COMPACTLY PRESENTED GROUPS
YVES DE CORNULIER

ABSTRACT. This survey purports to be an elementary introduction to compactly
presented groups, which are the analogue of finitely presented groups in the broader
realm of locally compact groups. In particular, compact presentation is interpreted
as a coarse simple connectedness condition on the Cayley graph, and in particular
is a quasi-isometry invariant.

1. INTRODUCTION

In geometric group theory, the principal object of study is often a discrete finitely
generated group G. Its geometry is the geometry of its Cayley graph I'(G, S), where
S is a finite symmetric generating set, whose vertices are elements of G and edges
are of the form {g,gs} for ¢ € G,s € S. It has long been known that the study
of the geometry of those groups can be eased when G sits as a cocompact lattice
in a non-discrete locally compact group, like a a connected Lie group. This holds,
for instance, when G is a finitely generated torsion-free nilpotent group, or more
generally a polycyclic group (see [Rag, Chapters 2-4]). For some classes of solvable
groups (for instance a matrix group over Z[1/n], the target group has to be a linear
group over a product of local fields. It thus appears that the natural setting for
the geometric study of groups is to consider compactly generated locally compact
groups, the compact generation reducing to finite generation in the case of discrete
groups. In the locally compact setting, the Cayley graph with respect to a compact
generating subset appears at first sight as awful as for instance it has infinite degree;
however its large scale geometry has a reasonable behaviour: for instance, it is
always quasi-isometric to a graph of bounded degree (obtained by restricting to a
“separated net”, see [Gro93, §1.A]), although this graph cannot always be chosen
homogeneous (see Appendix A).

Compactly presented groups generalize to locally compact groups what finitely
presented groups are to discrete groups. On the other hand they are far less well-
known!, although they were introduced and studied by the German School in the
sixties and seventies [Kn, Behr, Ab].

A locally compact group G is compactly presented if it has a compact subset S such
that GG, as an abstract group, has a presentation with S as a set of generators, and
relators of bounded length. For instance, a discrete group is compactly presented if
and only if it is finitely presented.

Other compactly presented locally compact groups include connected Lie groups,
reductive algebraic groups over local fields, but not all algebraic groups over local
field: for instance, if K is any non-Archimedean local field, then the compactly
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generated group SLy(K) x K2 is not compactly presented (see Example 5.5), al-
though compactly generated. An extensive and thorough study led Abels [Ab2] to
characterize linear algebraic groups over a local field of characteristic zero that are
compactly presented. In contrast, the case of finite characteristic is not settled yet.

The following note intends to describe the basics on compactly presented groups,
with the hope to make them better known. Properties (1), (2), (4) below were
obtained in [Ab]; we obtain here these results with in mind the geometric point of
view initiated by Gromov.

(1) Being compactly presented is preserved by extensions, and by quotients by
closed normal subgroups that are compactly generated as normal subgroups
(Lemmas 3.5 and 2.8).

(2) Any compactly generated locally compact group has a covering which is a
compactly presented locally compact group (a covering of G means a lo-
cally compact group H whose quotient by some normal discrete subgroup is
isomorphic to G) (Proposition 3.7).

(3) Among compactly generated locally compact groups, to be compactly pre-
sented is a quasi-isometry invariant (Corollary 4.11). In particular, it is
inherited by and from closed cocompact subgroups.

(4) If, in an exact sequence of locally compact groups 1 - N —- G — Q — 1,
the group () is compactly presented and G is compactly generated, then N
is compactly generated as a normal subgroup of G. In particular, if N is
central, then it is compactly generated. (Proposition 4.15)

Section 2 introduce the new and more general notion of groups boundedly gener-
ated by some subset. Compactly presented groups are introduced in Section 3. In
Section 4, we explain the link between simple connectedness and compact present-
edness, which notably allows to obtain the two latter results. Some further examples
are developed in Section 5.

2. BOUNDEDLY PRESENTING SUBSETS

Definition 2.1. Let G be a group and S C G a subset. We say that G is boundedly
presented by S if G has a presentation with S as set of generators, and relations of
bounded length.

Ezxample 2.2.

o If S is finite, then G is finitely presented if and only if G is boundedly
presented by S.

e The group G is always boundedly presented by itself. Indeed, as set of
relations one can choose relations of the form gh = k, g,h,k € G, which
have length 3.

Definition 2.3. Let G be a group and S a generating subset. We say that S is a
defining (generating) subset if G is presented with S as set of generators, subject to
the relations gh = k for g, h, k € S.

