THE GRUNWALD PROBLEM AND HOMOGENEOUS SPACES WITH
NON-SOLVABLE STABILISERS
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ABsTrRACT. We give an affirmative answer to the Grunwald problem for new families of
non-solvable finite groups G, away from the set of primes dividing |G|. Furthermore,
we show that such G verify the condition (BM), that is, the Brauer-Manin obstruction
to weak approximation is the only one for quotients of SL, by G. These new families
include extensions of groups satisfying (BM) by kernels which are products of symmetric
groups G,,, with m # 2,6, and alternating groups 2s. We also investigate (BM) for small
groups by giving an explicit list of small order groups for which (BM) is unknown and we
show that for many of them (BM) holds under Schinzel’s hypothesis.

1. INTRODUCTION

The Grunwald problem is a stronger version of the Inverse Galois Problem (IGP) orig-
inating in the classical problem of determining which division algebras admit a G-crossed
product structure for a given finite group G, see | ) , ) ) |. Fur-
ther recent interest in the problem arose from its relation to the regular IGP | , |
and weak approximation | , , |-

The problem asks for the possible local behaviour of Galois extensions L/k with finite
Galois group G, that is, the possibilities for their completions L, /k, at finitely many places v
of k. It may be stated as follows. Given a finite set of places S of a number field k, and
Galois field extensions L(") /k, for v € S with embeddings Gal(L(") /k,) — G, determine if
there exists a Galois extension L/k with Gal(L/k) ~ G such that L, = L®) for all v € S?

The Grunwald-Wang theorem | | answers the problem affirmatively when G is
abelian and S does not contain a place dividing 2. Nevertheless, in | |, a counterex-
ample with £ = Q, 2 € S and G = Z/8Z is given by Wang. In fact, Grunwald problems are
expected to be solvable whenever the places of S do not divide the order of G, a property

also known as the tame approzimation property for G over k | |. The answer at
places dividing |G| is less clear, cf. | , §3.1-3.2] and | | for recent work on certain
groups G.

A main approach to the IGP and the Grunwald problem originates in Noether’s con-
struction, where G is equipped with a free action on a rational space and the corresponding
quotient is considered. Here we consider more generally a finite algebraic k-group G, choose

an embedding G < SLy, i, and let X := SL,, /G be the quotient. The solvability of all
Grunwald problems for a constant group G is then equivalent to the weak approzrima-
tion (WA) property on X | |, that is, to the set X (k) of k-rational points being dense
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in X(kq) == [[,cq, X (kv), where Qy is the set of places of k and the product is endowed
with the product topology.

In all known instances where (WA) fails, the failure is explained by the Brauer—Manin
set. It is well known that X (k) is contained in a closed subset X (kq)B'=(X) C X (kq) cut
out by the Brauer—-Manin obstruction, see §2.3. It may happen that the latter containment
is strict, so that (WA) fails. It is conjectured that X (k) is in fact dense in X (kgq)Brun(X)
for X as above. When this holds, we say that the Brauer—Manin obstruction to weak ap-
prozimation is the only one on X and that G wverifies (BM). This does not depend on n,

nor on the embedding ¢ by the "no-name" lemma | , Corollary 3.9] and | ,
Proposition 13.3.11]. Furthermore, if a constant group G verifies (BM), then the tame
approximation property holds for G | , Corollary 6.3].

The property (BM) is known for many solvable groups such as abelian k-groups by
Borovoi | |, split extensions of k-groups that verify (BM) by an abelian group by Harari
[ |, and for finite supersolvable k-groups by Harpaz—Wittenberg | |. However,
little is known about (BM) for non-solvable groups. In fact the known examples of such
groups are the symmetric groups &,,, the alternating group s | |, the simple group
of Lie type PSLa(F7) | | and, more generally, groups for which a generic polynomial
exists, that is, when the quotient X is retract rational | , Chapter 5].

In the present paper, we show that group extensions of a group verifying (BM) by certain
non-solvable kernels N, such as powers of 25 and &,,, also verify (BM), yielding new families
of non-solvable groups verifying (BM) and having the tame approximation property.

Theorem 1.1. Let k be a number field. Consider a short exact sequence of finite algebraic
k-groups

(1.1) 1 N E Q 1

)

with N(k) ~ AL x [[7_, &% for s,to,t1...,ts € NU{0} and ny,...,ns € N\ {2,6}. If Q
verifies (BM) over k, then E also verifies (BM) over k.

In particular, when E is constant and S is a finite set of primes coprime to |E|, all
Grunwald problems for E over S are solvable, that is, E has tame approximation over k.

In a parallel work, Harpaz and Wittenberg | , (1) of Corollary 4.13| prove indepen-
dently — with a different method — the theorem in case @ is supersolvable and N (k) ~ s
or &, for n € N\ {2,6}. For supersolvable @, their theorem | , Theorem 4.5] actually

allows IV to be any group that satisfies the following condition:

For every homogeneous space X of SL,, ;, and = € X (k) whose stabiliser H over T

(o) satisfies H(k) ~ N(k), the Brauer-Manin obstruction to weak approximation is
the only one on X.

For the proof of Theorem 1.1, we do not require Q) to be supersolvable but on the other hand
assume @ verifies (BM) and reduce to the case where (1.1) splits. In such case, we show
that NV can be chosen to be any group which satisfies () with the additional condition on
the X’s to have a rational point. For the purpose of proving this, we supply in Theorem 6.1
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a dévissage method for (BM) which extends Harari | , Théoréme 1| and whose proof
relies on his fibration method | , Théoreme 3]. In particular, this approach allows
showing that (BM) holds for iterative semidirect products of groups verifying (BM) by
abelian groups or by products of copies of s, &,, n # 2,6.

To allow powers of &, and 25 in the kernel, we first consider more generally forms G
of powers of constant k-groups N which are center-free and indecomposable, that is, which
cannot be written as a product of two nontrivial groups. We show that such groups G
are Weil restrictions along a finite étale algebra A/k of forms of the extension of N to A,
see Theorem 3.1. This yields a description of homogeneous spaces of SL, whose geometric
stabilisers are powers of complete indecomposable center-free groups, see Theorem 4.1.

We then deduce that homogeneous spaces of SL, with geometric stabiliser &%, n # 2,6,
are stably rational, see Corollary 4.2. Similarly, we show that homogeneous spaces of SL,.
with geometric stabiliser 2% are retract rational, see Corollary 5.2, extending Maeda’s
theorem | | on the stable rationality of the field of invariants of 5. To carry this out,
we use a "twisted" version of an argument of Buhler | , §2.3, pp.46-47] to produce a
strongly versal G-torsor with a rational base for twisted forms G of AL, ¢ > 1.

Small groups. We apply Theorem 1.1 and previous known results in the literature to give
an explicit list of the non-solvable groups with cardinality at most 500 for which (BM) is
known, see Proposition 6.3. The list of those "small" non-solvable groups for which (BM) is
unknown is given in Table 6.1. The smallest non-solvable groups for which (BM) is unknown
are central extensions of 25, Syms, and PSLa(7) of orders 240 and 336. The smallest simple
group for which (BM) is unknown is 2. We also list the "small" (solvable) groups of
cardinality at most 191 for which (BM) is unknown, see Proposition 7.4. Furthermore,
under Schinzel’s hypothesis (H) | |, we show that all but one, a semidirect product
of Z/AZ acting on the Heizenberg group Hes, verify (BM). We suspect that a similar
reasoning could show that Hes xZ/4Z verifies (BM) conditionally on Schinzel’s hypothesis.

(BM) under Schinzel. To get (BM) under the Schinzel hypothesis, we prove the following
theorem. Recall that a finite k-group @ is supersolvable if there exists a sequence {1} =
Qo C Q1 C--- CQp=Q of normal k-subgroups of @ such that @Q;/Q;_1 is cyclic for all i.

Theorem 1.2. Let k be a number field. Consider a short exact sequence of finite algebraic
k-groups

1 N E Q 1
such that the derived subgroup of N(k) is Z/2Z. Assume that either Q is supersolvable,

or the sequence splits and @ wverifies (BM). If Schinzel’s hypothesis (H) holds, then E
verifies (BM).

Note that the class of supersolvable groups contains that of nilpotent groups. Further
note that supersolvability differs from solvability by requiring that @;_1 is normal in @ and
not only in @);. As an example, the alternating group 2l is solvable, but not supersolvable.

To prove the theorem, we show (BM) holds under the Schinzel’s hypothesis (H) for
homogeneous spaces of SL, whose geometric stabiliser has derived subgroup Z/2Z, see
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Theorem 7.1. For this, we combine the fibration method | , Chapitre 3, Corollaire 3.5]
that relies on Schinzel’s hypothesis (H), and a descent method for torsors under tori | )
Corollaire 2.2]. We then make use of Theorem 6.1 and the aforementioned theorem of
Harpaz and Wittenberg | , Theorem 4.5] to deduce Theorem 1.2 in Section 7.2.

Acknowledgement. We thank Olivier Wittenberg for helpful discussions, noting the re-
lation to Schinzel’s hypothesis and shedding light on the proof we give in Appendix A.
The first author was supported by a «Contrat doctoral spécifique normalien» from the
Ecole normale supérieure de Paris. The second author was supported by the Israel Science
Foundation, grant no. 353/21.

2. PRELIMINARIES

2.1. Notation. Throughout the paper, if k is a field, k& denotes a fixed separable closure
of k, and I'y, the absolute Galois group Gal(k/k). A variety over k is a separated k-scheme
of finite type. If G is an algebraic group over a perfect field k, a homogeneous space of G
is a k-variety X endowed with a left action of G such that the action of G(k) on X (k) is
transitive.

For a connected scheme S and group S-schemes G and H, we say that H is an S-form
of G if there exists an étale cover T — S such that the base changes Gp and Hrp are
T-isomorphic group schemes. When S = Spec(k), we say H is a k-form of G. Recall that
S-forms of G are classified by the pointed set H (S, Aut(G)) | , Chapter 111, §4, p.134]
where Aut(G) is the sheaf of automorphisms of G.

When S — S is a finite locally free morphism of schemes and X’ is a quasi-projective
S’-scheme, we denote by Resg/g(X') the Weil restriction of X’ along S’ — S, which is

again an S-scheme | , §7.6, Theorem 4].

2.2. Torsors. Let k be a field, G an affine algebraic k-group and f : Y — X a morphism
of k-varieties. Assume a left (resp. right) action of G on Y is given, and let G act trivially
on X. We say that f is a left (resp. right) torsor over X when f is a G-equivariant étale
map and the morphism G xx Y — Y X x Y mapping (g,y) to (g.y,y) (resp. to (y.g,y)) is
an isomorphism. When the context is clear, we omit the left or right nature of the torsor.

