section
3 is devoted to prove finite presentability of I'.  We use here a general criterion
for finite presentability of S-arithmetic groups, due to Abels [A2]. It involves the
computation of the first and second cohomology group of a suitable Lie algebra.

2. PROOFS OF ALL RESULTS EXCEPT FINITE PRESENTABILITY OF I’
We need some facts about Property (T).

Lemma 2.1 (see [HV, Chap. 3, Théoreéme 4]). Let G be a locally compact group,
and T a lattice in G. Then G has Property (T) if and only if T has Property (T). O

The next lemma is an immediate consequence of the classification of semisimple
algebraic groups over local fields with Property (T) (see [Ma, Chap. III, Theo-
rem 5.6]) and S. P. Wang’s results on the non-semisimple case [Wa, Theorem 2.10].

Lemma 2.2. Let K be a local field, G a connected linear algebraic group defined
over K. Suppose that G is perfect, and, for every simple quotient S of G, either
S has K-rank > 2, or K = R and S is isogeneous to either Sp(n,1) (n > 2)
or Fy_0y. If char(K) > 0, suppose in addition that G has a Levi decomposition
defined over K. Then G(K) has Property (T). O

Proof of Proposition 1.1. The group SL,,(Z) x Mat,,,, (Z) is linear in dimension n+
m. As a semidirect product of two finitely presented groups, it is finitely presented.
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For every k > 2, it is isomorphic to its proper subgroup SL,(Z) x kMat,,,(Z) of
finite index k™.

The group GL,,(Z) acts on Mat,,(Z) by right multiplication. Since this action
commutes with the left multiplication of SL,(Z), GL,,(Z) acts on the semidirect
product SL,,(Z) x Mat,,,,(Z) by automorphisms, and, by an immediate verification,
this gives an embedding of GL,,(Z) if n is odd or PGL,,(Z) if n is even into
Out(SL,(Z) x Mat,,,(Z)) (it can be shown that this is an isomorphism if n is odd;
if n is even, the image has index two). In particular, if m > 2, then SL,(Z) x
Mat,,, (Z) has infinite outer automorphism group.

On the other hand, in view of Lemma 2.1, it has Property (T) (actually for all
m > 0): indeed, SL,(Z) x Mat,,(Z) is a lattice in SL,(R) x Mat,,,(R), which
has Property (T) by Lemma 2.2 as n > 3. O

We now turn to the proof of Theorem 1.3. The following lemma is immediate,
and already used in [Ha] and [A1].

Lemma 2.3. Let T be a group, Z a central subgroup. Let o be an automorphism
of T such that a(Z) is a proper subgroup of Z. Then « induces a surjective, non-
injective endomorphism of I'/Z, whose kernel is a=*(Z)/Z. O

Definition 2.4. Fix ni,n2,n3,ng € N — {0} with na,ng > 3. We set ' =

G(Z[1/p]), where p is any prime, and G is algebraic the group defined as matrices
by blocks of size ni, ng, ns, ng:

Iny ()12 (%) )
0 (#k)az (¥)as (¥)2a
0 0 )
0 0 0 I,
where (x) denote any matrices and (#x);; denote matrices in SL,,,, i = 2, 3.

I’rh 0 0 (*)14
. . I,, O 0
The centre of G consists of matrices of the form 0 0o I 0 . Define
ns

0o 0 0 I,
Z as the centre of G(Z).

Remark 2.5. This group is related to an example of Abels: in [A1] he considers the
same group, but with blocks 1 x 1, and GL; instead of SL; in the diagonal. Taking
the points over Z[1/p], and taking the quotient by a cyclic subgroup if the centre,
this provided the first example of finitely presentable non-Hopfian solvable group.

Remark 2.6. If we do not care about finite presentability, we can take ng = 0 (i.e.
3 blocks suffice).

We begin by easy observations. Identify GL,,, to the upper left diagonal block.
It acts by conjugation on G as follows:

u 0 0 0 1 A12 A13 A14 1 ’U,Alg ’U,Alg ’LLA14
0 I 0 0 . 0 Bg Agg A24 - 0 Bg Agg A24
0 0 I O 0 0 By Ass| |0 0 B3 Asy

0 0 0 I o o o0 I 0 O 0 1

This gives an action of GL,, on G, and also on its centre, and this latter ac-
tion is faithful. In particular, for every commutative ring R, GL,, (R) embeds in

Out(G(R)).
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From now on, we suppose that R = Z[1/p], and u = pI,,,. The automorphism of
I' = G(Z[1/p]) induced by v maps Z to its proper subgroup Z”. In view of Lemma
2.3, this implies that I'/Z is non-Hopfian.