Clearly, if S is a defining generating subset of GG, then G is boundedly presented
by S. This has a weak converse [Behr, Hilfssatz 1]. Denote S™ = {s;...s, :
S1y---,8, € S}

Lemma 2.4. Let G be boundedly presented by a subset S. Then, for some n, S™ is
a defining generating subset of G.
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Proof: Let G be presented by S as set of generators, with relations of length bounded
by n. We claim that S™ is a defining generating subset of G.

Now let us work in the group G presented with S™ as set of generators and subject
to the relations of the form gh = k for g, h, k € S™ whenever this equality holds in G.
Let uq,...,u,, be elements in S™, such that the relation u;...u,, = 1 holds in G.
Write u; = v41 ... vy, in G, with all v;; € S. Then it is clear from the defining relations
oféthatui = vil...vmholdsin@, sothat uy ... %y, =Vi1... Vip. .. Umi . . . Ump DoldS
in G. Since Vi1 -+ Vln - -Umi - - - Umn = 1 holds in G and by the assumption on S, this
element can be written (in the free group generated by S, hence in @) as a product
of conjugates of elements w;, of length < n with respect to S, such that w, =1 in
G. Again it follows from the defining relations of G that the equalities wy, = 1 hold
in G. Accordingly w ... u, = 1 holds in G. This shows that the natural morphism
of G onto G is bijective, so that the lemma is proved. B

Lemma 2.5. Let G be a group and S a generating subset. Then G is boundedly
presented by S if and only if G is boundedly presented by S U S~!.

Proof: Immediate from the definition. H

Lemma 2.6. Let G be a group, and Sy, Sy be generating subsets.

(1) If G is boundedly presented by S for some n > 1, then it is boundedly pre-
sented by Sy

(2) If S1 C Sy C S} for some n > 1, and if G is boundedly presented by Sy, then
it is boundedly presented by Ss.

(3) If S;* € Sy € S for some m,m',n > 1, then G is boundedly presented by
St if and only if it is boundedly presented by Ss.

Proof: (1) is obvious: take relators with bounded length with respect to generators
in ST, and, expressing elements of ST as products of n elements of S;, we get defining
relators of bounded length with respect to generators in Sj.

(2) Consider a family (r;) of relations with bounded length with respect to gen-
erators in S, defining a presentation of G. Consider the group G presented with S,
as set of generators, and subject to the relations on the one hand (r;) and on the
the hand of the form w;...u, = u for zq,...,z, € S; and u € S,. We claim that
the natural morphism of G onto G is injective.

Consider an element wu; ... u; of G’, with u; € S, and suppose that u;...u, =1
holds in G. Write u; as a word of length < n in elements of S;. Then the fact that
Up...u =11in G follows from the relations T4

Suppose G boundedly presented by S;. Since S; C S7* C S7", by (2) G is
boundedly presented by S7*. Since S7* C Sy C S7™ | by (2) again, G is boundedly
presented by S7. By (1), G is boundedly presented by S;. Note that the hypothesis
are symmetric in S7 and S5, so that we do not need to prove the converse. B

Remark 2.7. Tt is not true that if G is boundedly presented by S; and S D Sy, then
G is necessarily boundedly presented by S;. Indeed, let G’ be equal to the infinite
cyclic group Z, set u, = n!, and let S = {u,, : n > 1}. Then S generates GG, which
is finitely presented. However, GG is not boundedly presented by S.

Suppose the contrary, i.e. that there is a family of relations between uy;’s of length
<n —1, with n > 5. We can add to these relations the relations [ug, u,|, and write
all other ones as words of minimal length in the free abelian group generated by all
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ug’s. Now consider a relation r involving u,,, which is not a commutator. Permuting
the letters in r if necessary, we can write r = ry79r3, where r; involves u;’s for k < n,
ro involves u,’s, and r3 involves w’s for k > n. Then, in Z, |r1| < n! while rors is
divisible by n!. It follows that 7, = rors in Z. Now ro = 73" in Z, but |ry| < (n+1)!
and rg is divisible by (n+ 1)! in Z. This implies 7 = 1. Since r has minimal length,
this implies that u,, does not appear in r, a contradiction.

Lemma 2.8. Let G be boundedly presented by a symmetric generating subset S. Let
N be a normal subgroup. Suppose that N 1is generated, as a normal subgroup, by
NN S™ for some n. Then G/N is boundedly presented by the image of S.

Lemma 2.9. Let G be a group, and N a normal subgroup; denote p : G — G /N
the natural projection. Suppose that N is boundedly presented by a subset T. Let
T" C G be such that p(T') =T. Then G is boundedly presented by S = N UT".