Furthermore, when A is a k-algebra and G a group Spec(A)-scheme, we shall denote
by H'(A, G) the pointed set H, (Spec(A), G) defined in [ , §2.2.1|]. When A =k, this
corresponds to the nonabelian Galois cohomology defined in | , Chapitre I, §5| and
it classifies both right and left G-torsors over k. In this case, we let Z!(k,G) denote the
pointed set of 1-cocycles, that is, continous maps (a- ) er,, : 'y — E verifying a,¢ = a,v(a¢)
for any v,( € Ty, see | , Chapitre I, §5.1].

When G is an affine algebraic group over a field k, o € Z'(k,G) is a right k-torsor
under G, and Y a quasi-projective variety endowed with a left G-action, we denote by ,Y
the quotient of ¢ x; Y by the action of G defined as g.(s,y) = (sg~1, gy) (the existence of
such a variety is for instance ensured by | , Lemma 2.2.3]). The quotient ,Y is also
known as the contracted product of o and Y. In particular, for a k-group G and a right
k-torsor o € Z'(k,G) one gets the twisted group ,G when G is acting on itself on the left
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by g.h = ghg~!. Then, the twisted group ,G acts on ,Y in the following way: if (s, g) is

the class of a € ,G(k) and (s',y) the class of § € ;Y (k), then after choosing h € G(k) such
that s’ = s.h, one may set a.( as the class of (s, (gh).y) (also see [ , p-20, Example 2]).

Let f: Y — X be a left G-torsor, for a linear algebraic k-group G. It is said to be weakly
versal if, for every field extension M/k and every left G-torsor ¢ : T — Spec(M ), there
exists an M-point a of X such that ¢ is the base change of f by a. If, moreover, a may be
chosen in any nonempty Zariski open subset of X, then f is said to be versal. Following the

terminology of | , §1] and the definitions in | , 81], we say that f is strongly versal
if there exists a finite dimensional k-vector space V' on which G acts on the left faithfully
and a G-equivariant dominant rational map V' --» Y. According to | , Theorem 1.1],

we have the following implications:
strongly versal = versal = weakly versal.

When s is a finite tuple of indeterminates, we say that a polynomial f(s,x) € k(s)[x] is
a generic polynomial over k for a finite group G if for every Galois extension E/M with
group G and an overfield M D k, there exists a € M8l such that f(a,z) is well defined
and F is a splitting field of f(a,x) over M. By | , Theorem 1], the existence of a
generic polynomial for G is equivalent to the existence of a weakly versal G-torsor whose
base is a nonempty open subset of an affine space.

2.3. Local-global principles and rationality. Over number fields &k, we consider weak ap-
proximation and the Brauer—-Manin obstruction on a smooth k-variety X. Recall that X ver-
ifies weak approzimation off a finite subset S C ) whenever X (k) is dense in [],cq,\ s X (kv),

the latter being endowed with the product topology. Let Br(X) = HZ (X, G.,) denote the
Brauer group of X, and Bry,(X) the Brauer group of any smooth compactification of X
[ , Proposition 3.7.10]. Setting X (kq) = [[,cq, X (kv), the Brauer-Manin pairing has
been introduced by Manin | | (see also | , §1.3]) and is given by:

Bryn(X) x X(kq) ———— Q/Z

((#0), @) ———= 2 peqy 10w (T3(@)

where inv, : Br(k,) — Q/Z is the local invariant and z} stands for the specialization
morphism of Brauer groups Br(z,) : Br(X) — Br(k,). Elements of X (kq) orthogonal
to Bry,(X) form a closed subset of X (kq) which contains X (k) and which is called the
Brauer-Manin set of X. We shall say that the Brauer—Manin obstruction to weak approz-
imation is the only one on X if X (k) is dense in X (kq)B»(X). In this situation, we will
write that X verifies (BM).

Furthermore, over an arbitrary field k, we describe the properties of varieties considered
throughout the paper. Two k-varieties X and Y are said to be stably k-birational, or
stably k-birationally equivalent, if there exist positive integers m and n such that X x P}
and Y x P} are k-birational. The variety X is said to be stably k-rational if it is stably
k-birational to P} for some positive integer n. We also say that the variety X is retract
k-rational if there exists a rational map P} --» X with a rational section, for some positive
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integer n. When there is no confusion, the underlying field will be omitted in the preceding
terminologies. Weak approximation and (BM) are stably k-birational invariants.

As a ubiquitous statement in this article, we recall the statement of the "no-name"
lemma | , Corollary 3.9]:

Lemma 2.1 ("No-name" lemma). Let k be a field and G a finite k-group. For positive
integers r,s any embeddings G — SL, and G — SLgy, the quotient varieties SLy /G
and SLs 1, /G are stably k-birational.

Also, for k-groups we consider throughout this paper the following properties:

Notation 2.2. When k is a field, consider the following properties on affine k-groups G:

(a) there exists an embedding G — SL,  such that the variety SL, /G is stably k-
rational;

(b) there exists a strongly-versal G-torsor Y — X owver k, where X is rational;

(c) there exists an embedding G — SL,,  such that the variety SLy, /G is retract k-
rational;

(d) the field k is a number field and there exists an embedding G — SL,, . such that
the Brauer-Manin obstruction to weak approzimation is the only one for the vari-
ety SL,, 1/ G;

(e) there exists a finite set of places S of k and an embedding G — SL,, j, such that the
variety SL,, 1;/G verifies weak approzimation off S.

One may notice that properties (a), (c), (d) and (e) of Notation 2.2 do not depend on
the choice of the embedding, by Lemma 2.1 combined to the stably birational invariance of
stable rationality, retract rationality, the Brauer-Manin obstruction to weak approximation
and weak approximation off a finite set of places | , Proof of Proposition 13.2.3].
Furthermore, we have the following classical implications:

(a) = (b) = (c) = (d) = (e)
where the first implication is given by choosing Y — X as being f X idpr where f: SLy; —

SL, /G and P} is chosen such that P} x SL, /G is rational. Moreover, the second
implication is a consequence of the equivalence of (1) and (3) in | , Proposition 4.2].

2.4. Preliminaries on group theory and almost complete stabilisers. Let C,, denote
the cyclic group of order n, and &,, (resp. 2,,) the symmetric (resp. alternating) group of
degree n.

Let us recall that a finite group G is complete if it is center-free with no nontrivial outer
automorphism. Examples of complete groups are the &,,’s for n # 2,6. Furthermore, we
will say that a group G is indecomposable if it cannot be written as a product of nontrivial
groups: this is for example the case of &,, and 2, when n > 1, since their normal subgroups
have no direct factor.

Before going any further, let us state the following ubiquitous lemma on automorphisms
of powers of indecomposable groups.

Lemma 2.3 (| , Theorem 3.1]). If N is a group and t a positive integer, then the
following morphism is injective:
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L Aut(N)E x & Aut(N?)

((pi)iy, 0) —— [(n1, ... ne) = [Timg @i(no—1()] 5

where &; acts on Aut(N)" by o.(0i)i_; = (po-1())izy for any 0 € &; and (p)i_, €
Aut(N)t. Moreover, if N is indecomposable and center-free, then v is an isomorphism.

Using the terminology of | , §84.1.4|, we shall say that a finite group G is almost
complete if it is center-free and if the morphism Aut(G) — Out(G) has a section. As these
groups being ubiquitous in this article, we summarise their basic properties in the following
lemma. Complete groups are examples of almost complete groups.

Lemma 2.4. (i) A finite group G is almost complete if and only if any short exact
sequence of profinite groups

1 G E Q 1

splits as a semi-direct product of profinite groups £ ~ G X Q.

(1) If G is a finite almost complete indecomposable group, then for any positive integer t,
the group Gt is almost complete.

(1i) If Hy,...,H, are finite almost complete groups where no pair of the H; have a
common direct factor, then [[;_, H; is almost complete.

Proof. Assertion (i) corresponds to | , Lemma 4.12.(1)]. To prove (ii), first notice
that G? is center-free. Furthermore, since G is indecomposable, Lemma 2.3 ensures that
Aut(GY) ~ Aut(G)! x &; where &; acts on Aut(G)! by permuting the coordinates. Denote
by s a section of a : Aut(G) — Out(G). Then, the morphism Aut(G*) — Out(G?) corre-
sponds to the morphism [[;;, a X ids, : Aut(G)" x &; — Out(G)" x &; and a section is
given by [[,<.<; s  idg,, which prove (ii).

As for (iii), the group [[}_, H; is clearly center-free. Then | , Theorem 2.2] ensures
that Aut(][;_, Hi) = [[;—; Aut(H;), so that the morphism

T T
Aut (H HZ> — Out <H HZ> s
i=1 i=1
which coincides with [[;_, (Aut(H;) — Out(H;)), has a section since each of the H;’s is

almost complete. O

Combining Lemma 2.4.(i) with a theorem of Pal-Schlank one gets:

Proposition 2.5. Let X be a homogeneous space of SLy, 1, and T € X (k). Denote by G the

stabiliser of T. If the group G(k) is finite and almost complete, then X (k) # (.
Proof. By Lemma 2.4.(i) the exact sequence
1= G(k) = 74 (X,T) = T — 1,

splits. For homogeneous spaces of SL,,, the existence of such a section implies the existence
of a rational point by | , Theorem 7.6]. O
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Eventually, the following proposition gives a structural statement for homogeneous spaces
whose stabilisers are products of almost complete groups with no pair having a common
direct factor:

Proposition 2.6. Let Hy,..., H, be almost complete finite constant k-groups with no pair
of the H;’s having a common direct factor, and m a positive integer. Suppose X 1is an
SL, k-homogeneous space whose geometric stabiliser is the direct product [,_, H;. Then X
is stably birational to a product [];_,; X; where:

a) there exists n € N such that each X; is a SLy, ;-homogeneous space;

b) for each i € {1,...,r}, and for any T; € X;(k), if one denotes by G; the stabiliser

of T;, then G;i(k) ~ H;.
Proof. By Proposition 2.5, one has X (k) # (). The choice of a rational point of X supplies
a k/k-form G of the constant group [[,_; H; and an isomorphism of SL,, x-homogeneous
spaces X ~ SL,, 1/G.
Furthermore, | , Theorem 2.2| ensures that Aut([];_, H;) = [[,_; Aut(H;). From
this, the Galois action on G(k) actually corresponds to a morphism I'y — []\_; Aut(H;).
For each 7 € {1,...,r}, the projection I'y — Aut(H;) of the Galois action on Aut(H;)

defines a k/k-form H;, so that G ~ []/_; H;. Now, choose a positive integer n and, for
each i € {1,...,r}, an embedding H;, — SLy, . Then, Lemma 2.1 ensures that SL,, /G
is stably birational to [];_, Sank/E, so that after setting X; = SLmk/E, one gets the
required statement. O

2.5. Nonabelian Shapiro’s map. If I' is a profinite group, a I'-group is a discrete group £
endowed with a continuous action I' Aut(F). We shall also say that ¢ yields a I'-group,
and write g.e := ¢(g)(e) for (g,e) € I' x E when there is no confusion as to what ¢ is. We
then denote by E i, I' the semidirect product relative to ¢ and by Secr(E X, I') the set
of continuous sections of F %, I' — I'. We use the following well-known correspondence:

Fact 2.7 (| , Lemma 7|). Let I be a profinite group and ¢ : I' — Aut(E) a I'-group.
Denote by pry : E x, ' = E the first projection — which is not necessarily a morphism.
Then the following map is bijective

Secr(E %, ') —— ZYT, E)

O F——Dpryoo

For a closed subgroup A < T and a A-group E, we let
Ind\E = {f: T — E| f(dg) = df (g) for all (d,g) € A xT'}

denote the induced I'-group endowed with the left action (v.f)(g9) = f(g.y) for v € T
and f € IndgE. We may further identify IndgE with EA\L where T acts on A\T on the
right, via the following lemma.