Proposition 2.7. The groups T andT'/Z are finitely generated, have Property (T),
and T'/Z is non-Hopfian.

Proof. We have just proved that I'/Z is non-Hopfian. By the Borel-Harish-Chandra
Theorem [BHC], T is a lattice in G(R) x G(Qy). This group has Property (T) as
a consequence of Lemma 2.2. By Lemma 2.1, I' also has Property (T). Finite
generation is a consequence of Property (T) [HV, Lemme 10]. Since Property (T)
is (trivially) inherited by quotients, I'/Z also has Property (T). O

Remark 2.8. This group has a surjective endomorphism with nontrivial finite ker-
nel. We have no analogous example with infinite kernel. Such examples might be
constructed if we could prove that some groups over rings of dimension > 2 such as
SL,,(Z[X]) or SL,,(F,[X,Y]) have Property (T), but this is an open problem [Sh].
The non-Hopfian Kazhdan group of Ollivier and Wise [OW] is torsion-free, so the
kernel is infinite in their case.

Remark 2.9. Tt is easy to check that GL,,(Z) x GL,,(Z) embeds in Out(T") and
Out(I'/Z). In particular, if max(ni, ne) > 2, then these outer automorphism groups
are infinite.

We finish this section by observing that Z is a finitely generated subgroup of the
centre of T', so that finite presentability of I'/Z immediately follows from that of T'.

3. FINITE PRESENTABILITY OF I

We recall that a Hausdorff topological group H is compactly presented if there
exists a compact generating subset C' of H such that the abstract group H is the
quotient of the group freely generated by C' by relations of bounded length. See
[A2, §1.1] for more about compact presentability.

Kneser [Kn] has proved that for every linear algebraic Q,-group, the S-arithmetic
lattice G(Z[1/p]) is finitely presented if and only if G(Q,) is compactly presented.
A characterization of the linear algebraic Q,-groups G such that G(Q,) compactly
presented is given in [A2]. This criterion requires the study of a solvable cocompact
subgroup of G(Q,), which seems hard to carry out in our specific example.

Let us describe another sufficient criterion for compact presentability, also given
in [A2], which is applicable to our example. Let U be the unipotent radical in G,
and let S denote a Levi factor defined over Q,, so that G = S x U. Let u be the
Lie algebra of U, and D be a maximal Q,-split torus in S. We recall that the first
homology group of u is defined as the abelianization

Hi(u) = u/[u, v,
and the second homology group of u is defined as Ker(dz)/Im(ds), where the maps

d: d
vAUAU S uAuS3u

are defined by:

dg(l‘l/\xg) = —[.Z‘l,wg] and dg(ml/\mg/\mg) = $3A[$1,$2]+$2/\[$3,$1]+$1/\[l‘2,l‘3].
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We can now state the result by Abels that we use (see [A2, Theorem 6.4.3 and
Remark 6.4.5]).

Theorem 3.1. Let G be a connected linear algebraic group over Q. Suppose that
the following assumptions are fulfilled:
(i) G is Qp-split.
(ii) G has no simple quotient of Q,-rank one.
(iii) 0 does not lie on the segment joining two dominant weights for the adjoint
representation of S on Hi(u).
(iv) 0 is not a dominant weight for an irreducible subrepresentation of the ad-
joint representation of S on Ha(u).

Then G(Q,) is compactly presented. O

We now return to our particular example of G, observe that it is clearly Q,-split,
and that its simple quotients are SL,,, and SL,,,, which have rank greater than one.
Keep the previous notations S, D, U, u, so that S (resp. D) denoting in our case
the diagonal by blocks (resp. diagonal) matrices in G, and U denotes the matrices
in G all of whose diagonal blocks are the identity. The set of indices of the matrix
is partitioned as I = Iy U I U I3 U Iy, with |I;| = n; as in Definition 2.4. It follows
that, for every field K,

w(K) = T € End(K"), Vj, T(K") c P K"
i<j
Throughout, we use the following notation: a letter such as i (or ji, etc.)
implicitly means ¢, € I. Define, in an obvious way, subgroups Uj;, i < j, of U,
and their Lie algebras u;;.
We begin by checking Condition (iii) of Theorem 3.1.