Proof: Let (r;) be defining relations of bounded length for (G/N,T). Let G be
defined by T'U S as set of generators, and subject to the following relations:
(i) all possible relations obtained by lifting relations r;(t1,...,t,) = 1, giving
relations of the form r;(t,...,%,) = u (with u € N),
(ii) relations of the form tut=' = v for t € T UT'~' and u,v € N,
(iii) relations of bounded length defining (N, T).

Let us show that p : G — G is bijective. Note that it follows from the relations
that N can considered as a normal subgroup of G. Let u;...u, belong to G,
such that uy...u, = 1in G. Then u;...u, = 1 in G/N, so that we can write
Up ... Uy = H(gkmkgk_l), where my’s are elements among r;’s. Write my = prvp,
Where pr. is a relation of G from (i) and vy € N. Then [[(gxmrgy ') = [1(grprgi ')v
for some v € N (this holds in the group only subject to the relations (ii)). Thus in
G, uy...u, = v. Hence v is in the kernel of p, but p is injective in restriction to N.
Accordingly v =1 and w1 ... u, =1 in G. B

Lemma 2.10. Consider an extension 1 — N — G — @ — 1. Let T resp. N
boundedly present W resp. Q. Let W' be a subset of G whose projection into
contains W. Suppose in addition that G has a Hausdorff topological group structure
such that both T and W' are compact and T has non-empty interior in N. Then G
is boundedly presented by S =T U W'.

Proof: Let (r;) be defining relations of bounded length for (Q, W). Let G be defined
by T'U S as set of generators, and subject to the following relations:

(i) relations obtained by lifting relations r;(¢y,...,t,) = 1, giving relations of
the form r;(ty,...,%,) = u (with u € N expressed as a word in letters in
TUTY),

(ii) relations of the form wuw™ = v forw € WUW' ' we T, ve N.

Observe that the relations in (i) are of bounded length: if m is a bound to the length
of r;’s, then the elements u’s appearing in (i) belong to the intersection of N with
the m-ball of G with respect to W', which is compact, hence is contained in the
m/-ball of N with respect to T for some m/. Similarly, the v appearing in (ii) has
bounded length, so that relators in (ii) also have bounded length.

Let us show that p : G — G is bijective. As in the preceding proof, it follows from
the relations that the subgroup N of G generated by T is normal in G. Let u; . .. u,
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belong to G, such that u ... u, = 1in G. As in the preceding proof, there exists
v € N such that u;...u, =v in G. Now it follows from the relations (iii) that p is
injective in restriction to N. Accordingly v=1and uy...u, =1in G. B

3. COMPACTLY PRESENTED GROUPS

Definition 3.1. Let G be a topological group. We say that G is compactly presented
if G is Hausdorff and there is a compact subset S C G such that the (abstract) group
G is boundedly presented by S.

The following is a standard application of compactness and of the Baire Theorem.

Lemma 3.2. Let G be a locally compact group, and S a compact generating subset.
Let K C G be compact. Then K C S™ for large n. B

This has the following immediate consequence.

Lemma 3.3. If a locally compact group G is compactly presented, then it is bound-
edly presented by all its compact generating subsets. B

Remark 3.4. This is not true without the assumption that G is locally compact.
Indeed, endow Z with the p-adic topology 7,. Set u, = n! and us, = 0. Then
{u, : n < oo} is a compact subset of (Z,7,). But we have shown in Remark 2.7
that Z is boundedly presented by {u, : n < oo}, while it is boundedly presented

by {1}.

Proposition 3.5. Let G be a locally compact group which is an extension of com-
pactly presented groups. Then G is compactly presented.

Proof: This follows from Lemma 2.10 using the fact that, if G is a locally compact
group and N a closed normal subgroup, and if p : G — G/N denotes the projection,
then for every compact subset W of G/N there exists a compact subset W’ of G
such that p(W’) = W (this is not true for general topological groups). B

Lemma 3.6. Let G be a topological group. Let U be an open, symmetric generating
subset containing 1. Consider the group G presented with U = U as set of generators,
and with relations gh = k for g,h,k € U whenever this relation holds in G. Then
G has a unique topology such that the natural projection p : G — G is continuous
and U is a neighbourhood of 1 in G such that p induces a homeomorphism U — U.
Moreover, p is open with discrete kernel, and G is Hausdorff whenever G is.

Proof: Recall that a group topology is characterized by nets converging to 1. It is
easily seen that for a topology on G satisfying the conditions of the lemma, a net
(z;) converges to 1 if and only if eventually x; € U and p(z;) — 1. This proves the
uniqueness.