Lemma 2.8. Let I' be a profinite group, A a closed subgroup of T and E a A-group. Fix
a set of representatives {e; : i € A\I'} of A\I' and set
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w:Ind\F ——— EAV
f—— (f(&i))ieayr
Furthermore for i € A\I', v € I', write e;7 = 6;(7)€i~ for a unique 6;(y) € A. Then:

(1) the map w is an isomorphism of groups, which endows EAL with a I'-group structure
defined as the composition of the I-group T' — Aut(Ind\ E) with

Aut(w) : Aut(Ind\ E) —— Aut(EA\D)
© wgpw‘l

(2) furthermore, the action of v € ' on (€;)iea\r € EAY described in (1) is given by
v-(€i)iear = (6i(7)-€in)ica\r;
(3) consider the T-group structure on EA\U in (1) and let 1 denote the trivial coset
in A\T. For a € ZYT, EA\'), if we write a., = (ei(7))iearr, then:
ei(v) = d1() " [er(er) rer(0:(7)) (81(8i(7))-e1(ei))] 5

(4) if A acts trivially on E, then w does not depend on the choice of the set of repre-
sentatives of A\I'. Furthermore, the conclusion of (3) may be rewritten as:

ei(y) = e1(e)) ter(8i())er(ein)-

Proof. The proof of (1) and (2) is straightforward, and (4) follows immediately from (3).
Let us prove (3). Since a is a cocycle, a,¢ = ayy(a¢) for v,¢ € I, so that (2) gives:

(2.1) ei(7¢) = ei(7) (3i(7)-€i~(C))-

Noting that i.s;l = 1, and applying (2.1) with (7,~, ) replaced by (1,¢;,7), we get:

(2.2) e1(ei7) = e; .1 (e7) = ex () (d1(ei)-ei(7))-

Using i.c; ' = 1 again, (2.1) with (i,v,() replaced by (1,8;(7), i) gives:

(2.3) e1(0i(7)ein) = €; -1 (0i(V)ein) = e1(8:(7)) (01(0i(7))-€1(cin))-

But since g;y = 6;(7)ei., we can equate (2.2) and (2.3), yielding (3). O

Returning to the general setting, note that the morphism of groups Indy\ £ — E mapping
f:T — E to f(1) is A-equivariant, and hence induces Shapiro’s map of pointed sets

sh: zZYI,Ind\ E) — ZY(A, E)

which is known to be surjective by Shapiro’s lemma | , Proof of Proposition 8§].
Moreover, if A acts trivially on E, then Shapiro’s map coincides, via Fact 2.7, with a
map:

(2.4) sh’ : Secp(Ind\ E x T') — Homeont (A, E).
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In this case, if we use notations of Lemma 2.8 and identify IndgE with EA\ via w, the
Shapiro map sh’ can be described as follows:
(2.5) sh’ S(—:'CF(EA\F X I[') ———— Homeont (A, F)

v €= ((ei(7)iearr:7) —— d = e1(d)

3. STRUCTURE OF FORMS FOR POWERS OF GROUPS
The following theorem is the main result regarding powers of groups.

Theorem 3.1. Let N be a finite constant k-group and t a positive integer. Assume further
that N is indecomposable, with trivial center. If an algebraic k-group G is a k-form of N,
then there exists an étale k-algebra A of degree t and a k-form ]VA of Ny = N Qi A such
that G = ReSA/k(m).

Before giving a proof, let us recall how Weil restrictions are related to induced I'g-groups.

Lemma 3.2 (] , Theorem 1.3.1]). Let L/k be a finite separable evtension of fields.
Fiz an embedding oo : L — k where k is a separable closure of k and set T'r, = Gal(k/L)
which is a closed subgroup of I'y,. Then for any algebraic group G over L, there exists a
T'i-equivariant bijection
o T _
(Res/xG) (k) ~ Indp) (G(k))

of T'y-groups, where I'f, acts on the left on G(k) = Homgpec(r) (Spec(ao), G) by composition,

where Spec(oq) denotes the Spec(L)-scheme Spec(k) corresponding to the embedding oy.

We also use the following technical lemma concerning Shapiro’s map sh’ from (2.4)
when E is taken to be Aut(NN). For this purpose, choosing a set of representatives of A\T,
we identify Aut(Ind\N) with Aut(N2\I) via the isomorphism Aut(w) from Lemma, 2.8,
and Aut(N)2\I x Bij(A\I') with a subgroup of Aut(N2\I') = Aut(Ind\ N) via Lemma 2.3.
Eventually, we denote by
p:T — 5 Bij(A\D)

(3.1)

v p(y) ri iy

the right action of I on A\T.

Lemma 3.3. Let N be a finite group, I' a profinite group and A a closed subgroup of I" acting
trivially on Aut(N). Let o € Secp(Indy Aut(N)xT) and 6 := sh’(c) € Homeont (A, Aut(N)).
Denote by Ind\ N the T'-group induced by § and let B : T — Aut(Ind\N) the associated
I-action. Then B factors as:

P~ IndAut(N) x T 22 tmal Aut (V) x Bij(A\) —“ Ind% Aut(N) x Bij(A\D)

for some inner automorphism ¢ of Aut(N)>\' x Bij(A\I).
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Proof. Let {g; : i € A\I'} be a set of representatives for A\I', and 0;(y) € A such that
ey = 0i(7)ein. Write o(y) = ((wi(7))iearr,7) for v € T, so that ¢ : T' — Aut(N)A\
v = (i(7))iea\r lies in ZHT, Aut(N)2\I) by Fact 2.7. Note that by Lemma 2.8.(3):

(3.2) 0i(7) = p1(e:) " 0 @1(8i(7)) 0 pi(eir), fory €T,i € A\T.

Recall that 3 induces a T-action on N2\ via (Aut(w) o 8)(y) = wo B(v) ow™'. Moreover,
by Lemma 2.8.(2), we have

(3.3) wopB(y)ow 1: NA — NAVT
(ni)ieasr ———— (8:i(7)Nir)iearr

Since A acts on N through 0, and 6(8) = ¢1(d) by the explicit description (2.5) of sh’,
morphism (3.3) takes the form:

woB(y)owt: NA _ , NAV
(ni)ieasr ————— (¥1(0i(7))(1i~))iea\r

By definition of ¢ from Lemma 2.3 and by definition of p in (3.1), this is none but the image
by ¢ of the automorphism

((#1(E0)) em (1)) € Aut(N)A x Bi(A\T).

However, by (3.2), this image is conjugate by the element (p1(&;))iea\r € Aut(N)A\ to
((id, p) 0 0)(7) = (wi(7), p(7))

which proves the statement. O
We may now combine Lemmas 3.2 and 3.3 to give a proof of Theorem 3.1.

Proof of Theorem 3.1. Let G be a k-form of N. After choosing an isomorphism of groups

G(k) ~ N* the action of T'y on G(k) gives rise to a continuous action of 'y on N, that
is, to a morphism ¢ : Ty — Aut(N?'). By Lemma 2.3, one has Aut(N?) ~ Aut(N)' x &,
where &; acts on Aut(N)! by permuting the coordinates. The composition 9 : 'y — &
of p with the projection Aut(N)! x &; — &; yields a right action of 'y on {1,...,t} defined
by 1.y == ()~ *(I). Now pick a set of representatives I C {1,...,t} of the distinct orbits
of {1,...,t} under the right action of 'y, so that Nt = [Lics N*Ir_ Thus ¢ factors as

(3.4) re L2 TT Aut (Vi) < Aut(N?)
i€l
where a; : Ty — Aut(N*!'s) denotes the action of I';, on the i-th factor N*T* of Nt. Let

us denote by G; the k-form of N*T* corresponding to a; € Z'(k, Aut(N*'*)). By the
factorisation (3.4), we thus have G = [];c; Gi.
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Next, we fix ¢ € I and rewrite G; as a Weil restriction. For this purpose, we first use
Lemma 2.3 to identify Aut(N*'*) = Aut(N)*'* x Bij(i.I'y). Furthermore, if we denote
by pi : Tk — Bij(i.T'x) the right action described above, then «; factors uniquely as

(3.5) I 25 Aut(N)“Tr 5 Ty — Aut(N)H% % Bij(i.T)
for o; € Secr(Aut(N)*'* xT}). Letting T'; be the stabiliser of 4 under the right action of I'y,

on ¢.I'y, we may further identify:

0T ~ T\
The Shapiro map (2.4) supplies a morphism 6; := sh’(o;) : I'; — Aut(N). Denote by Indll:fN
the T';-group induced by 6; and §; : Ty — Aut(Indll:fN ) the corresponding action of T'y.
Since a; = (id, p) o o by (3.5), Lemma 3.3 yields an inner automorphism v; of Aut(N*'*)
such that

(36) Aut(wi) o /81 = ”(/JZ o .

Now, choosing x; € Aut(N“I'*) such that ¢; * is the conjugation map by x;, equation (3.6)
yields the following commutative diagram:

L'y
2
r N :
Aut(Indp*N) AntOuo) Aut(N®Tr)
In other words, the map
(3.7) Xi O W : Ind?fN — NI

is a ['y-equivariant isomorphism of groups, where 'y acts on Ind?fN (resp. N*T*) via g
(resp. «;). Furthermore, recall that by definition of G;, there is a I'y-equivariant isomor-
phism

(3.8) Gi(k) ~ N*Tx

where the action of 'y on the left-hand side (resp. on the right-hand side) is the Galois
action on points (resp. is given by «;). Also, if we set M; = Eri and Ny, the M;-form of N
associated to 6; € Z!(M;, Aut(N)), then Lemma 3.2 supplies a I'y-equivariant isomorphism
of groups

(3.9) Resy, /i (Nag, ) (k) =~ Indp* N.

where the action of I'y, on the left-hand side (resp. right-hand side) is the Galois action on
points (resp. is given by ;). Now, if we combine (3.8) and (3.9) with (3.7), the map x; ow;
may be rewritten as a I'p-equivariant isomorphism

Gi(k) =~ Resyy, 1 (Nag ) ()
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where the action of I'y, on both sides is the Galois action on points. By Galois descent, this
extends to an isomorphism of algebraic groups

Gi ~ ReSMi/k(NMfi)‘

Thus, by setting A :== [[,.; M; and JVA =1] Jm, we eventually get

icl iel
G~ HRGSMi/k(m) = Resax(Na)
iel
which proves the statement. O

We deduce the following description of homogeneous spaces for powers of groups.