Lemma 3.2. For any two weights of the action of D on Hyi(u), 0 is not on the
segment joining them.

Proof. Recall that Hy(u) = u/[u,u]. So it suffices to look at the action on the
supplement D-subspace 12 @ ugg @ usq of [u,u]. Identifying S with SL,,, X SL,,,
we denote (A, B) an element of D C S. We also denote by e, the matrix whose
coefficient (p, q) equals one and all others are zero.

(Aa B) “Cige = a;eiljw (Aa B) “C€joks = aj2b];31€j2k37 (Av B) “Chyty = DkyChyt,-

Since S = SL,, x SL,,, the weights for the adjoint action on ujs ® ugs @
ugy live in M/P, where M is the free Z-module of rank ms 4+ n3 with basis
(Uly. .oy Uny, V1, .., Uny), and P is the plane generated by >, uj, and 37 vg,.
Thus, the weights are (modulo P) —uj,, Uj, — Vks, Vky (1 < jo2 <ng, 1 < k3 < ng).

Using that ny,ng > 3, it is clear that no nontrivial positive combination of two
weights (viewed as elements of Z"27"3) lies in P. O

We must now check Condition (iv) of Theorem 3.1, and therefore compute Hz(u)
as a D-module.
Lemma 3.3. Ker(dsy) is generated by

(1) uiz A ug2, Ugg A Ugz, Usq A Usq, Uiz A Ugz, Usg A Ugg, Ujo A Ugs, Ugg A Usg,
Ugo A Ugy.
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(2) uia Au, U3 Altgg, Uog Allog, U3 Altog.

(3) €irjo A€oty (J2 7 k2), €irjy Aoy (J3 # 3)-

(4) €i1jo N Chaty (]2 7é kQ)’ €irjs N Chzly (]3 7£ k3)

(5) Elements of the form 3 oj,(€ijo N €jury) if >, a5 = 0, and
2y Vs (€ings A €jgiey) if 325, vy = 0.

(6) Elements of the form 3, aj(€ijy A €joky) + 225, Bjs(€irjs A €jary) f

ij aj, + st Bjs = 0.

Proof. First observe that Ker(dz) contains u;; A ug; when [u;;, ug] = 0. This cor-
responds to (1) and (2). The remaining cases are uja A g, Uz A Uz, Uz A Uag,
[ISEWARIEYS

On the one hand, Ker(dz) also contains e;, j, A exye, if jo # ko, etc.; this cor-

responds to elements in (3), (4). On the other hand, da(ej, A €joks) = —€irks,
da(€injs N €jska) = —€iskas d2(€irja N €joks) = —€irkyr da(€irjs N€jska) = —€irk,- The
lemma follows. U

Definition 3.4. Denote by b (resp. h) the subspace generated by elements in (2),
(4), and (6) (resp. in (1), (3), and (5)) of Lemma 3.3.

Proposition 3.5. Im(ds) = b, and Ker(d2) = b ® h as D-module. In particular,
Hy(u) is isomorphic to by as a D-module.

Proof. We first prove, in a series of facts, that Im(ds) D b.
Fact. uj4 A u is contained in Im(ds).

Proof. If z € uyy, then ds(zx Ay A z) = z A [z,y]. This already shows that w4 A
(U13 P uoy P U14) is contained in Im(d3), since [u, u] = U3 D Ugg P Uy4.

Now, if (z,y, 2) € ugq X u12 X uzg, then ds(x AyAz) = zA[z,y]. Since [ugg, u12] =
uy4, this implies that uj4 A ugy C Im(dsz). Similarly, u14 A w2 C Im(ds).

Finally we must prove that u;4 A usg C Im(ds). This follows from the formula
€irja N €hyey = d3(€iymy N €kyts N €myj,), Where mo # ko (so that we use that
|Iz] > 2). O

Fact. u;3 A uys and, similarly, usg A gy, are contained in Im(ds).