Now let us construct this topology. We define Q C G to be open if, for every
z € Q, the set p(z~'Q N U) contains a neighbourhood of 1 in G. This defines a
topology: trivially, § and G are open and the class of open sets is stable under
unions. Let Q; and €y be open. Then, for every x € ; N Qy, p(z™1Q; N QN U) =
p(z ' NU) Np(z~'Qy N T) (due to the injectivity of p on U), so that Q5 N Qy is
open.

Observe that, for such a topology, U is open, and z; — x if and only if 2 1z; — 1,
while z; — 1 if and only if it satisfied the condition introduced at the beginning of
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the proof. In particular, x; — 1 if and only if #; ' — 1, and, if z; — 1 and y; — 1,
then z;y; — 1. It remains to check that the topology is a group topology.

We first claim that, for every net (z;) in G, if 2, — 1 and g € G, then y; =
grig —1 — 1. This is proved by induction on the length of g as a product of elements
of U. This 1mmed1ately reduces to the case when g € U. In this case, for large
i, p(gr;) and p(gr;g~') = p(y;) belong to U. Moreover, gx; — g, hence eventually
belongs to U. Since the relation (gzi )9~ = ¢; (where §; denotes the preimage of
p(y;) in U) holds in G and ga; € U for large 4, by the definition of G, we obtain that
(97;)g~' = g; in G, so that y; = ; € U for large i. Now p(y;) — 1, and thus y; — 1.

Now let us prove that if #; — x, then ;' — 27!, Indeed, a:_lxi — 1, and by
conjugating by x, we obtain z;z7! — 1. As observed above, we can take the inverse,
so that zo; ' — 1,ie z;' — 7L

Now let us prove that if z; — x and y; — y, then z;y; — zy. Indeed, (zy) ‘zy; =
y o ry = y (2 vy )y, By the combining the observations above, y;y~! —
1, hence z 7 z;y;y~' — 1, hence y ' (z7'z;y;y~ ')y — 1. So this is a group topology.

It is immediate that p is continuous. Since UNKer(p) = {1}, the kernel is discrete.
Moreover, it is immediate from the definition that p induces a homeomorphism of
U onto U. Since these are neighbourhoods of 1 in G and G, this implies that p is
open. If G is Hausdorff, then it is immediate from the definition that G' — {1} is
open, so that G is Hausdorff. B

As a particular case, we get

Proposition 3.7. Let G be a compactly generated Hausdorff group. Then there
exists a compactly presented group G with a normal discrete subgroup N such that
G ~ G/N Moreover, if G is locally compact, then so is G.

Proposition 3.8. Let G be a Hausdorff topological group, and K a compact normal
subgroup. Then G is compactly presented if and only if G/K 1is.

Proof: This immediately follows from Lemmas 2.9 and 2.8. B

Lemma 3.9. Let G be a topological Hausdorff group, and let H be a closed subgroup.
Suppose that H is cocompact in G, i.e. there exists a compact subset K C G such
that G = HK = {hk : h € H k € K}. Then G is compactly generated if and only
if H is.

Proof: Clearly, if H is generated by a compact subset S, then G is generated by
SUK. Conversely, suppose GG generated by a compact symmetric subset S; suppose
also that 1 € K. Set T = KSK~' N H where KSK' = {kysky: ki, ks € K, s €
S}. Then T is compact, we claim that it generates H.

Let g belong to GG, and write g = s;...s, with all s; € S. Set kg = 1, and define
by induction k; € K, for 1 <7 <n — 1 by: k; is chosen in K so that ki_lsiki_l €EH
(it exists because HK = G). Define k, = 1. Then g = [[_, ki_1g:k;'. Since
g =115 kiorgikt € H, ky_19.k;" € H if (and only if) g € H. We thus obtain
that H is generated by 7. B

Remark 3.10. The proof also implies that, for ¢ € H, the length of g with respect
to T' is bounded by the length of g with respect to H. Hence, in H, the word length
with respect to T" and the length induced by the word length of G are equivalent,
i.e. the embedding of H into G' (endowed with these compact generating subsets) is
a quasi-isometry.
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Proposition 3.11. Let G be a locally compact group, and let H be a closed cocompact
subgroup. Suppose that there exists a compact subset K C G such that G = HK =
{hk: h € H k€ K}. Then G is compactly presented if and only if H is.

The reader can try to prove this directly, but the proof is tedious and technical,
especially the direction =. This will follow from Lemma 3.9, the subsequent remark,
as well of results from the next section (Corollary 4.11).