Corollary 3.4. Let N be a finite constant k-group, t a positive integer and G a k-form
of Nt. Assume further that N is indecomposable with trivial center. Then there exist an
étale k-algebra A of degree t and a k-form Na of Na such that, for every k-embedding
G — SL,j and A-embedding NA — SLs A, the varieties SL, x /G and Res 4/, (SLs, A/NA)
are stably birationally equivalent.

Proof. By Theorem 3.1, there exists an étale k-algebra A of degree ¢ and an A-form Na
of N4 endowed with an isomorphism G =~ Res/,(IN4). Let Na act faithfully on an affine
space A"}. By | , Corollary A.5.4.(3)], one then has that

Resay (A4/Na) = (Resay (A%)) /Resap (Na) -

Since Resa; (A7) =~ A7t and Resa/x (M) ~ (G, one deduces from the latter that
Res (AZ/Z@) ~ A /G. The statement then follows from Lemma 2.1. O

Denote by Py any of the properties on affine k-groups listed in Notation 2.2.

Corollary 3.5. Let t be a positive integer and N a constant indecomposable finite k-group
with trivial center. If every L-form of N verifies Pr for every separable field extension L/k
with [L : k] < t, then any k-form of Nt verifies Py.

Proof. Let t be a positive integer and G a k-form of N'. Let us now choose an étale
k-algebra A of degree t and an A-form Ny of Ny as in Corollary 3.4. After choosing
a k-embedding G — SL,; and an A-embedding Na < SLg 4, Corollary 3.4 ensures
that SL, /G and Resg (SLS,A/]V;) are stably birational. Since A is étale over k, it
may be written as A = [[,,., M; where the field extensions M;/k, i = 1,...,r are sep-
arable of degree at most t. Moreover, H' (4, Aut(N)) = H1<Z<n Hl(MZ,Aut( )) so that

one may write m = HKK” NM, where the M;-group NM is an M;-form of Ny, for
i=1,...,n. From this, we infer that SL, ;/G is stably birational to the variety

H Respy, /i (SLS,Mi/m> :

1<i<n
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Furthermore, for each ¢ € {1,...,n}, the variety SLs,Mi/@i is assumed to satisfy Py,.
Since the Weil restriction of a variety which is retract rational, resp. rational, resp. satisfies
that the Brauer-Manin obstruction to weak approximation is the only one, resp. satisfies
that weak approximation holds off a finite set of places, satisfies the same property (see
[ , Theorem 1.1] for the Brauer-Manin obstruction to weak approximation, and | )
Example 4.2] for weak approximation), the statement of this proposition follows when Py,
is one of the properties (a), (c), (d) and (e) in Notation 2.2.

Assume now that Py is property (b) in Notation 2.2. For each i € {1,...,n}, choose
a strongly-versal N\J\Z—torsor Y; — X, where X, is M;-rational. By definition of strong
versality, one may pick an M;-vector space V;, a faithful action of Nj;, on V; and an
Njy,-equivariant rational dominant map V; --+ Y;. After passing to Weil restrictions and
products one gets a rational G-equivariant map [[; Resyy, (Vi) -+ []; Resyy, /1 (Yi), which
is dominant by | , Corollary A.5.4.(1)], and by | , Corollary A.5.4.(3)] we get
a G-torsor

T HReSMl/k(Y;) — HReSMZ/k(XZ)

whose base is rational. Since []; Resyy,/,(V;) is a k-vector space on which G acts linearly
and faithfully, 7 is strongly versal, which proves the statement. U

4. COMPLETE GROUPS

The following theorem reduces our study of homogenous spaces whose geometric stabiliser
is a power of a complete group to homogeneous spaces whose stabiliser is the group itself.

Theorem 4.1. Let H be an indecomposable complete constant finite k-group andt a positive
integer. Consider a homogeneous space X of SLy, 1, and T € X (k) whose stabiliser is denoted
by G. If G(k) ~ H, then there exists an étale k-algebra A of degree t such that for any

A-embedding Ha — SL; 4, the varieties X and Resy/;,(SLy a/Ha) are stably k-birational.

Note that here, as opposed to in Corollary 3.4, the group H4 is embedded in SL, 4 as
a constant group. Let us start by giving an application of Theorem 4.1 when the given
complete group is a symmetric group:

Corollary 4.2. Let k be a field, X a homogeneous space of SL,j, and T € X (k). Denote
by G the stabiliser of T. If there exist positive integers n,t with n & {2,6} and G(k) ~ &,
then X is stably rational.

Proof. First note that the symmetric group &,, is complete | , Chapter IV, §13, p.92].
Further, since it is indecomposable, Theorem 4.1 supplies an étale k-algebra A of degree t
such that X is stably birational to Res,/,(SLya/(6n)a). The fundamental theorem of
symmetric polynomials, combined with Lemma 2.1, ensures that SL,;/(Sy)) is stably
k-rational, meaning that there exist nonnegative integers r and s and a birational k-map

P” x4 SLys/(6)g - P35
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After tensoring by Spec(A) and passing to Weil restriction along A/k, we derive from the
latter a birational k-map

Res 4/5(P") xXx Res g/, (SLya/(6n)a) - Resq/i(P3) -

Since Resq/,(A”) (resp. Resy/p(A%)), which is an affine space, is an open subset of
Res /i (P?) (resp. Resy/(P%)), the latter is k-rational. From this, we conclude that
Res g/k(SLy,a/(6r)a) is stably k-rational, which proves the statement. O

For the proof of Theorem 4.1, we need the following lemma that classifies the stabilisers
of a homogeneous space of SL,, in terms of the outer Galois action on one of them. We use
the following terminology. Given an isomorphism of finite groups A %, B and a continuous
action of a profinite group I' on A, we shall call the action of ¢ € I' on B, given by
b p(op=1(b)), the action induced by . Given two continuous actions o : I' — Aut(A)
and f: I' — Aut(B) we say that ¢ is compatible with the outer actions of I on A and B
if the following diagram is commutative:

Out(A)

e

r Out ()

I

Out(B)

where the upper diagonal map (resp. the lower diagonal map) is the composition of «
(resp. ) with the quotient morphism Aut(A) — Out(A) (resp. Aut(B) — Out(B)),
and Out(y) is induced by the isomorphism Aut(y) : Aut(A) — Aut(B).

Lemma 4.3. Let X be a homogeneous space of SLy j and x € X (k) a rational point whose
stabiliser is a finite group G over k.

(i) Let b € SLy(k) be such that bx € X (k). If H denotes the stabiliser of bx, then

H = bGb~t. Moreover, via the isomorphism H(k) ~ G(k) mapping h € H(k)
to b=1hb, the induced action of o € Ty on G(k) is given by:
g— b la(d)o(g)a(b™1)b for g € G(k), 0 € Ty.

(i1) Conversely, let H be a finite group over k endowed with an isomorphism of fi-

nite groups H (k) =~ G(k) compatible with the outer action of T'y,. Assume further
that G(k) has trivial center. Then there exists y € X (k) whose stabiliser is H.

To give a proof of this lemma, we remind the following fact from Galois cohomology.

Reminder 4.4. Consider a short exact sequence of discrete groups

1 H E Q 1
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and [' a profinite group. Let o, 3 : I' — E be two continuous morphisms coequalised by
the map £ — Q. Then the map o € I' = S(0)a(o)~! is a cocycle in Z(I", H) where the
action of T' on H is given by 0.h = a(c)ha(c)™!, for any 0 € T and h € H.

Proof. By assumption, h, := B(c)a(c)~! lies in H for 0 € I'. Then (h,) lies in Z(I', H)
since, for all 0,7 € I, one has:

hor = B(0)B(r)a(r) " a(0) ™" = B(o)a(o) (o) B(T)a(ra(o) ™ = hea(o)h-alo) .
g
Proof of Lemma J.5. For (i), note that the action induced by the isomorphism ¢ : H (k) —
G(k), h — bhb~ ! is given by:

o-g=pop t(g) =b"talbgb )b =0b"a(b)o(g)a(b"1)b, for g € G(k),0 € T}.

Let H be as in the statement of (ii) and denote by ¢ : H(k) — G(k) the given iso-

morphism compatible with the outer action of I'y. Denote by a : I'y — Aut(G(k)) the
Galois action on G(k) and 8 : I'y — Aut(G(k)) the action induced by applying ¢ to

the Galois action on H (k). Since ¢ is compatible with the outer action of I'y, the map

Aut(G(k)) — Out(G(k)) is a coequaliser of a and 3. As G(k) has trivial center, Re-
minder 4.4 applied to the short exact sequence

1 GE) —— Aut(G(k)) —— Out(G(F)) —— 1

where ¢ maps g to the associated inner automorphism, implies that ¢ + hy = B(c)a(o)™?
lies in Z'(k, G). Using the embedding G(k) — SLy (k), this cocycles also lies in Z*(k, SLy).
Hilbert’s theorem 90 hence supplies b € SLy (k) such that h, = b~'o(b) for all o € T}.
From the fact that b=1o(b) is in the stabiliser G(k) of x € X (k), we infer that o(bz) = bz
for all o € Ty, so that bx € X (k).

To summarise, for o € I'y and g € G(k), since b~1o(b) acts on G(k) via the inner
automorphism (b~ 1o (b)), we have:

Blo)oa(o™)(g) = b a(b)ga(b™ )b
which boils down to
Bo)(o7 (g)) = b o (b)ga(b™H)b.
This being true for all g, one eventually gets that for all o € T'y and g € G(k), the following
holds:

B(o)(g) = b~ a(b)o(g)o(b™)b.