Proof. If (x,y,2) € u1a X Ug3 X uy3, then ds(z Ay Az) = z Az, y]. Since [u2,us3] =
uy3, this implies that u;3 A uyg C Im(ds). O

Fact. uj3 A ugy is contained in Im(ds).

Proof. ds(€iyky N €kyts N €kyjs) = €hyjs N €ives + €iyja N €yey. Since we already know

that e;,j, A ek, € Im(ds), this implies ex,;, A €;,0, € Im(d3). O
Fact. The elements in (4) are in Im(ds).

Proof. ds(€iyj, N €jsks N €ams) = —Citks N €oymy if ks # £3. The other case is
similar. O

Fact. The elements in (6) are in Im(ds).

Proof. d3(€:,j, N€joks Nekaty) = —€irks Nekyty +€iyjs N€jye, . Such elements generate
all elements as in (6). O

Conversely, we must check Im(ds) C b. By straightforward verifications:
° d3(u14 /\u/\u) Cugg AU
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. d3(u13 A Uz A UQ4) =0

o ds(u2 Augz Agy), ds(urg Ao Augs), ds(tia Atizz Ausg), ds(ura Atgg Auszg)
are all contained in uq4 A u.

° ds (uu AUz A u23) C uy3 A s, and similarly ds (u23 AUgy /\u34) C Ugq N Uay.

L] d3 (u12 AUz A u24) and Similarly dg (u13 AUz A U.34) are contained in uig A
U3 + U3 A Uoy.

e The only remaining case is that of ujs Aussz Ausgy: ds (eiljz AN €5l ks A eké&) =
Oksky,Cirja N €joes — Ojyjs irks A €xye,, Which lies in (4) or in (6).

Finally Im(ds) = b.

It follows from Lemma 3.3 that Ker(d2) = h @ b. Since b = Im(ds), this is a
D-submodule. Let us check that b is also a D-submodule; the computation will be
used in the sequel.

The action of S on u by conjugation is given by:

1 0 0 O 0 X2 Xi3 Xuis 0 X12A71 X13B71 X114
0 A 0 O 0 0 Xoz Xog B 0 0 AXQgBil AXoy
0 0 B O] |0 o0 0 Xsa| |O 0 0 BXs4
0 0 0 1 0 0 0 0 0 0 0 0

We must look at the action of D on the elements in (1), (3), and (5). We
fix (A,B) € D C S ~ 8Ly, x SLy,, and we write A = >, aj,ej,j, and B =
Zkg bks Chaks-

e (1):
(3.1) (A, B) - €iyjy Nehyty = €iyjs AT A0, A7 = aj;la;zleiljz A €kyty-
The action on other elements in (1) has a similar form.
o (3) (2 # ka):
(3.2) (A, B) - €i,j, Ne€hyoy = eiljzfr1 A Aep,, B~ = a;zlak2bzsleilj2 A €kyty-
The action on the other elements in (3) has a similar form.

e (5) (X2, @ =0)

(A’ B) ’ Z Qjy (eiljz A ej2k3) = Z Qjy (eiljz AT AejzksB_l)

J2 J2
(3.3) = Z Qja ajzl (€irja A ajy blzglehkz) = bl:; Z s (€iyja N €jaks )
J2 J2
The other case in (5) has a similar form. O

Lemma 3.6. 0 is not a weight for the action of D on Ha(u).

Proof. As described in the proof of Lemma 3.2, we think of weights as elements of
M/P. Hence, we describe weights as elements of M = Z"*7" rather than M/P,
and must check that no weight lies in P.

(1) In (3.1), the weight is —u;, — ue,, hence does not belong to P since na > 3.
The other verifications are similar.

(3) In (3.2), the weight is —u;, + uk, — ve,, hence does not belong to P. The
other verification for (3) is similar.
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(5) In (3.3), the weight is —wvy,, hence does dot belong to P. The other verifi-
cation is similar. O

Finally, Lemmas 3.2 and 3.6 imply that the conditions of Theorem 3.1 are sat-
isfied, so that I is finitely presented. O

Acknowledgments. I thank Herbert Abels, Yann Ollivier, and Frédéric Paulin
for useful discussions, and Laurent Bartholdi and the referee for valuable comments
and corrections.
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