4. SIMPLE CONNECTEDNESS
4.1. The Rips complex.

Lemma 4.1. Let X be a simplicial complex, with a verter as base-point xq. Let vy
be a loop based on Xiop based on xy. Then v is homotopic to a combinatorial loop,
i.e. a loop which is a sequence of consecutive edges travelled with constant speed.

Proof: The reader can check it as an exercise, or refer to [Spa, Chap.3, Sec.6,
Lemma 12] W

Let I' be a graph, and x( a base-point. Consider a combinatorial loop based on z,
represented as a sequence (zg,1,...,2,) where z,, = xo and x;_1x; is an edge for
t=1,...,n. On the set of such loops, consider the equivalence relation generated by
(T, @1, ..y xy) ~ (T, ..., Tiy Yy Ty Tix1, - - -, Tp), Which we call “graph-homotopic”.
Besides, given two paths y = (y1,...,y,) and z = (21 ..., 2,), the composition yz is
defined if y,, = z; and denotes the path (y1,...,Yn, 22 .., Zy); similarly y~! denotes
(yn7 s >y1)-

Let X be a simplicial complex. Consider paths joining given points z,z’. On
this set, consider the equivalence relations generated by (z = xg,...,z, = /) ~
(x =z0,..., %Y, Tit1, ..., T, = ') whenever {z;,y,x;11} is a 2-simplex; two paths
equivalent for this equivalence relation are called combinatorially homotopic.

Lemma 4.2. Let X be a simplicial complex. Let two combinatorial paths be homo-
topic (in the topological sense). Then they are combinatorially homotopic.

Proof: This is [Spa, Chap.3, Sec.6, Theorem 16| H.

Lemma 4.3. Let X be a simplicial complex, X' its 1-skeleton, and xzy a base-point
which is a vertex. Let x = (xg,x1,...,T, = To) be a loop. Suppose that x is, as a
based loop in Xiop, homotopically trivial. Then x is graph-homotopic to a loop of the
form [T~ yiry; , where y; is a path from xo to a point z;, and r; is a loop based on
2;, such that all vertices of r; belong to a common simplex in X, and such that the
length of r; is 3, i.e. r; is of the form (z;, 21, 2!, z;).

Proof: This is a reformulation of Lemma 4.2. Indeed, suppose that {x;_1,z;, x;11}

is a 2-simplex. Then (zo,...,x, = x¢) is graph-homotopic to
-1 -
U(.ﬁ[i,l, X, .Z'Z;H)U ($0, e L1, L1y ey Xy = 1'0),
where u = (zg,...,%;_1,2;41). It then suffices to iterate this process. B

Let X be a metric space. In all what follows, we consider X with the discrete
topology (we study metric at large scale). Define the Rips complex of X as follows:
fort € Ry, R;(X) is the simplicial complex with X as set of vertices, and (z1, ..., z4)
is a simplex if d(z;,z;) <tforalli=1,....d.

Let G be a group and S a symmetric generating subset. Viewing G as a metric
space (for the word length), we can define its Rips complex.
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Lemma 4.4. The embedding of G into Ri(G) is a quasi-isometry.

Proposition 4.5. The following conditions are equivalent.

e The group G is boundedly presented by S.
o Ri(G)iop is simply connected for sufficiently large t.
o Ri(G)iop is simply connected for some t.

Proof: Suppose that R,,(G)iop is simply connected. Since the distance is integer-
valued, we can suppose that m is integer (and m > 1: if m = 0 the only possibility
is G = {1}). We endow G with the generating subset S™, so that its Cayley graph
coincides with the 1-skeleton of R,,(G)iwp- Replacing S by S™ if necessary, we
assume that m = 1.

Let sq1,...,s, belong to S, such that s;...s, = 1. Consider the combinatorial
path (1,s1,S182,...,51...5,-1,1): the corresponding path in R;(G)top is homotopi-
cally trivial. It follows from Lemma 4.3 that, in the free group generated by S (only
subject to the relations of the form ss™' = 1), s;...s, = Hlegmgi’l for some
elements g¢;, and some r; such that, if we write r; = m;;m;om;s with m;; € S, then
r; = 1 in G. Therefore, we obtain that S is a defining subset of G.

Conversely, suppose that GG is boundedly presented by S, by relations of length
< m. Let us show that R,/ (G) is simply connected. Consider a path « in
R|m/2)(G)top, based at 1, and let us show that it is homotopically trivial. By Lemma
4.1, we can suppose that v is a combinatorial path

(1,51,5182,...,8152 .. Sp_1,5152 .. Sp_15, = 1).