Thus, by (i), 8 coincides with the Galois action on the stabiliser of bz. By Galois descent,
we get an isomorphism of H with the stabiliser of the rational point bzx. O

Proof of Theorem 4.1. Since H is complete, assertion (ii) of Lemma 2.4 ensures that H®
is almost complete. From Proposition 2.5, one then infers that X has a rational point.
Thus, there exists a k-form G of H', an embedding G — SL, ) and an isomorphism of
SL;, x-homogeneous spaces X ~ SL,, /G.
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By Corollary 3.4, there exists an étale k-algebra A of degree t and an A-form EIZ
of Hy such that for any embedding f—I\Z — SL;, 4, the variety X is stably birational
to ResA/k(SLnA/f-I\Z). Now, since A is étale over k, it may be written as A = [[;,<4 M;
where for ¢ € {1,...,d}, the field extension M;/k is separable and finite. Furthermore,
since H' (A, Aut(H)) = [],<;<q H' (M;, Aut(H)), one may write Hy = [li<i<q .FTAZ where
the M;-group ﬁﬂl is an M;-form of Hyy, for = 1,...,d. From this, one deduces that

d
(4.1) Res 4/, (SLya/Ha) = | [ Resaz, i (SLas,/ Has,).
i=1
For i € {1,...,d}, one may then choose an isomorphism
(4.2) Hy, (k) ~ H(k)

Since H is complete, its outer automorphisms are trivial, so that isomorphism (4.2) is
compatible with the outer Galois action of I'y. Lemma 4.3.(ii) may then be applied to ensure
that H)y, is embedded in SL, ps, and there exists an isomorphism of SL, js,-homogeneous
spaces

(43) SLT,ML-/EI/[; ~ SLT7ML/HMZ
The combination of (4.1) and (4.3) then implies that

d
Res /1 (SLya/Ha) =~ H Resyy, /k(SLias; /Ha, )-
i=1

The latter may be rewritten as ResA/k(SLnA/ﬁZ) ~ Res/,(SLra/Ha), to which X is
thus stably birational. O

5. FORMS OF POWERS OF 25

In this section, we assume that & is a field of characteristic 0 and we construct strongly-
versal torsors for twisted forms of powers of 25. Recall that 25 is center-free and there is
a commutative diagram

Aut(Ql5) — Out(Ql5)
o | |

Sy —— 02
where the bottom map is the signature morphism.

Theorem 5.1. Suppose chark = 0, let t a positive integer, and G a k-form of AL. Then
there exists a strongly-versal G-torsor Y — X where X is k-rational of dimension 2t.

We start by stating the following application of Theorem 5.1:
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Corollary 5.2. Let k be a field of characteristic zero, X a homogeneous space of SL, 1 and

T gX(k) Denote by N the stabiliser of T. If there exists a positive integer t such that
N(k) ~ AL, then X is retract rational.

Proof. Since any transposition defines a section of (5.1), the group 25 is almost complete
by (i) of Lemma 2.4. Further, it is indecomposable so that 2% is also almost complete by (ii)
of Lemma 2.4. Proposition 2.5 ensures that the variety X has a rational point, and the
choice of such a point supplies a k-form G of AL and an isomorphism of SL, ;-homogeneous
spaces X ~ SL,;/G. Now, Theorem 5.1 gives a versal left G-torsor Y — X where X is
k-rational. From the equivalence of (1) and (3) in | , Proposition 4.2], one thus gets
that SL, /G is retract-rational. O

By Corollary 3.5, applied with Py as being property (e) of Notation 2.2, the proof of
Theorem 5.1 amounts to the following proposition. Denote the base change of s to a
field M by s as.

Proposition 5.3. Let M/k be a finite separable extension of fields and (as) € Z1(M, &5).

Let us denote by QTE, the M-form of As a1 associated to the 1-cocycle (ay) via the identifica-

tion S5 = Aut(A5). Then there exists a strongly-versal left As-torsor over an M -rational
surface.

The proof of Proposition 5.3 follows that of | , Theorem 2.3.7|, and requires the
following lemmas. The proof of the first two lemmas may be skipped in a first reading.
The first lemma is a geometric reformulation of | , Theorem 1, equivalence of (1)

and (4)], and is about extending splitting fields of generic polynomials to weakly versal
torsors.

Lemma 5.4 (| , Theorem 1|). Let G a finite constant group over k and f(s,z) €
k(s)[z] a generic polynomial for G. Denote by L a splitting field of f(s,x) over k(s). Then,
the G-extension L/k(s) extends to a weakly versal left G-torsor Y — X, where X is an

open subset of AEI.

The proof of Lemma 5.4 given by DeMeyer and McKenzie in | , Proof of Theorem 1]
is ring-theoretic in flavour. We supply a more geometric proof in Appendix A.
The next lemma ensures that twisted linear actions remain linear:

Lemma 5.5. Let G be a finite constant k-group, H a normal subgroup of G and o €
7k, G). Consider a left G-variety Y and a G-equivariant morphism Y — X, where G
acts trivially on X. Assume further that Y — X factors as Y — Z — X, where Z is a left
G/H-variety, Y — Z is H-equivariant, and Z — X is G/H-equivariant with G/H acting
trivially on X. Then:
(1) The ,G-equivariant morphism oY — X factors canonically as .Y — 7 — X,
where T s the 1-cocycle giwen by the composition of o with the quotient morphism
G — G/H. Furthermore, .Y — +Z is H-equivariant, where H is the k-form of H
defined as the image of o by the map Z'(k,G) — Z'(k, Aut(H)) induced by the
conjugation morphism G — Aut(H). If moreover Y — X, Y — Z and Z — X are
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respectively a G-torsor, an H-torsor, and a G/H-torsor, then any of the previous
twisted maps is also a torsor.

(2) Let V be a k-vector space on which G acts faithfully on the left, and assume further
that the factorisation Y — Z — X is V. — V/H — V/G. In the notation of (1), if
o € 7Yk, G), then ,V is a k-vector space on which G acts faithfully and linearly. In
particular, the action of H on ,V is also faithful and linear, so that 4V —4 (V/H)

is a versal H-torsor over an irreducible open subscheme of -(V/H).

Proof. For the proof of (1), the canonical factorisation of ,Y — X comes from the very
definition of the contracted product. Since Hisa subgroup of ,G, it acts on ,Y and the
map oY (k) — X (k) is H(k)-equivariant compatibly with the action of I'.

Let us now prove (2). First note that the twisted form ,V of the k-vector space V
corresponds to a class in H'(k,GL(V)). Since the latter classifies k-vector spaces which
are geometrically isomorphic to V, it ensures that ,V is naturally endowed with a k-vector
space structure. Furthermore, after twisting the action morphism a : G X V — V one

gets an action b : ;G X oV — ,V. Geometrically, b corresponds to a morphism ,G(k) —

GL(,V)(k) which is compatible with the I'y-action. It thus descends to a morphism ,G —
GL(,V) which defines b. This proves that ,G acts linearly on V. The last part of the

statement is inferred by H being a subgroup of ,G. O

The proof of Proposition 5.3 uses the following setting. By | , §2.2, Proposi-
tion 2.3.8|, the polynomial
f(s,u,2) = 2° + s2® + u(z + 1) € k(s,u)[x],

where s,u and x are indeterminates, is a generic polynomial of G5 over Q, hence over k.
Denote by L a splitting field of f over k(s,u). The genericity of f ensures that L/k(s,u) is
an Gs-extension. We thus have the following tower of field extensions

k(s,u) C k(s,u,+/discf) C L
where L is an 2s-extension of k(s,u,/discf). By Lemma 5.4, this tower of fields can be
extended to morphisms of schemes

Y7 - X

where Y — X is a weakly versal left G5-torsor, Z = Y /25 and X is an open subset of A%.
The following lemma first ensures that ¥ — X is a strongly-versal &5-torsor.

Lemma 5.6. For any vector space V endowed with a faithful left linear action of G5, there
exists an Gs-equivariant dominant rational map V --+ Y.

Proof. Let t be the map V' — V/&5. There exist an integral open subset U of V/G&5 such
that, after setting W = t~1(U), the restriction of ¢ to W is an &s-torsor. Since Y — X
is weakly versal, one may assume, after shrinking U, that there exist Gs-equivariant maps
r:W —Y and b: U — X such that the following diagram is cartesian:
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W —L>5Y

"

U, Xx

It remains to show that the map b is dominant, which then implies that so is r. Indeed,
otherwise the closure B of the image of b is of dimension 0 or 1. If it were of dimension 0,
then b is constant. Since U(k) # (), this would mean that B is a rational point of X, so
that the Gg-torsor Yp — B corresponds to a Galois extension of fields with group Gs.
Furthermore, the versality of the &5-torsor W — U would imply that Yp — B is versal so
that the trivial G5-torsor over k is a pullback of Yg — B. In particular, Y consists in a k-
point, hence Yp — B is the identity morphism of Spec(k), which can not be. Furthermore,
if B were of dimension 1, then the curve C =Y xx B would be dominated by W. It
would thus be unirational, hence rational by the combination of | , Lemma 2.3] and
Liiroth’s theorem | , §4.6, Theorem 6.8]. But C' — B being an &s-torsor, this supplies
an embedding

&5 — Aut(C/B) = Aut(k(C)/k(B)) = PGLy(k(B)).

Nevertheless, as k(B) is of characteristic 0, there is no such embedding by | , Intro-
duction]'. From this, one eventually deduces that B = X, so that b is dominant. O

We can now give a proof of Proposition 5.3:

Proof of Proposition 5.5. Let M/k be a finite extension, (as) € Z'(M, &5) and QAl; the M-
form of A5 s associated to the 1-cocycle (a,). Let V' be an M-vector space on which &5
acts faithfully on the left. Now, Lemma 5.6 supplies an &5-equivariant dominant rational
map V --» Y. This yields a commutative diagram of rational maps:

V---2Y
Ql5l As
Vs -2 Z
N
V/S5 ----- » X

where every horizontal map is dominant, « (resp. ) being Gs-equivariant (resp. 2s-
equivariant) and each vertical map is a left torsor under the constant M-group written on
its left. Using Lemma 5.5, one may twist such a diagram via the cocycle (a, ), which ensures

1See also [ , Corollary 1.3] for an explicit list of 1-parameter generic polynomials over fields of
characteristic 0.
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a commutative diagram of rational maps

V-t y
~l a
(5.2) Vs -2 V0
Cgl Cgl
V/G5 ------= > X

where each vertical map is a left torsor under the M-group written on its left. Moreover,
any horizontal map of (5.2) is still dominant and & (resp. f) is Ss5-equivariant (resp.
Co- equivariant) Now, part (2) of Lemma 5.5 ensures that V is an M-vector space on
which 52[5 acts faithfully and linearly. Thus, the dominance of a yields the strong versality
of the 9[5 torsor Y — Y/2l5

To see that Z = Y/Ql5 is M-rational, note that Z is none other than the twisted form
of the Cy-torsor Z — X via the image (ag) € ZY(M, Cs) of the 1-cocycle (a,) € ZH (M, S5)
induced by the quotient map &5 — &5/A5 = Cy. The 1-cocycle (a,) then corresponds
to an extension M (y/a)/M for some ov € M. By the very definition of twisted forms, the

function field of Z is then the fixed subring of M (s, u, /discf) ®ar(s,u) M (s, u,+/a) under
the action of Cy. If \/a € M the action of Cy is trivial, so that

(5.3) M(Z) = M(s,u,/discf) @nr(suy M(s,u, Va) = M(s,u,/discf).