By the presentation of GG, we can write, in the free group generated by S (only
subject to the relations of the form ss™! = 1), s;...s, = IL girigi_l, where 7; has
length < m. To each element u = u;...u; of the semigroup freely generated by
S, corresponds a combinatorial path [u] = (1, uy, uyug, ... uy ... ug). Then [s;...s,]
and [[], girig; '] are graph-homotopic: this is a trivial consequence of the solution
of the word problem in a free group. Now observe that, clearly, if two combinatorial
based loops are graph-homotopic, then they are homotopic. Thus we are reduced to
prove that [[], gir:g; '] is homotopically trivial. Clearly, this reduced to showing that
each [g;r;g; '] is homotopically trivial. But this is freely homotopic to [r;], and this
combinatorial loop, being of length < m, has all its vertices at distance < [m/2].
Hence it lies in the boundary of a simplex of R|,,/2(G), and thus is homotopically
trivial. W

Let X be a metric space. A r-path in X is a sequence (xg, 1, ...,x,) such that
d(x;, xip1) < r for all ¢; it is said to join x¢ and x,. If zg = x,, it is called a r-loop
based on xg.

We introduce the r-equivalence between r-paths: this is the equivalence relation
generated by (zg,...,2,) ~ (To, .., Ti, Yy Tis1, Tn)-

Definition 4.6. The metric space X is called coarsely connected if, for some r,
every two points in X are joined by a r-path.

The metric space X is called coarsely simply connected if it is coarsely connected,
and, for every r, there exists ' > r such that every r-loop is r’~-homotopic to the
trivial loop.
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Remark 4.7. Consider a geodesic circle C'r of length R. Let a r-path v go round
Cg. Then the reader can check that v is 7-homotopic to the trivial path if and only
if R < 3r. In particular, a bunch of circles of radius tending to oo if not coarsely
simply connected. Removing one point (other than the base-point) in each of these
circles, we obtain a simply connected (and even contractible) metric space which is
not coarsely simply connected.

Proposition 4.8. The following conditions are equivalent:

(1) X is coarsely simply connected,

(2) For some ty, Ry (X) is connected, and for every t, there exists t' > t such that
every loop in Ry (X)) is homotopically trivial in Ry (X).

(3) For some r, R.(X) is simply connected.

Proof: (1)=(2) Suppose that X is coarsely simply connected. Clearly, Ry, (X) is
connected for some ;. Consider a loop in R,.(X). By Lemma 4.1, it is homotopic
to a combinatorial loop, defining a r-path on X. For some r’ > r, this loop is
r’-equivalent to the trivial loop. Thus the loop is homotopically trivial in R,/ (X).

(2)=-(1) Suppose that (2) is satisfied. Then X is to-connected. Fix ¢ > t;, and
take t' as in (2). Consider a t-loop in X. Then the corresponding loop in Ry (X) is
homotopically trivial. By Lemma 4.2, we obtain that it is t-equivalent to the trivial
loop.

(3)=-(2). Consider a t-loop in X. Set r’ = max(r,t). Since X is r-connected,
this loop is r’-equivalent to a r-loop, defining a combinatorial loop on R,.(X). Since
R, (X) is simply connected and using Lemma 4.2, this r-loop is r-equivalent to the
trivial loop. Thus our original loop is 7’-equivalent to the trivial loop.

(2)=(3). Fixt > ty, and t’ as in (2). First note that Ry (X) is pathwise connected.
Consider a loop in Ry (X). It is homotopic to a combinatorial loop. Since X is t-
connected, it is -equivalent to a t-loop. This one is, by assumption, homotopically
trivial in Ry (X). Thus Ry (X) is simply connected. B

From Lemma 4.4, Proposition 4.5 and Proposition 4.8, we get

Corollary 4.9. Let G be a group generated by a subset S, endowed with the word
metric. Then G is boundedly presented by S if and only G is coarsely simply con-
nected. In particular, a locally compact compactly generated group is compactly pre-
sented if and only if it is coarsely simply connected.

Proposition 4.10. Being coarsely simply connected is a quasi-isometry invariant.

Proof: Consider metric spaces X, Y, and functions f : X — Y, ¢g:Y — X such
that
Vo, o' € X, d(f(x), f(2") < Ad(z,2") + B;
Vy,y' € X, d(f(y), f(y)) < ed(y,y') + B
Vo€ X, d(go f(x),x) <C; VyeX, d(fog(y),y) <7
Suppose that Y is coarsely simply connected.

Then Y is r-connected for some r. If z,2" € X, then there exists a r-path (f(x)
Yo, - - - Yn = f(2')). Set v’ = max(C,ar + 3). Then (z,g0 f(x) = g(yo),...,9(yn) =
go f(a'),2) is a r’-path joining x and 2/, so that X is ’-connected.

Consider now a p-loop xy, . ..,x, = zo in X. Then f(zy),..., f(x,) is a (Ap+ B)-
loop in Y. Since Y is coarsely simply connected, there exists R > Ap+ B (depending
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only on Ap + B and not on the loop) such that f(xg),..., f(z,) is R-equivalent to
the trivial loop. Thus g o f(zg)...g o f(x,) is (aR + (3)-equivalent to the trivial
loop. Setting p’ = C + max(aR + (3, p), we obtain that (xo,...,z,) is p~equivalent
to go f(xg)...go f(x,), hence is p’-equivalent to the trivial loop. B

Corollary 4.11. Among locally compact compactly generated groups, being com-
pactly presented is a quasi-isometry invariant.

Given a metric space X and a path v : [0,1] — X its diameter is defined as
SUDy pepo,1) A(7(w) — y(v). We call a metric space weakly geodesic if there exists a
function w : R, — R, such that, whenever x,y € X, they are joined by a path of
diameter < w(d(zx,y)).

Proposition 4.12. Let X be a weakly geodesic metric space. If X is simply con-
nected, then it is coarsely simply connected.

Proof: We can suppose that w(r) > r for all 7.

Clearly, X is path-connected. Fix r, and consider a r-loop (xg,z1,...,2, = o)
in X. Interpolate it to obtain a path « : [0,n] — X such that (i) = z; for all
i =0,...,n, and such that, for all i < ¢, ¢’ <i+1, we have d(v(t),7(t')) < R = w(r).

The path v is homotopically trivial. Thus there is a continuous function A :
[0,1]> — X such that, for all ¢, h(t,0) = v(¢) and h(0,t) = h(1,t) = h(t,1) = zo = =,
for all t.

Since h is uniformly continuous, there exists n such that, for all z,y, 'y, if
max(|z — 2’|, [y — ') < n, then d(h(z,y),h(z",y')) < R.

Using the assumption on the diameter, the R-path (xg, z1, ..., z,) is R-homotopic
to a path of the form (v(to),...,v(tm), with 0 = ¢t9 < ¢t; < --- < ¢, = 1, and
tit1 —t; < nforall j.

Now

) h(tb tO)a ) h(tna tO))

Jh(ti,to), ... h(tn, to))

is R-equivalent to (h(to,t1), h(t1,t1), h(te, to) ..., h(tn, to)) (passing through
(h(th tl)a h(th tl)) h(tlv tO)a h(tZa to) o h(tna tO)) )

[terating in a similar way, it is R-equivalent to (h(tg,t1), h(t1,t1), ..., h(tn, t1)). It-
erating all the process, we obtain that it is R-equivalent to

(h<t07 tl)u h(tlu tl)? R h<tn7 tl)) = (.To, Zo, .- ,.To),
which is R-equivalent to the trivial loop. B

= (h(to, t1

4.2. Coverings.

Definition 4.13. Let X — Y be a map between metric spaces. We call it a -
metric covering if, for every y € Y, such that the closed r-balls B'(x,r), x € f~'(y)
are pairwise disjoint, and that, for every x,2’ € X such that d(z,z') < n, we have
d(xz,z") = d(f(x), f(z')) (in particular, f is an isometry in restriction to (n/2)-balls).

Proposition 4.14. Let Y be (r, R)-simply connected. Let X be another metric space
and f: X —Y be a R-covering. Then f is injective.
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Proof: Suppose that f(x) = f(2') = yo for some zg,z; € X. Consider a r-path
(x = mo,x1,...,2, = 2’) between z and z’. Write y; = f(x;). Consider a R-
combinatorial homotopy between (v, ..., ¥y, = yo) and the trivial loop (o). Since
f is a R-covering, the homotopy lifts in a unique way to X. Thus z = 2’. B

Proposition 4.15. Let 1 - N — G — @ — 1 be an exact sequence of locally
compact groups. Suppose that G is compactly generated and that Q) is compactly
presented. Then N is compactly generated as a normal subgroup of G.

Proof: Let S be a generating subset of (G, whose interior contains 1, and let B,
denote the n-ball of G relative to S. Let N,, be the normal subgroup of G generated
by G N B,,. We must show that eventually N = N,,.