Let us now compute M(Z) when /& ¢ M. For this purpose, using the proof of [ ,
Theorem 2.3.7], we have

disc(f) = (108s° 4 165w — 900s>u — 1285%u* 4 2000su> + 3125u* + 256u>)u?

from which we deduce that disc(f) has odd degree. In particular, a.disc(f) & (M (s,u)*)?
so that

~ C
(5.4) M(Z) = (M(s,u, vdisef) @nresuy M(s,u, ﬂ)) oM (s, u, a.disc(f))
by the following simple lemma;:

Lemma 5.7. If k(\/a)/k (resp. k(v/B)/k) is a quadratic extension on which Cy acts
by mapping /o (resp. /B) to —v/a (resp. —/), then under the diagonal action of Co
on k(v/a) @ k(v/B), the k-algebra (k(y/@) /’{:(\/B))C2 of fized elements may be described

as follows:
(k(\/a) Rk k:(\/B))C2 — {k(\/@) if af & (k*)?

kxk otherwise.

The simple proof of the lemma is postponed to the end of the section. Thus, by compar-
ing (5.3) and (5.4), unconditionally on o € M we have that:

M(Z)=M (s,u, a.disc(f)) .
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It is thus enough to show that M (s, U, oc.disc(f)) is M-rational. Indeed, following the
proof of | , Theorem 2.3.7], one has:

disc(f) = (1085° + 165*u — 900s3u — 128s%u? + 2000su? + 256u> + 3125u?)u>
= 25 (5% + P)? — 4(9 — 20w)Q?) s'°

where P = 1000w? — 450w + 54, Q = (9 — 20w)(1 — bw), v = u?/s> and w = u/s?. Hence,
25, /disc(f) "~ /500 + P>
VPRI () —g(9—2
5 ( 50 ) ( 0 > (9 — 20w)
which, after multiplying by «, leads to

i 2
5 (25 ! O"dlsc(f)> = a (55”5 P>2 — 4a(9 — 20w).

s°Q

Thus, after setting A = 2y adiscl]) Vif%sc(f) and B = E’SQ’T‘*‘P, one gets

(5.5) 5A% = aB? — 4a(9 — 20w).

The definition of A and B ensures that M (s, u, /a.disc(f)) 2 M(A, B). Furthermore, the
reverse inclusion holds since w € M (A, B) by (5.5), and hence v € M (A, B) by the definition
of B. But then s = w?/v and u = s3v/w are in M (A, B). In particular \/a.disc(f) €
M(A, B) by the very definition of A, and hence M(s,u,/a.disc(f)) = M(A,B) is M-
rational. O

Proof of Lemma 5.7. If a8 ¢ (k*)?, then k(v/aB) is a k-subalgebra of dimension 2 of

k(v/a) @ k(v/B) fixed by Cy. Since the k-algebra (k(y/a) @y, k‘(\/B))C2 is of dimension 2,
this proves the statement in that case.
Now, if a3 € (k*)?, then k(v/B) = k(y/a), from which one infers that k(y/a) ® k(v/B) =

k(y/a) x k(y/@) on which Cy acts diagonally, so that (k(v/@) ®y k(\/B))C2 =k x k. O

6. APPLICATION TO GRUNWALD PROBLEMS FOR SOME NON-SOLVABLE GROUPS

When k is a number field, let us recall that the (BM) property for finite k-groups is
a widely open question. In Section 6.1, we provide a criterion for an extension of finite
k-groups to verify (BM). Afterwards, in Section 6.2, we combine the results of previous
sections with Theorem 6.1 to infer a proof of Theorem 1.1, which supplies new families of
non-solvable groups verifying (BM). Eventually, Section 6.3 is dedicated to reviewing the
non-solvable groups with cardinality at most 500 for which (BM) holds.

6.1. Extensions of groups verifying (BM). The proof of the criterion is similar to the
proof of | , Théoreme 1], where Harari proves the case of a split exact sequence with
abelian kernel. Our statement extends the latter:
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Theorem 6.1. Let k be a number field and consider a short exzact sequence of finite algebraic
k-groups:

(S) 1 N E Q 1.

Assume (BM) holds for Q and for every homogeneous space X of SLy ), admitting a point

T € X (k) whose stabiliser S satisfies S(k) ~ N (k). Assume further that one of the following
conditions is satisfied:

(i) for every field extension K/k, assume that X (K) # 0 for every homogeneous space
X of SL, i admitting a point T € X (K) whose stabiliser S satisfies S(K) ~ N(K);
(1) the exact sequence (S) is split.
Then E verifies (BM).

Proof. First choose an embedding of E (resp. @) in SLy, (resp. SL;,) and if (S) splits, fix a

section o : Q — E of (S) and replace the embedding of @ by the embedding: @ % E < SL,
to assume m = n in this case. Consider the projection morphism p : SL,, x SL,, — SL,.
The algebraic group E acts on the right on SL, via @, which induces a diagonal action
of E on the right on SL,, x SL,. Then, p is a (right) E-equivariant morphism, so that it
induces a morphism

£:(SLy x SLy)/E — SL,/E = SL,/Q.

Let us apply the fibration method | , Théoréme 3| to f. For this purpose, we verify
that f satisfies the following conditions:

(a) the base variety SL,,/Q verifies (BM);
(b) any fibre of f over a rational point verifies (BM);
(c) the generic fibre of f is unirational.

First note that (a) holds by assumption. For (b), fix a point x of SL,/Q, denote by « its
residue field, and let us describe X = f~!(z). For this purpose, first note that SL,, acts
on the left on (SL,, x SL,)/E with h € SL,, acting on the class of (a,b) € SL,, x SL,, by
h.(a,b) == (ha,b). Moreover, when letting SL,, act trivially on SL,,/@, the morphism f is
SLy,-equivariant. In particular, this induces a left action of SL,, , on X. Now, let & be an
algebraic closure of k and choose s € SL,, () a representative of the class x € SL,(R)/Q(R).
Then X (R) is the subset of (SL,, (%K) x SL,,(K))/E () consisting of classes of elements of the
form (g, s) with g € SL,,(%). Since h € SL,,(%) maps the class of (g, s) to that of (hg,s),
the action of SL,, (%) on X (%) is transitive, so that X is a homogeneous space of SLy, .

Besides, the stabiliser of the class of (1,s) consists of elements h € SL,, (%) for which
there exists e € E(R) such that (h,s) = (e,se). As E acts on SL, via @, this equality
holds if and only if e € N(%), i.e. if and only if h € N(&). From this, we deduce that the
stabiliser of the class of (1,s) is N(&), and hence X (&), endowed with its SL,,(%)-action,
is isomorphic to SL,,(R)/N(R).

Thus, if = is a rational point of SL,/Q, then f~!(z) is a homogeneous space of SL,,
whose geometric stabilisers are isomorphic to N (k). Moreover, such homogeneous space
verify (BM) by assumption, so that (b) is verified.
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To verify (c) holds, first assume that (i) holds. If = is the generic point of SL,,/@, then
we deduce from assumption (i) that the SL,,-homogeneous space f~!(z) (whose geometric
stabiliser is isomorphic to N(k)) has a rational point. If y is such a rational point and S
denotes its stabiliser, it induces an isomorphism SL,,/S = f~!(z) defined by mapping the
class of g € SL,,, to g.y. After composing with the quotient map SL,,, — SL,,/S, we obtain
a dominant map SL,, — f~!(z), so that f~!(x) is unirational.

Now, assume that (ii) holds. Since (S) splits, the choice of embeddings we made in the
beginning of the proof ensures that the diagonal embedding SL,, — SL,, x SL,, = SL,, x SL,,
is right E-equivariant. It thus induces a morphism SL,/E — (SL,, x SL,,)/E which is a
section of f. In particular, the generic fibre of f has a rational point. The previous
paragraph thus implies that the generic fibre of f is unirational.

We may now apply | , Théoréme 3| to deduce that (SL,, x SL,)/E verifies (BM),
but it remains to verify that it is stably birational to SL,,/E. For this purpose, denote by
q : SLy, X SL,, = SL,, the projection morphism, which is F-equivariant with respect to the
right E-actions, so that it induces a quotient map ¢ : (SL,, x SLy,)/E — SL,,/E. First
note that since E acts freely on SL,, x SL,, then the following diagram, whose horizontal
maps are the canonical quotient maps, is cartesian:

SL,, x SL,, — (SL,,, x SL,,)/E

SL,, —— SL,,/E

Since the map SL,, — SL,,/FE is fppf, we deduce from this diagram that g is a SLy,-torsor

for the fppf topology, hence for the Zariski topology by [ , Proposition 4.9] (which is
stated with GL,, although the proof is the same with SL,,). In other words, the SL,,-
torsor g is locally trivial for the Zariski topology, yielding the claim. |

6.2. Proof of Theorem 1.1. Let us start by the following theorem, which is a combination
of Proposition 2.6 with Corollaries 4.2 and 5.2. It gives the geometric nature of homogeneous
spaces of SL, whose geometric stabilisers are products of alternating and symmetric groups.

Theorem 6.2. Let k be a field, X a homogeneous space of SL, ) and T € X (k). Denote
by N the stabiliser of T.

(1) If there exist distinct positive integers ni,...,ns & {2,6} and t1,...,ts € N such
that

N(k) ~ ﬁ Gf{i,
i=1

then X is stably rational.
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(2) If k is of characteristic zero and if there exist distinct positive integers ny, ..., ng &
{2,6} and to,...,ts € N such that

N(k) =22 x [[ &k,
=1

then X 1is retract rational.

Proof. Let us first prove (1). By Proposition 2.6, there exist a positive integer n, and SLy, j-
homogeneous spaces X1i,...,Xs with points Z; € X;(k) such that X is stably birational
to [I;_, X; and the stabilisers G;(k) of Z; are isomorphic to &% for i = 1,...,s. Since
the n;’s are different from 2 and 6, Corollary 4.2 ensures that the X;’s are stably rational.
Thus X is also stably rational.

To prove (2), Proposition 2.6 supplies a positive integer n and SL, ;-homogeneous
spaces Xy, ..., Xs such that X is stably birational to [[;_; X;, where the geometric sta-
bilisers of Xy (resp. X;) is isomorphic to AL (resp. Gl for all i € {1,...,s}). Thus,
Corollary 5.2 ensures that X is retract rational and Corollary 4.2 ensures that the X;’s are
stably rational for each ¢ € {1,...,s}, so that X is also retract rational. O

When combining Theorems 6.1 and 6.2, we get a proof of Theorem 1.1:

Proof of Theorem 1.1. The assertion follows from Theorem 6.1 once we verify its assump-
tion (i) holds. Indeed, by (2) of Theorem 6.2, every homogeneous space of SL,, r > 1

with geometric stabiliser N (k) is retract rational, so that the Brauer-Manin obstruction to
weak approximation is the only one on it as in §2.3, showing that (i) holds. O

6.3. The (BM) property for "small" non-solvable groups. In this section, we com-
bine our results with those in the literature to review the non-solvable groups of order at
most 500 for which (BM) is known. We encapsulate this in the following proposition.