Endow G/N,, with the generating subset S,,, defined as the image of S in G/N,,.
Then the projection of G/Ns, 1 onto G/N is a n-covering. Since G /N is coarsely
simply connected, this implies, by Proposition 4.14, that the projection G/N,, —
G/N is injective for sufficiently large n. Thus eventually N, = N. R

5. APPLICATIONS AND EXAMPLES

Proposition 5.1. Let G be a locally compact group with finitely many connected
components. Then G is compactly presented.

Proof: Clearly, G is compactly generated. It is known (see [MonZ]) that G has a
compact normal subgroup W such that G/K is a Lie group. By a result of Mostow
[Most], it follows that G has a maximal compact subgroup K such that G/K is
diffeomorphic to a Euclidean space. Taking a G-invariant Riemannian metric on
G/K, we obtain that G is quasi-isometric to G/K, which is simply connected and
geodesic. By Proposition 4.12, GG is coarsely simply connected, hence is compactly
presented. W

Remark 5.2. When G is a simply connected Lie group, it also follows from Lemma
3.6 that G is compactly presented. Thus, the (true) fact that every connected Lie
group is compactly presented is equivalent to each of the following assertions: (i)
Every connected Lie group has a finitely generated fundamental group; (ii) every
discrete, central subgroup in a connected Lie group is finitely generated. Note that
(i) also follows directly from [Most].

Proposition 5.3. Let G be a locally compact, compactly generated group of polyno-
maal growth. Then it is compactly presented.

Proof: By a result of Losert [Lo] (relying on a result of Gromov [Gr81]), G lies in a
triple extension compact-by-(connected Lie group)-by-(discrete virtually nilpotent).
Thus G is compactly presented. B

Remark 5.4. It can be shown (see [Bre]) that a locally compact, compactly generated
group of polynomial growth is quasi-isometric to a simply connected nilpotent Lie

group.
Ezample 5.5. Let K be a non-Archimedean local field (e.g. K = Q,). Define the
Heisenberg group H3(K) as follows: as a topological space, H3(K) = K3, and its
group law is given by (x1,y1, 21) (22, Y2, 22) = (T1+ T2, Y1 + Y2, 21 + 22 + T1Y2 — T2y1 ).

The group SLo(K) acts on H3(K) by (ch 2) (x,y,2) = (ax + by, cx + dy, z). 1t is
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easy to check that the semidirect product SLy(K) x H3(K) is compactly generated.
Its centre coincides with the centre {0} x {0} x K of H3(K), hence is not compactly
generated as a normal subgroup of SLy(K) x H3(K). Thus, by Proposition 4.15,
the quotient by the centre, namely SL,(K) x K?, is compactly generated but not
compactly presented.

APPENDIX A. SOME LOCALLY COMPACT GROUPS NOT QUASI-ISOMETRIC TO
HOMOGENEOUS LOCALLY FINITE GRAPHS

We here justify the following well-known affirmation: let GG is a simply connected
graded nilpotent Lie group with no lattice (i.e. the Lie algebra has no form over the
rationals, see [Rag, Theorem 2.12]) then G is not quasi-isometric to a homogeneous
graph. (Such an example, nilpotent of class two, is provided in [Rag, Remark 2.14].)
Indeed, Trofimov [Tro] proved, relying on Gromov’s polynomial growth theorem
[Gr81] that a homogeneous (i.e. vertex-transitive) graph with polynomial growth is
quasi-isometric to a finitely generated torsion-free nilpotent group I'. So G is quasi-
isometric to the Malcev closure N of I' (a simply connected nilpotent Lie group in
which I' is a lattice). Then M having a lattice, it has a form over the rationals,
and therefore so does the associated graded nilpotent group M,. Then by results of
Pansu [Pan|, M, is isomorphic to G. We thus get a contradiction.

Many other Lie groups without cocompact lattices are likely not to be quasi-
isometric to any homogeneous graphs, including

e Semidirect products G, = R? x R with the action by diagonal matrices with
coefficients (e, e excluding the special cases a = —1,0, 1. (The case a > 0
should be easier to tackle as then G is negatively curved.)

e Semidirect products R" x GL(n,R) or R" x SL(n,R) for n > 2.

Note that in general, a space is quasi-isometric to a homogeneous graph of bounded
degree if and only if it is quasi-isometric to a totally discontinuous compactly gener-
ated locally compact group: indeed, any such graph is quasi-isometric to its isometry
group, and conversely for any totally discontinuous compactly generated locally com-
pact group G, if K is an open compact subgroup then G/K carries a left-invariant
bounded degree graph structure (this elementary construction has been known for
decades but the older reference I could find is [Mon, Chap. 11, p. 150]).
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