Proposition 6.3. Over any number field k, the (BM) property holds for every finite non-
solvable group whose cardinality is at most 500, except perhaps for those appearing in Ta-

ble 6.1.

To describe the groups in Tables 6.1 we use the following notations. For finite groups G, H
and @Q, we write G = H x @ for a semidirect product of Q by H, and G = H.Q) when G is
a non-split extension of @ by H. Let D,, = C}, x Cs denote the dihedral group of order 2n.
Let Qg denote the quaternion group, that is, the unique non-split extension of Cy by Cjy.
Let GL2(Fy), SL2(F,), PGL2(F,), and PSLy(F,) denote respectively the 2 x 2 general,
special, projective general, and projective special linear groups over F.

Order | Magma ID | Non-solvable groups for which (BM)
is a priori unknown

240,89 | CSUy(F5) = C2.65

240,93 | Cy.2s5

240
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336 336,114 | SLo(Fr)
336,208 | PGLy(F7)

360 360,118 | AUg

480,218 | GLo(F'5)

480,219 | C2.65

480,221 | Cg. U5

480,946 | C4.65

480,947 | C4.G5

480 480,948 | C4.G5

480,949 CQ X CSUQ(F5)

480,953 | C2.65

480,955 CQ X (C4.915)

480,957 | D425

480,959 | Qg.25

Table 6.1: List of non-solvable groups with cardinality at

most 500 for which (BM) is unknown

The proof of Proposition 6.3 makes use of Theorem 1.1, Harari’s theorem | , Théore-
me 1] on split extensions of groups verifying (BM) by abelian groups, and a theorem of Plans
on the field of invariants of double covers of symmetric groups | , Theorem 11]:

Tool A (| , Théoréme 1]). Given a split short exact sequence of finite groups
1 A E G 1
with A abelian and G verifying (BM), the group E also verifies (BM).
Tool B (| , Theorem 11]). Let n > 3 be an odd integer and identify &,_; with the
subgroup of &, fixing n. Consider a positive integer r and an exact sequence of groups:
1 cy H " 6, 1

such that the center of H contains C. If we denote by E the inverse image of &,,_1 by T,
then H verifies (BM) if and only if F verifies (BM).

Tool C. Finite products of finite groups verifying (BM) also verify (BM).
We also use the following results regarding the rationality of fields of invariants:

Reminder 6.4. The following properties hold over Q:
e All symmetric groups &,, have stably rational fields of invariants.

e The alternating group 25 has stably rational fields of invariants by | |-

e The group GL2(F3) has stably rational fields of invariants by | |-

e The group SL2(F'5) has a generic polynomial by | |

e The simple group GL3(F2) ~ PSLy(7) has stably rational fields of invariants by

[ , Théoréme 3].
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e The quaternion group Qs has stably rational fields of invariants by | |-
In particular, all these groups verify (BM).

Proof of Proposition 6.3. To prove the statement, we run the following algorithm, both by
hand and using Magma, over the non-solvable groups of cardinality < 500. To go over
the list by hand, we use the online database of Dokchister [ |, where the groups are
listed via their Magma ID in the "Small Groups Library" of Magma. Our list is ordered by
increasing Magma ID.

Step 1. Following this order, determine all the groups G for which (BM) follows from
Tool A, Tool C and Reminder 6.4 by looking at all the short exact sequences in which (I) G
fits in the middle, the kernel is abelian, and (BM) is known for the quotient by the reminder,
or (II) G is the product of two groups for which (BM) is known, one factor by the reminder
and the other either by tool A or the reminder. The code in [BN, "nonsolvable" code file]
outputs the minimal non-solvable groups for which (BM) remains unknown after ruling
out the groups in (I), that is, those which are not extensions of a smaller group by an
abelian kernel. For the smaller groups, (BM) follows from the reminder. One additional
group Qg x Ajs is then ruled out in (II) as the product of two groups for which (BM) is
known by Tool C.

Step 2. Out of the remaining 22 groups, we rule out two central extension H of Sy, with
Magma IDs 240,90-91, using Tool B. For these, B yields an extension E for which (BM) is
known by the reminder and Proposition 7.4. We then rule out two more groups which are
the direct products of these groups with Cs.

Step 3. Out of the remaining 18 groups, we use Theorem 1.1 to rule out two group
extensions, As x Cg and A5 x Qg with kernel A and quotients satisfying (BM) by tools A
The remaining 16 groups appear in Table 6.1. O

Remark 6.5. Using Tool B, we further reduce the verification of (BM) for the following
groups to verifying (BM) for solvable groups of smaller order. We shall see in Section 7
that (BM) holds for these groups under Schinzel’s hypothesis H.

e The groups with Magma ID 240,89 and 480,949 satisfy (BM) if and only if the
solvable group with Magma ID 48,28 verifies (BM);

e The group with Magma ID 480, 219 satisfies (BM) if and only if the solvable group
with Magma ID 96,66 verifies (BM);

e The group with Magma ID 480, 953 satisfies (BM) if and only if the solvable group
with Magma ID 96,190 verifies (BM).

7. METABELIAN STABILISERS AND (GRUNWALD PROBLEMS FOR SMALL SOLVABLE
GROUPS

Throughout this section k is a number field. In the first part of this section, we prove
that the Brauer-Manin obstruction to weak approximation is the only one for homogeneous
spaces of SL,, ;, whose geometric stabiliser has derived subgroup Cs, under Schinzel’s hy-
pothesis (H), and hence deriving Theorem 1.2. In Section 7.3 we make use of Theorem 1.2
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and the results of Harari | | and Harpaz-Wittenberg | | to list the finite groups
of order at most 191 for which (BM) is unknown.

7.1. Homogeneous spaces with metabelian stabilisers. The following is the main
theorem on homogeneous spaces whose derived geometric stabilisers is Co:

Theorem 7.1. Let k be a number field, X a homogeneous space of SLy, j, and T € X (k).
Assume that the stabiliser G of T is a finite algebraic k-group, and assume further that
G' = Cy. If Schinzel’s hypothesis (H) holds, then the Brauer-Manin obstruction to weak
approximation is the only one on X.

Let us recall that a reduced variety X over a field k is said to be split if it contains an
irreducible component which is geometrically irreducible | |. If L/k is a field extension,
one says that X is split by L if X ®; L is split. Equivalently, this means that there exists
an irreducible component Y of X such that the algebraic closure of &k in k£(Y) embeds in L.

Throughout the section we denote by I} (X, ), for any geometric point Z € X (k), the
following short exact sequence of profinite groups (see | , Théoréme 6.1)):

1 —— 7l (X @k, T) —— 7} (X,7) Tk 1.

In addition, we recall that if S is a k-group of multiplicative type and S its dual, then an
S-torsor f :Y — X is called universal if the homomorphism S(k) — Pic(X7), mapping
a character x : Sy — G, ¢ to the image of f by the pushfoward map x* : Hl(XE, Sz) —

Hl(XE, G,,) = Pic(Xy), is an isomorphism (see also [ , p-25]).

Proof of Theorem 7.1. Assume that X (kq)B™» #£ (. Since SL,, j, is semisimple, Rosenlicht’s
lemma ensures that k[X7]* = k. Furthermore, by | , §5.2], one has Pic(Xy) =
Hom(G#"(k), k™) so that Pic(Xy) is finite. Thus, | , Proposition 6.1.4] ensures that
there exists a universal left D-torsor f : Y — X in the sense of | , §2] and | ,
Definition 2.3.3], where D(k) is the Cartier dual of Pic(X7), hence D(k) = G?P(k) so that D
is a finite abelian group. In particular, D is an algebraic group of multiplicative type and
from [ , Lemma 3.8] one infers that D fits in a short exact sequence

1 D T Q 1

where T is a torus and @ a quasi-trivial torus.

Asin §2.2, let 7Y be the quotient of 7' x Y under the diagonal action of D defined for any
point d in D by (t,y) + (td~!,d.y), and denote by 7f : 7Y — X and p : 7Y — Q the two
projections. In order to prove that the Brauer-Manin obstruction to weak approximation
is the only one for X, we are to apply the descent method for torsors under tori | ,
Corollaire 2.2] to the left T-torsor 7f. For this purpose, let us fix o € Z'(k,T), and let
us prove that the Brauer-Manin obstruction to weak approximation is the only one for the
twisted variety »(7Y).

After twisting the morphism 7Y — @ by o, one gets a morphism g : ,(7Y) — ,Q.
Furthermore, since @ is quasi-trivial, Shapiro’s lemma combined with Hilbert’s theorem 90
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ensures that ,Q ~ @, so that ) is an open subset of an affine space Az. One may
then choose a smooth compactification Z of ,(7Y) such that g extends to a morphism
g:7Z = Pz. Since ,(7Y) is an open subset of Z, it is enough to prove that the Brauer-
Manin obstruction to weak approximation is the only one for Z. We prove the latter by
applying the fibration method | , Chapitre 3, Corollaire 3.5] to the fibration g. Indeed,
the fibres of g are twists of f by an element of Z!(k, D), that is, they are universal D-torsors
over X. But | , Corollaire 5.4] ensures that such universal torsors are homogeneous
spaces of SL, x with geometric stabiliser Co. Thus, Lemma 7.2 below implies that the
smooth fibres of g over rational points of ,Q have the weak approximation property, and
Lemma 7.3 below guarantees that the fibres of g over points of codimension one of Pz are
split by a quadratic extension. In other words, the assumptions of | , Chapitre 3,
Corollaire 3.5] are satisfied, when applied to the fibration g, yielding the statement. O

Lemma 7.2. Let V be an SL,, j-homogeneous space with geometric stabiliser Cy. Then V
verifies weak approximation.

Proof. Let us first note that V verifies the Hasse principle. Indeed, assume that V' has local
points and denote by ¥ a geometric point of V. Note that I1} (V,?) is isomorphic to

1 Cy Fét(v, 6) Iy 1.

Since V has local points, the class [I1} (V,9)] € H?(k, C2) = 9Br(k) is mapped to the trivial
class in H%(k,, C2) = 2Br(k,) for each v € €. The Brauer-Hasse-Noether exact sequence
thus implies that [I1} (V,9)] € H?(k, C2) is trivial, so that I1} (V,v) admits a section, which
means that V(k) # 0 by | , Theorem 7.6].

Thus, if V(kq) # 0, one has V (k) # 0, so that V ~ SL,, ;/Ca. As A7/Cy = A? is stably
birational to V' by Lemma 2.1, the variety V is then k-stably rational, hence verifies the
weak approximation property. O

Lemma 7.3. Let R be a discrete valuation ring, K its fraction field and k its residue field.
Assume K is of characteristic zero. Consider an SL,, i -homogeneous space V with geometric
stabiliser Co and let V" be a reqular proper R-scheme. If the generic fibre of V' contains V
as an open dense subscheme, then ¥V Qg k is split by a quadratic extension of k.

Proof. First note that after replacing ¥ by ¥ ®g ]%, where R denotes the completion
of R, one may assume that R is complete, so that R ~ x[t] by | , Chapitre II, §4,
Théoréme 2]. Denote by 0 : H2(K, Cy) — H(k, Cy) the Serre residue map | , §1.4.1]
and fix a geometric point ¥ of V. Then the image of the class of Hét(V, v) by Or corresponds
to a quadratic extension k’/k, and we are to prove that ¥ ®pg « is split by &'/k.

Since R is henselian, | , Theorem 11.3.10] ensures that HY(R, Cs) = H!(k,C3) so
that '/k is the special fibre of an étale R-algebra R'. We replace ¥ by ¥ ®pr R’ to assume
k = «' and R = R’ and claim that ¥ ®p & is split. Since k' = &, the class of II}, (V, )
has a trivial residue. Now, | , Théoréme (b)| supplies a field extension A of k such
that x is algebraically closed in A and cd(A) < 1. Set S = A[t], so that the R-algebra S is
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unramified. Furthermore, since « is algebraically closed in A, one may also assume, after
tensoring ¥ by S/R, that R = S, i.e. that cd(k) = 1.

Then, [II}(V,?)] € H?*(K,Cs) = 2Br(K) having a trivial residue, [ , Proposi-
tion (2.1)] ensures that it comes from an element of Br(R). But R being henselian, one infers
from | , Theorem 3.4.2 (i)] that Br(R) = Br(k) where Br(x) = 0 since cd(k) < 1.
Thus, the class of IT}, (V, D) in H?(K, Cy) is trivial, which means that IT} (V, %) has a section.
Hence | , Theorem 7.6] ensures that V(K) # 0, from which one gets that ¥ ®p & is
split, using | , Lemma 1.1 (b)]. O

7.2. Proof of Theorem 1.2. We can now combine Theorem 7.1 with Theorem 6.1 and
[ , Theorem 4.5] to supply a proof of Theorem 1.2.

Proof of Theorem 1.2. Assuming Schinzel’s hypothesis (H), Theorem 7.1 ensures that every
homogeneous space of SL, (r € N) whose geometric stabiliser has derived subgroup Co
verifies (BM).

Let us first consider the case where () is supersolvable and choose an embedding EF — SL,.
Then, we may apply | , Theorem 4.5] to the homogeneous space SL,/FE and the
embedding N C E. Indeed, if T is chosen to be the class of 1 in SL,/E, then assumption (1)
of | , Theorem 4.5] is fulfilled since the outer Galois action of I'y on E(k) factors
through the Galois action I'y, which is trivial. Assumption (2) in ibidem holds since E/N =
@ is supersolvable. Finally, by the first paragraph of this proof, (BM) holds for every
homogeneous space Y of SL, with geometric stabiliser N as required in (x) of ibidem.

Now assume that the sequence of the statement is split and @ verifies (BM). We may
then apply Theorem 6.1. For this purpose, first note that (ii) holds since the short exact
sequence of the statement splits. Furthermore, the assumptions of 6.1 preceding (i) and (ii)
are automatically satisfied since @ verifies (BM) and since every homogenous spaces with
geometric stabiliser isomorphic to N verifies (BM) by the first paragraph. (|

7.3. The (BM) property for "small" solvable groups. Let us first state the main
result of this subsection:

Proposition 7.4. Let k be a number field. The (BM) property holds over k for every finite
group of cardinality at most 191, except perhaps for those appearing in Tables 7.1 and 7.2.
Furthermore, if one assumes that Schinzel’s hypothesis (H) holds, then the (BM) property
holds for every finite group appearing in Table 7.1.

To describe the groups in Tables 7.1 and 7.2 we use the notations from §6.3. Further,
let Dic, denote the unique non-split extension Cy,,.Cy where Cs acts on Ca, by inversion.
For an odd prime p, let He, denote the Heisenberg group, that is, the p-Sylow subgroup
of GL3(F,). Let 21427 denote an extraspecial group whose center has order 2, the quotient
being an elementary abelian group of rank 2n.

Order | Magma ID | Rewriting that allows to prove (BM) | Method used to prove (BM),
using the rewriting
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48 48,28 CSU3(F3) = Q5.63 Theorem 1.2
48,33 Qs.Cs Theorem 1.2
72 72,3 Qs x Cy Theorem 1.2
96, 3 (C9.C%) x Cs Theorem 1.2
96, 66 Qs % Dicg Theorem 1.2
96,67 Qs.Dics Theorem 1.2
96, 74 Qs.C12 Theorem 1.2
96,188 | Cy x CSU4(F3) Theorem 1.2 and Tool C
96 96, 190 Qs.Dg Theorem 1.2
96, 191 Qs.Dg Theorem 1.2
96, 192 Qs.Dg Theorem 1.2
96, 193 Qs.Dg Theorem 1.2
96,200 | Cy x (Qs.Cp) Theorem 1.2 and Tool C
96,201 | Qs.(C2 x Cp) Theorem 1.2
96,202 | Qs.(C2 x Cp) Theorem 1.2
144, 31 Qs.Dy Theorem 1.2
144, 32 Qs X Dg Theorem 1.2
144 144, 35 Cy X (Qg » Cy) Theorem 1.2 and Tool C
144, 36 Qs.C1s Theorem 1.2
144,121 | C3 x CSU,(F3) Theorem 1.2 and Tool C
144, 124 Qg.(Cg X 63) Theorem 1.2
144,127 | Qs.(C5 x &3) Theorem 1.2
144,157 | C3 x (Cy.21y) Theorem 1.2 and Tool C
160 160,199 [ 2% x C; Theorem 1.2

Table 7.1: List of finite groups with order less than 191, for
which (BM) is known conditionally under Schinzel’s hypoth-

esis (H), but not unconditionally

Order | Magma ID | Groups for which (BM) is a priori unknown
108 108,15
Table 7.2: The only group of order less than 191 for

which (BM) is a priori unknown

To prove Proposition 7.4, we append to Tools A, B and C a result of Harpaz-Wittenberg:

Tool D (]

, Théoreme B]). Any finite supersolvable group verifies (BM).
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We also use the fact that the solvable group SLa(F3) verifies (BM). The stable rationality
of its fields of invariants was proved by Rikuna in an unpublished paper. The retract
rationality of such fields was later published by Burdick and Jonker | , Theorem 3.6]:

Reminder 7.5 (| , Theorem 3.6]). The fields of invariants of SLa(F'3) are retract rational.
In particular, SLy(F'3) satisfies (BM).

Proof of Proposition 7.4. The proof is derived from Tools A, C, D, Reminders 6.4, 7.5 and
Theorem 1.2 as follows:

Step 1. In our Magma code [BN, "solvable" code file|, we use the "Small Groups Library"
of Magma to produce the list of finite groups of cardinality at most 191 for which neither
Tool A nor Tool C nor Tool D might be used to prove (BM).

Step 2. For any of the Magma IDs of this list, we look at all the short exact sequences
in which the corresponding group fits in the middle, via an online database of Dokchis-
ter | |. We then eliminate, by hand, all the groups among that list for which (BM) is
known unconditionally, via a combination of Reminders 6.4 and 7.5 with Tools A and C.
The remaining groups are listed in Tables 7.1 and 7.2.

Step 3. Eventually, we determine, among the remaining groups, those for which (BM)
modulo Schinzel’s hypothesis (H) can be proved using Theorem 1.2. The remaining group
is listed in Table 7.2. 0

APPENDIX A. GEOMETRIC PROOF OF LEMMA 5.4

We include here a geometric proof of the equivalence of (1) and (4) in | , Theorem 1],
that is, a proof of Lemma 5.4, of which we use the notations.

We start by setting K = k(s)[x]/f(s,z), A = k|s, m , X = Spec(A) and
Z = Spec(Alz]/f(s,z)). First note that since f is monic in z, the natural morphism
¢ : Z — X is finite and flat. Besides, since X is an open subscheme of AE' where disc(f)
does not vanish, the fibres of f are étale. Thus f is flat with étale fibres, hence étale.
Letting k(s) be a separable closure of k(s), we denote by 7 : Spec(k(s)) — X the generic
point of X and 7 its composition with ¢ : Spec(k(s)) — Spec(k(s)). From the following
cartesian diagram

Spec(K) —— Spec(Alx]/f(s, @)

L J*

Spec(k(s)) ———— Spec(A)

one may then deduce a commutative diagram
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i (Spec(k(s)), ¢)

(X, 7)

where a denotes the action of 75 (Spec(k(s)),¢) on the fibre of 4 over Spec(k(s)) and 3
the action of 7{*(X,7) on the ﬁbre Zy. Since the G-extension L/k(s) is the Galois closure
of K/k(s), the image of « is a group that may be identified with G. The surjectivity
of m{*(n), which comes from the normality of X [ , Exposé V, Proposition 8.2], thus
ensures that the image of f is also G. Thus, there exists a Galois G-cover Y — X which
factors through ¢

To prove that ¢ is weakly versal, let E/M be a G-extension of fields where M contains k.
Since f(s,x) is a generic polynomial for G over k, there exists a € M#l such that f(a,z)
is irreducible, disc(f).den(f) does not vanish on a and such that E is a splitting field
of f(a,x) over M. Hence a € X (M), and we are to verify that F' := a xx Y is Spec(E).
Choose M a separable closure of E, so that the morphisms Spec(M) — Spec(E) and
Spec(M) — Spec(M) will both be denoted by ¢. Furthermore, we set @ := a o £&. We thus
have a commutative diagram

7t (Spec(M), ) — @,

Sym(Spec(M[z]/ f(a,x))) == Sym(Za) —— Sym(Zy)

where the right part of the diagram is given by the choice of a path between @ and 7
and the left part by functoriality of the étale fundamental group. But since the étale
finite cover Y — X corresponds to the morphism 7{%(X,7) — G, the commutativity
of the previous diagram ensures that the G-cover F —a corresponds to the morphism
75t (Spec(M),€) - Im(y). Now, when identifying wS*(Spec(M), &) with T'y, one may
check that the image of « is isomorphic to the group G The Galois extension E/M thus
corresponds to the subsequent morphism 7$*(Spec(M),€&) — G, from which one deduces
that F' = Spec(F).
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